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Although  I  have  entitled  the  present  Volume, 
"  Dynamics  of  Material  Systems  f  yet  the  investiga- 
tions contained  in  it  are  far  from  comprising  all 
which  a  complete  treatise  on  that  subject  requires. 
They  are  indeed  almost  wholly  confined  to  those  par- 
ticular systems  in  which  the  internal  forces,  brought 
into  action,  either  effectively  or  potentially,  by  means 
of  the  external  forces,  enter  in  equal  and  opposite 
pairs;  so  that  they  disappear  in  the  equations  of 
motion  formed  on  D'Alembert's  principle.  I  say 
almost  wholly,  because,  in  the  last  Chapter  but  one 
of  the  Volume,  the  motion  of  the  particles  of  an 
elastic  body  is  to  a  certain  extent  discussed:  and 
herein  the  elastic  forces,  which  are  internal  forces, 
do  not  disappear,  but  enter  as  effective  forces,  the 
action  of  which  is  determined  by  Hooke's  law,  or  by 
an  equivalent  assumption  of  a  property  of  such 
matter.  In  all  other  cases,  in  a  rigid  body,  in  a 
rigid  system  which  is  maintained  in  a  state  of  rela- 
tive rest  by  rigid  rods  and  similar  modes  of  con- 
straint, in  systems  wherein  every  mutual  action  of 
attraction  or  repulsion  is  accompanied  by  an  equal 
and  opposite  reaction,  the  internal  forces  disappear 
from  the  equations  of  motion. 

The  expediency,  nay,  almost  the  necessity,  of  giving 
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a  geometrical  image  to  complicated  mechanical  laws 
demanded  the  insertion  of  a  preliminary  Chapter, 
which  should  contain  the  required  geometrical  theo- 
rems. The  importance  of  familiarity  with  the  sym- 
bols of  this  Chapter  and  their  symmetrical  manipu- 
lation, with  the  linear  and  angular  directions,  with 
the  geometrical  forms,  which  being  in  tridimensional 
space  are  difficult  of  imagination,  cannot  be  over- 
estimated. A  system  of  notation  has  also  been  hereby 
obtained,  and  this  is  preserved  uniformly  throughout 
the  Treatise. 

The  motion  of  a  system  is  of  course  more  compli- 
cated than  that  of  a  single  particle,  and  thus  greater 
prominence  has  been  given  to  the  distinction  between 
cinematics  and  dynamics  than  was  necessary  in  the 
preceding  Volume.  A  force  surely  cannot  be  perfectly 
apprehended  as  to  its  effects  on  the  motion  of  a  sys- 
tem, unless  the  effects  have  been  previously  exa- 
mined, and,  I  may  say,  examined  in  all  their  gene- 
rality. Hence  arises  the  importance  of  the  Chapter 
on  cinematics,  in  which  it  is  shewn  that  the  most 
general  motion  of  a  rigid  system  is  compounded  of, 
and  may  be  resolved  into,  a  translation  of  any  par- 
ticle and  a  rotation  about  an  axis  which  passes 
through  that  particle.  The  applications  of  this  ana- 
lysis of  motion  in  the  subsequent  parts  of  the  Treatise 
are  many  and  various.  The  Analytical  Table  of  Con- 
tents will  sufficiently  indicate  the  course  of  inquiry : 
it  will  manifest  the  logical  sequence  of  the  several 
parts ;  the  first  formation  of  the  equations  of  motion 
by  means  of  D'Alembert's  principle :  the  theorems  de- 
duced from  particular  forms  of  these  equations :  the 
more  general  theorems  and  principles  which  they  in- 
volve :  the  transformation  of  the  equations  of  rotation 
into  angular  velocities:  the  consequent  geometry  of 
masses,  and  the  theory  of  principal  axes,  and  their 
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distribution  in  space :  the  motion  of  a  body  subject 
to  constraint  either  of  a  fixed  axis  or  of  a  fixed  point ; 
that  of  a  body  perfectly  firee  from  all  constraint ;  the 
theory  of  relative  motion ;  and  the  theory  of  machines 
in  motion  and  of  work  done  thereby.  I  may,  too,  ob- 
serve, that  we  are  herein  led  to  some  curious  proper- 
ties of  mechanical  units,  and  to  the  mode  of  reducing 
all  force-action  to  an  uniform  standard  of  mechanical 
work. 

The  concluding  Chapter  is  the  work  of  Mr.  W.  F. 
DoNKiN,  M.A.,  F.R.S.,  of  University  CoUege,  and  Savi- 
lian  Professor  of  Astronomy,  Oxford ;  "  Theoretical 
Dynamics"  is  the  subject  of  it;  and  the  theory  is  dis- 
cussed which  assigns  the  number  and  the  order  of  the 
diflPerential  equations  of  motion  in  the  most  general 
problem ;  the  possibility  of  the  solution  of  some  or  all 
of  them ;  and  the  forms  of  the  resulting  integrals. 
The  Lagrangian  and  Hamiltonian  equations  are  in- 
vestigated; and  theorems,  important  in  reference  to 
these  equations,  discovered  by  Poisson,  Jacobi,  Pro- 
fessor Donkin  himself,  M.  Bour,  M.  Liouville,  are  de- 
monstrated. Perhaps  no  one  is  better  able  to  expound 
the  difficulties  of  the  theory  than  the  accomplished 
mathematician  who  has  contributed  the  Chapter ;  he 
has  studied  the  subject,  and  has  made  real  advances 
in  it. 

Investigations  of  problems  of  a  special  character 
are  introduced  more  generally  than  in  the  preceding 
Volume.  Thus  the  subject  of  the  precession  and  nu- 
tation of  the  earth's  axis  has  been  considered  at  some 
length  ;  the  apparent  effects  due  to  the  earth's  diurnal 
rotation  on  the  action  of  the  pendulum-experiment 
devised  by  Foucault,  and  of  the  gyroscope,  on  the  de- 
viation of  heavy  bodies,  whether  falling  freely  or  pro- 
jected with  high  velocities,  are  discussed  with  con- 
siderable minuteness.    This  course  has  been  to  a 
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certain  extent  unavoidable ;  because  cosmical  phseno- 
mena,  and  machines  devised  to  illustrate  them,  are  the 
most  simple  and  most  appropriate  examples  of  general 
mechanical  processes ;  consequently  it  has  been  un- 
necessary to  devise  hard  problems  for  the  purpose  of 
exhibiting  the  power  of  the  equations,  when  they  are 
best  illustrated  by  the  movements  in  which  we  our- 
selves daily  take  part.  It  is  thought  also  that  the 
utility  of  the  work  is  hereby  increased. 

The  general  principle  on  which  the  equations  of 
motion  are  formed  is  the  same  as  that  which  is  so 
frequently  and  so  prominently  stated  in  the  preceding 
Volume ;  viz.,  the  equality  of  the  impressed  and  the 
expressed  momentum  on  a  single  particle.  This  prin- 
ciple is  indeed  directly  applicable  to  the  determina- 
tion of  the  motion  of  a  material  system,  only  when 
the  internal  forces  which  act  on  the  several  molecules 
are  taken  account  of;  and  as  the  nature,  the  laws, 
and  the  action  of  these  forces  are  generally  unknown, 
some  other  mode  of  estimating  the  general  results  is 
required.  If  the  system  is  so  organized  that  the  in- 
ternal forces  enter  in  equal  and  opposite  pairs,  they 
disappear  in  the  equations  of  motion,  and  the  circum- 
stances are  expressed  without  diflftculty  in  a  sufficient 
number  of  equations. 

All  the  incidents  of  motion  which  arise  out  of  con- 
tinuous laws  are  expressed  as  infinitesimals.  This  is 
indeed  the  reason  why  the  present  and  the  preceding 
Volumes,  in  which  mechanical  subjects  are  treated, 
are  included  in  a  course  of  Infinitesimal  Calculus.  In- 
finitesimals are,  as  heretofore,  stated  and  applied  in 
their  barest  forms ;  and  subject  to  the  axiomatic  pro- 
perties of  Art.  9,  Vol.  I.  Infinitesimals  and  finite  quan- 
tities are  the  materies  of  calculation  according  to  the 
same  laws.  And  it  is  submitted  that  continuous  laws 
can  only  thus  be  adequately  expressed  symbolically. 
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The  object  of  the  Author  has  been  the  construction 
of  an  uniform  scientific  Treatise,  pervaded  by  one  idea, 
and  applying  one  principle.  Thus,  at  the  outset,  a 
certain  form  is  given  to  the  equations  of  motion  by 
D'Alembert's  principle ;  and  in  that  form  they  are  ap- 
plied to  all  subsequent  purposes  and  processes ;  for 
they  are  directly  applicable  to  all  classes  of  dynamical 
problems.  In  some  cases  indeed  they  are  conveniently 
applied  in  the  transformed  state,  as  they  are  known 
by  the  name  of  Euler's  Equations ;  generally  however 
all  special  artifices,  however  ingenious  they  may  be, 
and  whatever  abridgement  of  work  they  may  intro- 
duce, are  avoided ;  the  circumstances  of  a  problem 
are  resolved  into  their  simplest  elements,  and  these 
are  expressed  by  the  general  equations  and  their  in- 
tegrals. 

The  object  again  is  not  to  make  new  discoveries  or 
to  open  new  lines  of  research ;  but  to  use  the  present 
knowledge  and  the  present  materials;  to  digest,  to 
arrange,  to  consolidate  all  into  one  harmonious  Trea- 
tise ;  to  make  such  additions  as  are  necessary  for  the 
process ;  and  to  present  all  to  a  student  on  an  uniform 
plan.  The  Treatise  has  arisen  out  of  the  want  which 
the  Author  himself  has  frequently  experienced  in  his 
professional  employment ;  and  the  attempt  to  supply 
that  want  has  given  to  the  work  its  didactic  character 
and  its  colloquial  style. 

The  Author  is  of  course  under  obligations  to  many 
writers  on  Mechanics  and  kindred  subjects.  These 
obligations  he  has  attempted  to  acknowledge  from  time 
to  time,  as  well  as  to  specify  the  treatises  wherein 
certain  subjects  have  been  originally  or  fiilly  treated. 
It  has  however  been  impossible  to  satisfy  the  claims 
of  such  writers  in  all  cases.  In  many  cases,  the  Author 
has  found,  that  theorems,  to  which  he  was  led  in 
the  course  of  his  investigation,  had  been  previously 
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discovered,  and  he  is  also  bound  to  say,  that  many 
theorems  which  are  attributed  to  certain  authors  have 
been  known  and  proved  long  before  the  time  of  the 
writer  to  whom  the  credit  is  commonly  given.  This 
is  a  disappointment  to  which  an  inquirer  in  any  branch 
of  science  must  be  liable.  He  will  rejoice  however  to 
find  that  truth  has  advanced,  although  his  share  in 
the  work  may  not  be  as  large  as  he  might  expect. 
The  benefit  of  the  progress  will  be  permanent,  his 
disappointment  will  be  temporary ;  and  if  he  will  take 
heed  to  use  it  aright,  it  will  be  an  inducement  to 
greater  industry  and  further  research. 


Pembroke  College,  Oxford, 
Nov.  14,  1861. 
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PART    TIL 
DYNAMICS;  THE  MOTION  OF  A  MATERIAL  SYSTEM. 


CHAPTER  I. 

PRELIMINARY  GEOMETRICAL   INVESTIGATIONS. 

Article  1.]  In  foUowiug  the  course  suggested  by  the  nature 
of  the  science  of  mechanics^  the  subject  next  for  discussion  is 
the  motion  of  a  material  system ;  that  is,  of  a  system  of  mate- 
rial particles  which  are  related  to  each  other  by  means  of  cer- 
tain forces  of  attraction,  tension,  and  such  like.  These  will  be 
explained  hereafter.  This  motion  I  shall  consider  in  its  greatest 
generality,  and  by  the  light  of  the  best  processes  which  modern 
science  has  discovered :  we  shall  hereby  be  enabled  to  apply  our 
principles  to  problems  of  great  interest  and  of  practical  import- 
ance^ and  to  their  solution  by  most  elegant  methods.  I  shall 
also  ennntiate  and  explain  certain  very  general  principles,  which 
in  their  mathematical  expression  include  all  Dynamical  pro- 
blems. These  will  be  introduced  towards  the  close  of  our 
treatise;  because  I  think  that  such  and  similar  general  pro- 
positions are  more  adequately  apprehended,  when  they  have 
been  preriously  applied  as  it  were  piecemeal  to  particular  pro- 
blems. This  is  the  course  which  I  have  taken  heretofore^  and 
which  I  shall  still  take^  in  the  conviction  that  it  is  that  which 
is  best  suited  to  a  didactic  treatise. 

The  general  motion  of  a  material  system  takes  place  in  space ; 
and  is  capable  of  determination  only  by  means  of  properties  of 
space ;  by  means,  that  is,  of  systems  of  coordinates,  or  of  some 
other  equivalent  mode  of  reference.  It  is  necessary  therefore  for 
us  to  be  prepared  with  a  sufficient  knowledge  of  these  properties. 

Moreover  in  the  course  of  our  treatise  we  shall  often  have 
occasion  to  translate  mechanical  results  into  analogous  geo- 
metrical theorems^  whereby  we  shall  obtain  a  fertile  interpreta- 
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tion  of  mechanical  laws  from  a  geometrical  point  of  view.  Now 
although  the  theorems  which  we  require  may  be  found  scat- 
tered here  and  there  in  treatises  on  geometry^  yet  it  is  almost 
necessary  to  collect  them,  that  all  may  be  seen  in  one  con- 
spectus. And  there  is  also  another  reason  for  this  introductory 
section;  we  shall  preserve  an  uniform  notation  throughout: 
and  this  in  complex  formulae  is  a  matter  of  importance  no  lesa 
than  of  elegance ;  for  when  an  algebraical  equation  or  a  geo- 
metrical form  is  difficult  of  comprehension^  it  is  surely  unde- 
sirable to  increase  the  difficulty  by  a  confused  symbolism. 

2.]  I  shall  assume  in  my  readers  a  knowledge  of  the  ordi- 
nary equations  of  the  straight  line,  and  of  the  plane;  and  of 
their  common  properties :  and  I  shall  commence  with  the  in- 
vestigation of  the  transformation  from  one  rectangular  system 
of  axes  to  another  rectangular  system,  both  of  which  originate 
at  the  same  point.  Let  us  suppose  a  point  p  to  be  (iff,  y,  z), 
(f,  rj,  0  in  reference  to  these  two  systems  respectively ;  and  the 
systems  to  be  connected  by  direction-cosines  indicated  in  the 
following  scheme : 
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and  inversely^ 


z  =  osf+Asi^  +  CsC  J 

^  =  Oia?  +  flay  +  08«  ■] 
ri  =  bix -^ b2y -i- bsz  I. 


(2) 


(3) 


As  the  systems  are  rectangular^  we  have 

V+ V+^i'  =  aa«  +  V+^a*  =  «s*  +  V+^3*  =  1.  (4) 

V  +  «i'  +  «i*  =  V  +  V  +  V  =  <?l*+^2'  +  C32  =  1,  (5) 

«2«3  +  *2*3  +  Vs  =  «8«1  +  *8*1  +  ^3^1  =  «1«2  +  *1*2  +  ^1^2  =  0,  (6) 

*iCi4- V2+ Vs  =  ^ifl^i  +  CjOa  +  CgOs  =  Oi*i  +  ^2*2  +  «8*8  =  0.  (7) 
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3-]  TRANSFORMATION  OP  SYSTEMS  OF  HBFBBBNCB.  3 

From  the  last  two  eqaations  of  (6)  we  have, 

.  ^1  .  ^  _  gj 

4,^  —  0,4,  ^2^  — «8^S  «2*S"~*2^S 


=  + 


=    ±  1.  (9) 

As  to  the  double  sign  in  the  right-hand  member  of  this  last 
equation  I  would  observe,  that  it  indicates  the  two  orders  in 
which  the  positive  axes  of  the  two  systems  of  coordinates  may 
be  taken :  that  is,  if  both  are  taken  in  the  same  order,  when  f 
and  17  coincide  with  x  and  y  respectively,  C  will  also  coincide  with 
z :  but  if  they  are  taken  in  a  contrary  order,  C  will  coincide 
with  —  z  when  f  and  1;  coincide  with  x  and  y.  Let  us  assume 
the  order  of  the  two  systems  to  be  the  same :  so  that  when  the 
two  systems  are  coincident  the  following  simultaneous  conditions 
must  be  satisfied : 

«i  =  1>       «2  =  0,       ««  =  0,  ■) 

61  =  0,       A3  =  1,       48  =  0,  j^  ( 10) 

and  for  the  fulfilment  of  these  conditions  the  upper  sign  must 
be  taken  in  (9) :  so  that  from  (9),  and  similarly  from  the  other 
pairs  of  equations  of  (6),  we  have 

^2^8— ^2*8  ^%^-^\H    _    ^2*8  —  ^8    _    1 

«1  *l  ^1 


(11) 


a,  Ag  ^2  ' 

«8  *8  ^8  ' 

These  results  may  also  be  deduced  from  (5)  and  (7),  which  are 
equations  inverse  to  (4)  and  (6). 

3.]  In  the  preceding  Article  the  new  system  of  coordinate 
axes  of  (f,  r\,  C)  is  connected  with  the  original  system  of  {x,  y,  z) 
by  means  of  nine  direction  cosines :  those,  that  is,  of  (1) :  these 
however  are  related  by  six  equations  of  condition,  either  (4)  and 
(6),  or  (5)  and  (7) :  so  that  only  three  of  the  nine  direction- 

B  2 
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4  TRANSFORMATION  OF  SYSTEMS  OF  RBFERBNCK.  [3. 

cosines  are  independent.  It  is  however  to  be  observed  that  the 
transformation  is  thus  effected  by  means  of  symmetrical  linear 
equations ;  in  many  cases  the  advantage  of  employing  such 
formulae  is  greater  than  the  inconvenience  of  introducing  many 
variables  which  are  not  independent;  but  in  other  cases  it  is 
more  convenient  to  introduce  as  few  variables  as  possible ;  and 
I  proceed  therefore  to  explain  Euler's  process  of  transformation, 
in  which  only  three  new  quantities  are  required. 

Let,  as  heretofore^  cc^  y,  z  refer  to  the  original  system,  and 
f*  ^i  C  to  the  transformed  system. 

(1)  Let  the  system  of  axes  be  turned  about  the  axis  of  z  in 
a  positive  direction  through  an  angle  yfr :  see  Fig.  1 ;  and  let 
x',  y\  z'  be  the  values  of  x,  y,  z^  when  this  transformation  has 
taken  place;  so  that    ^ 

X  ^  a/  cos  ^  —  y'  sin  >/r,  ^ 

y  =  a?' sin  >fr  +  y' cos  ^,  I  (14) 

z  ^  z\  J 

(2)  Let  the  system  of  x\  y',  z  be  turned  through  an  angle  Q 
about  the  line  on,  which  is  the  axis  of  a?';  and  let  a?",  y\  z'  be  the 
coordinates  when  this  transformation  has  taken  place ;  so  that 

x'  =   x'\  *  "] 

y  =  y"  cos  Q  -  z"  sin  Q,    I  (15) 

z'  =  y"  sin  d  +  /'  cos  Q,  J 

(3)  Let  the  system  of  x'\  y\  /'  be  turned  about  the  axis  of 

z"  in  a  positive  direction  through  an  angle  <^ ;  and  let  ^,  ?;,  C  be 

the  coordinates  when  this  transformation  has  taken  place;  so 

that  tf       M.        .  '     , 

a?   =  f  cos  <^  — 17  sm  0,  ^ 

y"  =  f  sin  <^  +  77  cos  <^,    L  (16) 

/'  =  c.  J 

Then  by  these  successive  transformations  the  system  of  axes 
will  be  transformed  in  the  most  general  manner  possible ;  and 
substituting  in  (14)  from  (15)  and  (16),  we  have 

X  =  f(cos<^cos>fr— sin<^sin>frcosd)  +  ?7(  — 8in<^cos>fr— cos<^sini|fCosd) 

+  C8inVrsind,  (17) 

y  =  f(co8<^8in>/r4-8in0cos^co8d)4-7;(— 8in<^sin^+cos<^cos^cos^) 

—  f  cos  xjf  sin  6,  (18) 

2r  —  ^sin  0  sin  (?  +  77  cos  <^  sin  ^  +  f  cos  $,  (19) 
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5-]         SURFACES  OP  THE  SECOND  DEGREE.  5 

whereby  the  relations  between  the  old  and  new  coordinates 'are 
expressed  in  terms  of  three  undetermined  quantities  0^  <t>,  and  yjt. 

4.]  The  comparison  of  (17),  (18)  and  (19)  with  (2)  indicates 
the  following  equivalences : 

ai  =  cos  <^  cos  ^  —  sin  <^  sin  >fr  cos  ^, 

bi  =  —  sin  ^  cos  ^  —  cos  <^  sin  >/r  cos  0,  [-  (20) 

Ci  =  sin  >/r  sin  0, 


■■] 
} 


02  =  cos  <^  sin  ^  +  sin  <^  cos  >fr  cos  0, 

bi  =  —  sin  0  sin  ^  +  cos  <f>  cos  >/r  cos  0^  ^  (21) 

C2  =  —  costifsin^, 

Os  =  sin  <^  sin  0, 

ftji  =  cos  <^  sin  0,  y  (22) 

Cs  =  cos^; 

these  equations  also  satisfy  the  conditions  (4) ...  (7) ;  and  from 
them  we  have 

cos  0  =  Cs,  tan  <^  =  ^ ,  tan  >/r  = -;       (23) 

Os  Ci 

so  that  the  nine  direction-cosines  are  expressed  by  means  of 
three  quantities  0^  <t>,  yjf. 

5.]  In  the  course  of  our  work  we  shall  frequently  require  for 
illustration  surfaces  of  the  second  degree.  The  most  general 
form  of  the  equation  of  which  is 

Aa!*+By*  +  c«*  +  2Dy;»+2E2;j74-2pa?y  +  2oa?4-2Hy-f  2j^+k  =  0:  (24) 

but  as  we  shall  need  only  central  surfaces,  and  these  referred    . 
to  the  centre  as  the  origin,  we  had  better  reduce  (24)  to  the 
most  simple  form  which  the  equation  of  such  surfaces  admits  of. 

Let  (of,  j/,  sf)  be  the  new  origin,  and  be  the  centre ;  then  sub- 
stituting X'^-af^y+'j/^  z-^-s!  severally  for  x,  y,  z,  (24)  becomes 

Aa?*  +  By*4-Ci?^4-2Dy5?4-2B;:f^  +  2pa?y 

+  2(Aa<+p^+B/+G)a?+  2(py+By'+D/  +  H)y 

+  2(Ea7'-f  ny'-f  c/+  3)z 

+  Aar'»+  By'»4-  €;:;'*  + 2DyV-h  2EjrV  +  2pa?y 

+  2oy-f  2Hy'  +  2j/  +  K  =  0;(25) 

^  (j^i  y'f  ^)  is  the  centre,  this  equation  is  to  be  unaltered  when 
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6  SURFACES  OF  THE  SECOND  DEGREE.  [6. 

for  ^y  y, z  we  substitute  —s,  —y,  —z;  therefore  the  coefScieDta 
of  Of,  y,  z  must  vanish ;  so  that 

Aa?'-h  vy  -\-  e/+g  =  0,  -] 

Fa<-f  By  -hD2?'-f  H    =   0,     I  (26) 

Ed7'4-Dy'+c/-f-  J  =  0;  J 

whence  we  have  finite  values  for  a?',  y',  / ;  unless 

ABC— AD*— BE*— cf*-|-2dbp  =  V  (say)  =  0,  (27) 

in  which  case  the  values  of  a/,  i/,  sf  are  infinite.    Let  us  suppose 
V  to  be  finite :  then  the  equation  to  the  surface  becomes 

Aa?2  +  By2-f  c«*  +  2Dy;5-f-2E^j?-f  2Fa?y -f  k'  =r  0;       (28) 

wherein  k!  is  the  constant  term,  and  represents  the  last  two  lines 
of  (25) :  and  as  is  evident  from  (26), 

k' =  G^'+Hy'-j-j^+K;  (29) 

and  if  we  substitute  the  values  of  a/,  y\  z\  which  are  determined 
by  (26),  we  have 

k'v  =  g2(d2— Bc)-f  h*(e*— ca)  +  j2(f2— ab) 

-|-2hj(ad— ep)  +  2jg(be— fd)4-2gh(cf  — DE)— Kv,  (30) 
=  V  (say).  (31) 

In  passing  I  would  observe^  that  v  is  the  determinant  of  the 
three  equations  (26)^  when  the  last  terms  are  omitted;  and 
that  V  is^  omitting  a  factor,  the  determinant  of  the  four  equa- 
tions (26)  and  (29).  This  condition  has  been  already  deter- 
mined in  Ex.  3,  Art.  855,  Vol.  I.  Ed.  2. 

If  V  =  0,  the  coordinates  of  the  centre  are  infinite :  the  sur- 
face in  this  case  is  non-central,  and  is  a  paraboloid,  or  one  of 
its  degenerate  varieties. 

If  v'  =  0,  the  equation  to  the  surface  is 

Aa^-\-By*-^cz*-h2Dyz+2Eza?-^2FJcy  =  0,  (32) 

and  the  centre  is  on  the  surface.     The  surface  is  therefore  a 
cone,  or  one  of  its  degenerate  varieties. 

6.]  We  can  further  reduce  the  general  equation  to  central 
surfaces  by  means  of  another  transformation  of  coordinate  axes. 
Let  the  centre  still  be  the  origin,  and  let  another  system  of 
rectangular  axes  originate  at  it.  Let  us  omit  the  accent  on  k' 
in  (28),  and  for  ^,  y,  z  let  us  substitute  the  values  given  in 
(2).    Then  (28)  becomes 
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-f  f*  {aCi«4- BCg^^.  CC3*-f  2DC2C3 -f  Ze^S^I -h  ZFCiCg} 

+  D  (AgCg  +  V2)  + 'S  (*8^1  +  *l^8) -+- '  (*1  ^2  +  *2^l)  } 

+  2Cf  (aCiOi  +  BCjCa  +  cCafla 

4-  D  (CgOg  +  Cj^a)  +  E  (CgOi  +  CjO,)  +  f  (c^a^  +  CaCi) } 
+  2^1]  {AfliAi+  BOjAg  +  cOaAj 

+  D  (agig  +  Ogig)  +  E  (flgii  +  «! Ag)  +  F  (aiAg  4  flgii) }  +  k  =  0.  (33) 

In  this  equation  nine  direction-cosines  are  involved,  and  these 
thus  far  are  subject  to  only  six  conditions;  viz.  (4)  and  (6),  or 
(5)  and  (7)  of  Art.  2.  Three  other  equations  therefore  are  neces- 
sary for  their  complete  determination ;  assuming  the  following 
conditions  to  be  possible  and  sufficient^  let  us  suppose  the  coeffi- 
cients ofrjC  ((f  and  f  17  in  (33)  to  vanish :  so  that  we  have 

AiiCi  +  BAaC2-+-cV8  +  »(V8  +  V2)  +  E(Vl  +  V8)H"'(M2  +  Vl)=0>' 

A<:,ai  +  BC,a,+ccifl3-hD(c2ag  +  C8«8)  +  B(c8fl4  +  Cia8)  +  F(Ci^j  +  Caai)==0,  ^  (34) 
AOiAi  +  Bo^j  +  cogAg  +  D(flg4g  +  ttgij)  +  E  (o^b^  +  Oyt^)  +  F(aiAg  +  o^b^)  =  0.  ^ 

Also  let  the  new  coefficients  of  f *,  if,  C  i"^  the  transformed  equa- 
tion severally  be  a,  b',  c';  so  that 

Afli«  +  B«2«  +  ca3«4-2i>a,a8  +  2Eflgfl4  +  2Fai«2  =  a',  ^ 

AV  +  BV  +  cV  +  ^D4jA3  +  2Eigii  +  2FAiAg  =  b',  K     (35) 

A<ri*+B(?g2  +  cCg»-h2DCgCg  +  2BC8Ci-f  2FCiCg  =  c';J 

whereby  (if  these  equations  are  possible)  the  transformed  equa- 


;} 


tion  IS  Vf2+BV  +  c'C*  +  K  =  0.  (36) 

Now  the  last  two  equations  of  (34)  may  be  put  into  the  fol- 
lowing forms : 


(Aflj-f  Fa2  +  Eag)Ci  +  (pai-hBa8-|-Dag)Cg  +  (Eai  +  Da8  +  co8)C3  =  0, 

(Aai  +  Ffl,  +  Bag)6l  +  (Fflj+B«24-D08)A8+(Eai  +  Dfla  +  Cflg)i3 


lo'j'-' 


and  our  hypothesis  requires  these  to  coexist  with  the  second 
and  third  of  (7),  Article  2 ;  viz.  with 

fliAi4-Oa*2  +  «3*s  =  0.  > 
But  if  we  have  two  pairs  of  equations  of  the  forms 
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/a?  4  my  +  »2r  =  0  )  L^  -f  My  +  N^  =  0  ) 

from  the  first  pair  we  have 

and  from  the  second, 

L         __        M        _         N        . 
yC-r)Z  "  z^-C^  "  xr)-^y' 

.'.     L^HL^IL.  (39) 

L  M  N 

As  (37)  and  (38)  are  pairs  of  equations  of  the  same  form  as 
these,  we  have 

AOi-f  Fg^  +  Eag  _  Ftfi-f  BOa  +  Pfla  ^  Eg^ +  003  4-0^8  ^ 

«!  «2  ^ 

_    AV  +  Bag»  +  Cfl3»  +  2Dfl2fl3  +  2Eg3ai  +  2Fgi<»2      /^jj 

=  a',  from  (35);  (42) 

(41)  heing  inferred  from  (40)  by  operating  on  the  numerators 
and  denominators  of  (40)  severally  with  the  factors  a^,  Cj,  a^,  and 
by  adding  numerators  and  denominators. 

Similarly  from  the  third  and  first,  and  from  the  first  and 
second  of  (34),  we  have 

A&i  +  Ftg  +  B^S  _    P&i  +  B&gH-D&3    __  Ea^4D&2  +  C&3   _    ^, 

*1                                         *2  *3 

Ag|4-FCg4-Eg8  _    FCi4-BC24-DC3    _  ECi  +  DCa+CCg    __   ^, 

C|                                         Cg  C3 

As  these  last  equations  are  of  precisely  the  same  form  as 
(42),  let  us  take  a  type-expression  of  all ;  and  assume  x  to  be 
the  type  of  a',  b',  c';  and  tn  to  be  the  type  of  ««>  K^  Cn :  so* that 
we  have  the  following  typical  form : 

(A-x)/i4-       F^a       4-      E/3       =0,1 

F/i       4-  (B-x)/a  4-      Dt^       =0A  (43) 

E^i      +      D/2       4- (c-x)/3  =  0;J 
whence  by  cross  multiplication, 
(a-x)(b-x)(c-x)-d*(a-x)-e«(b-x)-f*(c-x)  +  2def  =  0;  (44) 

which  equation  is  the  condition  of  the  coexistence  of  the  three 
equations  of  (43). 
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As  (44)  is  a  cubic  in  x  it  has  three  roots ;  and  these  are  the 
▼alues  of  a',  b',  c'  which  are  the  coefficients  of  f  *,  i^,  C*  in  equa^ 
tion  (36) :  so  that  we  have 

(a-x)(b-x)(c-x)-d«(a-x)-e»(b-x)~f«(c-x)  +  2dif 

=  (a'-x)(b'-x)(c'-x)  =  0,  (45) 
of  which  the  x-differential  is 

(B-X)(C-X)  +  (C-X)(A-X)  +  (A-X)  (B-X)-D>-E»-P» 

=  (b'-x)(c'-x)  +  (c'-x)(a'-x)  +  (a'-x)(b'-x).  (46) 

7.2  As  the  roots  of  the  cubic  (44)  are  the  coefficients  of 
^«  n^,  C*  in  the  reduced  equation  of  the  surface^  and  as  these 
coefficients  must  be  real  quantities,  the  possibility  of  the  pre- 
ceding reduction  depends  on  the  reality  of  these  roots ;  and 
this  is  demonstrated  by  the  following  process^  due  to  Cauchy. 

Let  r,  and  r^  be  the  two  roots  of 

(a-x)(b-.x)-p»  =  0, 

».h..        .,  =  i±i+|(i=i)VHp, 


r.-T-iC^M'' 


Ti  and  r,  are  evidently  real  quantities.     In  (44)  let  us  sub- 
stitute for  X, 

(1)  -hoo  ;  the  result  is  negative; 

(2)  r^    ;  the  result  is  positive ; 

(3)  Tg   ;  the  result  is  negative ; 

(4)  —  00 ;  the  result  is  positive ; 

therefore  the  roots  of  (44)  lie  respectively  between  4-«>  and  r^ ; 
between  r^  and  r^;  between  r^  and  —  oo  ;  and  are  all  real.  Thus 
the  assumptions  made  in  (34)  are  demonstrated  to  be  legitimate ; 
and  jl\  b\  &  are  real  quantities^  which  are  determined  by  the 
equation  (44).  Henceforth  we  shall  suppose  them  to  be  known. 
Also  from  (43)  another  form  of  the  cubic  equation  may  be 
found,  which  is  for  many  purposes  more  useful  than  (44).  The 
several  equations  of  (43)  may  be  put  into  the  following  form : 

B  B  F  EF  (  D    5 

FD  (  B    ^  DB  (  F    ) 

PBICE,  VOL.  IV.  C 
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10       REDUCTION  OF  SURFACES  OF  THE  SECOND  DEGREE.      [7. 
Whence  we  have 

EF  PD  DB 1—0    (4A\ 

D(X— A)  +  BP  "^  B(X  — B)4-FD  "*"  F(X  — C)+DI5  —      »V       ) 

which  is  a  cubic  equation  in  terms  of  x,  and  is  indeed  the  same 
as  (44)  ♦. 

And  the  values  of  the  corresponding  direction-cosines  may 
thus  be  found :  from  (42)  we  have 

(a— A')ai  +         FO,         +         Btfj         =  0, 

Ba^ 
and  taking  these  equations  two  and  two  together,  we  have 

^1 ^2 ^8 


ll         -f  (B-A')fl,  -h         Dflj  =  0,    I  (4©) 

»1         +         Dfl,         +  (C-A')fl3  =  0;J 


(b-a')(c-a')-d3 

DB  — P(C  — a') 

«! 


DB  — P(C  — a') 

(c-a')(a-a')-b»- 

g» 


PD  — B(B— a') 

BP  — D(A  — a') 
«3 


MBO) 


pd-b(b-a')  bp-d(a-a')  (a-a')(b-a')-p»\ 

from  any  one  of  which  the  direction-cosines  corresponding  to 
a'  may  be  found.    Also  we  have 


«i«a 


(b  -a')  (c  -  a')  -  D^  DB  -  P  (C  -a') 


gjOs 


PD  — B(b— a') 


"  (c-a')(a-a')-b«"'  (a-a')(b-a')-f* 

1 

"(b-a')(c-a')  +  (c-a')(a-a')  +  (a-a')(b-a')-d»-b»-p* 

1 

-(b'-a')(c'-a')* 
the  denominators  of  (52)  and  (53)  being  equal,  by  reason  of 
(46). 

Also  from  (60)  we  have 

1  1  1 

*  ^  BP  — D(A— a')         FD  — B(B— a)        DB  — F(C— a)'    ^       ^ 

this  last  system  is  also  evident  by  reason  of  (47). 

*  On  the  proof  that  all  the  roots  of  (44)  and  (48)  are  real»  see  also  a  paper 
by  Kummer  in  Crelle's  Journal,  Vol.  xxvL  p.  368, 


(51) 


(52) 


(58) 
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We  have  thus  two  systems  of  symmetrical  equations  for- de- 
termining the  values  of  ai,  a^j  a^  which  correspond  to  a'.  In  a 
similar  way  two  symmetrical  systems  may  be  determined  in 
terms  of  b'  and  c',  whereby  the  corresponding  values  of  bi,  bi,  b^, 
Cu  c%f  Ca  will  be  found ;  and  therefore  generally  as  these  values 
will  be  determinate^  so  will  the  position  of  the  three  lines  per- 
pendicular to  each  other  to  which  a'^  b',  &  correspond  be  also 
determinate ;  and  the  equation  to  the  surface  will  be  of  the 
form  ^,^,  ^  ^,^  ^  ^,^3  -f  K  =  0.  (55) 

This  is  the  most  simple  form  to  which  the  equation  of  a  cen- 
tral surface  of  the  second  degree  can  be  reduced.  The  three 
rectangular  axes  to  which  it  is  referred  are  called  Principal  Axes. 
These  names  are  specially  given  to  those  parts  of  the  coordinate 
axes  which  are  intercepted  between  the  origin  and  the  surface. 
The  three  planes  passing  through  the  centre^  which  are  per- 
pendicular to  the  principal  axes,  are  called  Principal  Planes: 
they  are  the  three  coordinate  planes  of  the  equation  (55). 

8J  As  the  equation  of  a  central  surface  of  the  second  degree 
will  be  applied  hereafter  for  the  purpose  of  illustrating  certain 
mechanical  laws,  it  is  necessary  also  to  demonstrate  other  pro- 
perties of  principal  axes  and  principal  planes.  In  the  first  place 
I  shall  shew  that  the  central  radii  vectores  of  these  surfaces 
which  coincide  with  the  principal  axes  have  singular  values; 
that  is,  are  maxima  or  minima,  either  totally  or  partially. 

Let  us  take  the  equation  (28)  to  be  the  equation  to  central 
surfaces ;  and  let  {w,  y^  z)  on  its  surface  be  the  extremity  of  a 
central  radius  vector  r ;  then 

and  as  r  is  to  have  a  singular  value, 

mr  =  xdX'\-ydy-\-zdz  =  0:  (56) 

but  the  differentials  of  these  variables  are  connected  also  by  the 
differential  of  (28),  whereby  we  have 

(AX4-py  +  B2;)rfir-f  (pa?-|-By-|-D«)rfy-f-(Ba?-fDy+C2:)«b  =  0;  (57) 
and  therefore  from  (56)  and  (57), 

Ajy-f  yy+Eig  _  par-f  By-hP;g  _  lar-hpy  +  c^  ^^gv 

^         ""  y  ~"  «         ' 


C  2 
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12  PEINCIPAL  AXES  AND  PRINCIPAL  PLANBS.  [8. 

Let  I,  m,  n  be  the  direction-casines  of  the  singular  radios  yector 
r:  80  that  ^.   y   „^  _ 

7  "  m  -  »  -  ''^ 
and  (58)  becomes 

1 = :;^ = ;; •        (^^) 

Now  these  equations  are  in  form  identical  with  (40) ;  and  there- 
fore the  singular  radii  vectores  are  coincident  with  the  principal 
axes ;  that  is,  with  those  lines  for  which,  when  taken  as  coor- 
dinate axes,  the  terms  in  the  equation  to  the  surface  involving 
vC  Cf.  ^1  disappear. 

Let  each  term  of  (59)  be  equal  to  « ;  so  that  we  have 
A/*-f-Bm*-f  cn*-f-2Dmn+2B»/+2p/m  =  «, 

and    (A'-8)1-\-      vm      -f      En      =  0,  ^ 

p/-f  (b— *)»»  4-      nil      =  0,  I  (60) 

E/-f       j>m       -f  (c— «)n  =  0;J 

whence  we  have  the  cubic  equation 

(A  — «)(B— «)(C-«)-D«(A-«)  — E«(B-«)-p2(C-*)  +  2DBF  =  0,   (61) 

which  is  identical  with  (44) :  and  of  which  therefore  the  three 
real  roots  are  a'^  b\  q\  which  are  given  by  the  equations  (35) ; 
and  the  corresponding  values  of  l^  m,  n  are  ai^  b\j  C\ ;  a^,  bz,  c^; 
(hy  h}  czi  because  the  equations  for  the  determination  of  the  three 
different  values  of  /,  m,  n  which  correspond  to  the  three  roots 
of  (61)  are  the  same  as  those  by  which,  in  the  preceding 
Article,  the  direction-cosines  of  the  principal  axes  have  been 
determined. 

It  is  also  evident  from  the  form  of  the  equation  that  the 
three  singular  radii  vectores  are  at  right  angles  to  each  other. 
Let  us  take  the  cubic  which  arises  &om  (60)  in  the  form  given 
in  (48):  and  let  us  take  the  equations  which  correspond  to 
b'  and  c';  whereby  we  have 

EF  FD  D£ 


D(b'  — a)H-BF        E(b'  — B)+FD         F(b'  — C)  +  DE 
BF  FD  D£ 


D(C'  — A)-|-EF        E(c'— B)-f-FD         F(c'  — C)  +  DB 

and  subtracting  the  latter  from  the  former,  we  have 


-1  =  0, 
-1  =  0; 
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^   ""^^  ({d(b'-a)+ef}{d(c'-a)  +  bp} 

1 

{b(b'— b)+pd}  {bCc/—  b)  +  fd} 

"*"  {f(b'-c)  +  de}{f(c'-c)  +  de}}  "^  ^''  ^^^^ 
and  by  reason  of  the  equations  which  are  analogous  to  (54)  this 
becomes  ^^_^r^  {biCr-^b^c^^b^Cs}  =  0; 

and  as  b'  is  not  generally  equal  to  c',  we  must  have 

and  therefore  the  two  corresponding  singular  radii  vectores  are 
perpendicular  to  each  other:  in  the  same  manner  it  may  be 
shewn  that  the  other  singular  radius  vector  is  at  right  angles  to 
each  of  these :  so  that  the  three  form  a  system  of  rectangular 
axes ;  and  if  the  equation  to  the  surface  is  referred  to  them  as 
its  coordinate  axes^  its  equation  is  (55). 

It  is  also  evident  that  the  normals  at  the  points  where  these 
principal  axes  meet  the  surface  are  coincident  with  the  axes. 

9.]  The  theory  of  principal  axes  and  planes  may  also  be  de- 
rived from  another  property  of  surfaces  of  the  second  degree. 
I  shall  in  the  first  place  demonstrate  that  the  locus  of  the  middle 
points  of  a  system  of  parallel  chords  is  a  plane. 

Let  us  take  (28)  to  be  the  equation  to  the  surface ;  and  let 
the  equations  to  one  of  a  system  of  parallel  chords  be 
a— of  _  y— y'  _  z^sf  _ 
/""»»""      n      ""    ' 
where  (a?,  y,  z)  is  a  point  on  the  surface,  (»\  ^,  t!)  is  a  point 
through  which  the  chord  passes,  and  r  is  the  distance  between 
these  two  points.     For  Xy  y,  z  in  (28)  let  us  substitute  ^  +  tr, 
f/-^fnr,  7^-^nr  respectively^  and  let  us  arrange  the  result  in 
terms  of  r ;  then  (28)  becomes 

r*{AP-hBm*-hcn"  +  2Dm»+2E«/-h2F/m} 
+  2r{(A/+Fm4-isn)a<+(F/+B»?i+Dn)y'  +  (B/-f  nm+cn)/} 
+  Aa<»4-By''+c/»+2DyV-f  2B/a<-|-2Fa?y+K  =  0.        (63) 

This  is  a  quadratic  equation  in  terms  of  r,  and  has  two  roots ; 
and  therefore  from  a  point  {af^  y\  /)  two  radii  vectores  can  be 
drawn  to  a  surface  of  the  second  degree  along  the  same  straight 
line. 
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14  PEINCIPAL  AXES  AND  PRINCIPAL  PLANES.  [9. 

Let  US  suppose  (x\  y\  7!)  to  be  the  middle  point  of  the  chord : 
then  the  two  values  of  r  are  equal  and  of  opposite  directions 
and  signs^  and  consequently  the  term  involving  the  first  power 
of  T  in  (63)  must  vanish  :  hence  we  have  the  condition 

(A/+Fi»  +  B«)a?'+(F/-f  Bm-f  Dn)y'-|-(E/+Dm4-c«)z'=  0;  (64) 

As  the  chords  are  all  parallel  to  each  other,  and  to  a  central 
radius  vector  whose  equations  are 

i  =  l  =  \'  <^> 

/,  m,  n  are  constant :  therefore  (64)  is  the  equation  to  a  plane 
passing  through  the  centre,  of  which  the  current  coordinates 
are  ai ^  y,  z  :  and  therefore  the  middle  points  of  a  system  of 
parallel  chords  is  a  plane  passing  through  the  centre  of  the 
surface. 

The  plane  and  the  line  whose  equations  are  (64)  and  (65)  are 
called  relatively  to  each  other  a  conjugate  plane  and  a  conju- 
gate diameter. 

Now  it  is  evident  that  generally  a  diameter  will  not  be  per- 
pendicular to  its  conjugate  plane.  Let  us  examine  whether  this 
relation  between  them  is  ever  possible;  and,  if  so,  the  circum- 
stances under  which  it  may  exist. 

If  (65)  is  perpendicular  to  the  plane  (64), 

A/+Fm-fEn       F/-i-B9i»  +  i>n       sZ  +  nm-fcn  -^. 
7 ="  ^ ="  ^i^ (^^^ 

=  A?*-|-Bm*  +  c»*-f  2D»?in+2En/+2p/m 

=  *,  (67) 

where  s  is  the  coefficient  of  r*  in  (63). 

As  (66)  are  identical  with  (59)  they  involve  similar  conclusions. 

There  are  therefore  three  diameters  which  are  respectively 
perpendicular  to  their  conjugate  planes ;  and  these  are  the  prin- 
cipal diameters,  and  their  conjugate  planes  are  the  principal 
planes  of  the  surface. 

We  have  thus  considered  the  properties  of  principal  axes 
under  three  different  aspects:  (1)  if  the  surface  is  referred  to 
them  as  coordinate  axes,  its  equation  takes  the  form  (36),  and 
has  no  term  containing  the  products  of  the  variables :  (2)  they 
are  singular  radii  vectores:  (3)  they  are  diameters  which  are 
perpendicular  to  their  conjugate  planes. 

Principal  axes  may  be  defined  by  either  one  of  these  pro- 
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perties;  and  all  three  mutually  involye  each  other;  and  are  in 
fact  identical  in  the  geometrical  conception  of  infinitesimals. 

10.]  Let  us  next  consider  those  cases  in  which  the  roots  of 
the  cubic  equation  (44)  have  particular  values. 

(1)  Let  two  roots  be  equal :  say,  let  a'=  b';  then  (46)  vanishes 
when  X  =  a'=  b';  and  we  have 

(B-A')(C-A')-f  (C-A')(A-A')-f  (A-a')(B-a')-d2-e2-F»  =  0.    (68) 

Also  as  O}^  Ojp  Og,  bi,  b^  b^  cannot  be  infinite,  by  reason  of  (52)  we 
must  have 

(b-a')(c-a')-d«=(c-a')(a-a')-b«  =  (a-a')(b-a')-f*  =  0;  (69) 

that  is,       a-a'=— ,  B-A'=-,  C-A'=r^;  (70) 

^  D  E  P 

and  consequently, 

f  BP  FB  DB  ,^-. 

A=A =  B =  c ;  (71) 

D  B  V 

in  which  case  the  direction-cosines  £4^02^03,  and  similarly  the 
direction-cosines  bi,  b^  b^  are  indeterminate ;  but  Ci,  c^,  c,,  which 
correspond  to  the  unequal  root  c\  are  determinate  as  here- 
tofore.    In  this  case  the  equation  to  the  surface  is 

A'(^-f«I*)  +  c'f*  +  K  =  0.  (72) 

The  principal  axis  of  C  being  determinate,  any  two  axes  in 
the  plane  of  (f,  17)  perpendicular  to  each  other  are  the  other  prin- 
cipal axes.  Equation  (72),  in  this  case,  represents  a  surface  of 
revolution,  whose  axis  of  revolution  is  the  C-  axis*  If  a'  were  the 
unequal  root  of  (44),  and  b'=  c\  then  the  reduced  equation  is 

A'^+cV-fn4-K  =  0,  (78) 

which  also  represents  a  surface  of  revolution :  the  axis  of  (  is 
the  determined  axis,  and  is  the  axis  of  revolution  of  the  surface, 
the  position  of  the  other  two  axes  being  indeterminate. 

(2)  Let  all  the  roots  of  (44)  be  equal :  that  is,  let  a'=  b'=  c': 
then  diflferentiating  (69), 

2a'=  b  +  c  =  C4-A  =  a+b; 

.•.     A  =  B  =:  c;  (74) 

and  from  (69),  d  =  e  =  f  =  0;  (75) 

.*.     a'=:b'=c'=a; 
and  then  all  the  direction-cosines  are  indeterminate,  and  any 
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system  of  rectangular  axes  originating  at  the  centre  is  a  system 
of  principal  axes.     And  the  equation  to  the  surface  is 

^+i7*  +  C^-h  J-  =  0;  (76) 

and  if  K  =  —  a* a',  this  is  the  equation  to  a  sphere  whose  radius 
is  a. 

(3)  Let  one  root  of  (44)  be  zero;  say,  0^=  0;  then  we  have 

ABC— AD*  — BE*— CF^+ 2dEF  =  0;  (77) 

and  the  equation  to  the  surface  becomes 

aP  +  bV  +  k  =  0;  (78) 

and  therefore  C=  R •   As  {77)  is  the  same  expression  as  (27),  the 

centre  of  the  surface  is  at  an  infinite  distance.  Also  (78)  is 
the  equation  of  a  central  conic  in  the  plane  of  (^,  -q) ;  therefore 
the  surface  is  a  cylinder  whose  trace  on  the  plane  of  (f,  ri)  is 
the  conic  (78). 

(4)  Let  two  roots  of  (44)  be  zero;  say,  b'=c'=0;  then, 
besides  the  condition  {77),  we  have 

bc  +  ca  +  ab-d«-e2-f«  =  0;  (79) 

and  the  equation  to  the  surface  becomes 

A'f*  +  K  =  0;  (80) 

and  as  »y  =  f  =  ~,  it  represents  two  planes  parallel  to  the  plane 
of  (17,  C) 

(5)  Let  all  the  roots  of  (44)  be  zero ;  so  that  a'=  b'=  c'=  0 ; 
then  the  equation  to  the  surface  becomes 

K  =  0;  (81) 

which  represents  a  plane  at  an  infinite  distance. 

We  may  express  these  several  equations  in  a  more  convenient 
form. 

If  V  does  not  vanish,  and  if  v'  =  0,  in  which  case  the  sur- 
face is  central^  and  the  constant  k  in  the  reduced  equation 
(36)  vanishes,  then  we  have 

a'^  +  bV  +  cC«  =  0;  (82) 

and  if  a',  b',  c'  are  all  positive,  the  only  values  of  f ,  iy,  C  which 
satisfy  the  equation  are  f=»;=C=0;  that  is,  the  equation 
represents  a  point  at  the  origin. 
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If  one  coefficient^  say  c,  is  negative,  and  a'  and  b'  are  posi- 
tive, then  if 

(82)  becomes  ,j        ,       ., 

^  +  ^-^  =  0;  (83) 

which  is  the  equation  to  an  elliptical  cone,  and  all  plane  sec- 
tions of  it  perpendicular  to  the  axis  of  f  are  ellipses ;  and  if 
a^by  the  surface  is  a  right  circular  cone^  whose  axis  of  rota- 
tion is  the  axis  of  f. 

If  however  v'  does  not  vanish,  the  equation  to  the  surface  is 

A'f «  +  B'r;«  +  c'C  +  K  =  0.  (84) 

If  a'^  b\  d  and  k  are  all  positive,  the  equation  does  not  admit 
of  geometrical  interpretation.  Let  us  therefore  assume  k  to  be 
negative :  so  that  with  obvious  substitutions,  and  with  all  the 
varieties  of  sign  which  the  quantities  admit  of,  the  equation 
may  take  either  of  the  forms, 


«>  +  ft,  +  c«  -  ^' 

(85) 

a»  +  ft«       c»  ~    ' 

(86) 

«2            A2            -2    —   ^  * 

(87) 

which  severally  represent  an  ellipsoid,  a  hyperboloid  of  one  sheet, 
and  a  hyperboloid  of  two  sheets.  Let  us  assume  a>b>c;  then 
of  (85)  degenerate  species  are,  (1)  an  oblate  spheroid,  when 
a  =  ft ;  (2)  a  prolate  spheroid,  when  ft  =  c ;  (3)  a  sphere,  when 
a  =  ft  =  c.  And  if  a  =  ft,  the  hyperboloids  of  revolution  are  par- 
ticular species  of  (86)  and  (87).  We  have  not  however  space  or 
occasion  to  enter  into  all  these  particulars,  or  into  the  nature 
and  forms  of  the  surfaces.  This  information  must  be  obtained 
fipom  treatises  wherein  the  properties  of  these  surfaces  are  spe- 
cially treated  of.  The  omission  of  this  and  similar  matter  is 
necessarily  incidental  to  preliminary  chapters  which  must  be 
incomplete.  It  is  our  intention  to  demonstrate  for  the  most 
part  only  those  geometrical  theorems  which  will  be  required  in 
the  sequel ;  not  because  other  theorems  are  in  themselves  un- 
important, but  because  the  interpretation  of  our  mechanical 
results  will  not  require  them. 

PBICE,  VOL.  IV.  D 
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11.]  I  will  first  take  the  cone  whose  equation  is  (83);  but 
will,  for  convenience  of  symbols,  use  x^  y,  z  for  the  coordinates 
of  any  point  on  its  surface ;  so  that  its  equation  is 

S  +  f^-?^  =  0;  (88) 

and  I  shall  observe  with  respect  to  it  that  the  vertex  is  its 
centre,  and  that,  like  other  surfaces  of  the  second  order  which 
are  represented  by  (84),  it  has  three  principal  axes ;  which  are 
respectively  the  axis  of  the  cone,  commonly  so  called,  or,  as  we 
may  call  it,  the  internal  axis ;  and  two  lines  through  the  vertex 
which  are  respectively  parallel  to  the  major  and  minor  axes 
of  those  elliptic  sections  whose  planes  are  perpendicular  to  the 
axis  of  the  cone ;  these  are  called  the  external  axes. 

The  plane  which  contains  the  internal  axis  and  the  major 
axis  of  the  principal  elliptic  sections  is  the  plane  of  greatest 
section  of  the  cone ;  and  that  which  contains  the  internal  axis 
and  the  minor  axis  of  the  elliptic  sections  is  the  plane  of  least 
section.  The  principal  axes  of  a  cone  of  the  second  degree, 
when  its  equation  is  given  in  the  most  general  form,  are  de- 
termined by  the  process  of  Art.  6;  for  this  is  applicable  to 
equation  (28),  whether  k'  =  0  or  not. 

At  the  vertex  of  the  cone  (88)  let  straight  lines  be  drawn 
perpendicular  to  the  tangent  planes,  these  will  all  lie  in  a 
second  cone  which  is  called  the  supplementary  or  reciprocal 
cone ;  its  equation  may  thus  be  found.  The  equation  to  the 
tangent  plane  of  (88)  is 

and  the  equations  to  the  line  through  the  vertex  perpendicular 
toitare  ^^^^_c^.  .^. 

X  y  z   ' 

therefore  squaring  these,  and  multiplying  the  terms  of  (88)  re- 
spectively by  them,  we  have 

aV  +  A^»?*-caf«=  0;  (91) 

which  is  the  equation  required,  and  represents  a  cone  of  the 
second  degree,  which  has  the  same  internal  axis  as  (88),  but 
whose  major  and  minor  external  axes  are  respectively  the  minor 
and  major  external  axes  of  (88). 

For  the  construction  of  the  second  cone  (91)  it  is  evident  that 
as  every  line  through  its  vertex  is  perpendicular  to  a  tangent 
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plane  of  (88)^  so  is  every  tangent  plane  of  (91)  perpendicular  to 
a  line  through  the  vertex  of  (88).  Thus  the  cones  have  cor- 
responding or  reciprocal  properties,  and  to  a  tangent  plane  of  the 
first  cone  and  to  its  line  of  contact  correspond  a  line  through 
the  vertex  of  the  second  and  the  tangent  plane  along  that  line. 

Again«  to  the  first  cone  let  two  tangent  planes  be  drawn,  and 
let  the  corresponding  lines  on  the  second  cone  be  taken ;  the 
plane  containing  these  lines  is  perpendicular  to  the  line  of 
intersection  of  the  two  tangent  planes  of  the  former  cone ;  and 
the  tangent  planes  of  the  second  cone  along  these  lines  are  per- 
pendicular to  the  lines  on  the  first  cone;  and  their  line  of 
intersection  is  perpendicular  to  the  plane  through  the  lines  of 
contact  on  the  first  cone^  so  that  to  a  line  and  its  polar  plane  on 
the  first  cone  correspond  a  plane  and  its  polar  relatively  to  the 
second  cone. 

It  is  evident  therefore  that  properties  relative  to  the  angles 
contained  by  certain  planes  and  right  lines  on  the  first  cone  will 
give  rise  to  properties  of  corresponding  right  lines  and  planes 
in  the  second  cone ;  in  other  words  the  properties  of  cones  of 
the  second  degree  are  double ;  and  the  principle  of  duality  is 
established. 

12.]  Assuming  that  a  cone  admits  of  being  cut  by  a  plane 
such  that  the  section  is  a  circle,  I  propose  to  determine  the 
position  of  the  circular  planes  of  (88). 

Let  us  suppose  c?  to  be  greater  than  i* ;  and  let  (88)  be  put 

into  the  form 

a^a  -I-  y«  +  2;>  =  w«  («•  -  n«y«),  (92) 

as  we  may  do  by  the  following  substitutions ; 

m'  =  — 5 — ;  n'  =  ^7^  -^ 5  .  (Uo) 

Then  (92)  may  be  resolved  into  the  two  factors 
(^  +  y^-f  ^>*  =  km{z-ny\ 
(a^  +  y*-f  «»)*  =  y  {z^ny) ; 

and  as  ^  is  an  undetermined  quantity,  these  are  satisfied  by 

(1)  a^a  +  ya+^a  =  0,         z  =z  ny,  (94) 

(2)  a?»  +  y*+;:;«  =  0,  ;5=-«y;  (95) 
each  of  which  pairs  of  equations  represents  a  plane  section  of  a 
sphere ;  that  is^  represents  a  circle ;  so  that  the  sections  of 
the  cone  made  by  the  two  planes,  z  z=iny  and  «  =  —  wy,  are 
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drcles ;  and  it  is  evident  that  the  sections  made  by  all  planes 
parallel  to  either  of  these  wUl  also  be  circles ;  for  this  reason 
these  planes  are  called  the  cyclic  planes  of  the  cone,  and  their 
equations  are  ia^^h^\i 

they  pass  through  the  axis  of  x  which  is  parallel  to  the  major 
axis  of  the  elliptic  sections  perpendicular  to  the  axis  of  the 
cone  ;  and  they  make  with  the  plane  of  (x^y) 

± '"-'-*  (^)*-        ">'> 

Now  if  through  the  vertex  of  the  cone  (88)  two  lines  are 
drawn  perpendicular  to  these  cyclic  planes,  as  the  line  of  inter- 
section of  the  cyclic  planes  is  perpendicular  to  the  plane  of  least 
section  of  (88),  so  will  these  lines  lie  in  the  plane  of  the  greatest 
section  of  (91);  and  because  every  plane  perpendicular  to  one 
of  these  right  lines  cuts  the  reciprocal  one  in  a  conic,  one  of 
whose  foci  is  on  this  right  line,  these  lines  are  called  focal  lines. 
The  analytical  proof  of  this  property  of  focal  lines  is  contained 
in  the  preceding  equations ;  a  geometrical  proof  will  be  found 
in  the  Memoir  of  M.  Chasles,  entitled,  "  Sur  les  propri^t&  des 
cones  du  second  degr^,"  and  contained  in  the  V Ith  volume  of  the 
Memoirs  of  the  Boyal  Academy  of  Brussels. 

18.]  We  must  also  investigate  certain  properties  of  the  ellip- 
soid, as  we  shall  frequently  require  this  surface  for  the  purposes 
of  illustration  and  interpretation,  but  our  description  of  the 
properties  will  be  incomplete,  because  we  shall  demonstrate 
those  only  which  are  wanted  hereafter. 

Let  the  equation  to  the  ellipsoid  be 

where  a*  >  i*  >  c* ;  so  that  a  is  the  greatest,  and  c  is  the  least 
of  all  central  radii  vectores ;  b,  however,  has  also  a  critical  value, 
for  it  is  the  semi-axis  minor  of  the  elliptic  trace  in  the  plane 
of  (07,  y)y  and  for  that  plane  is  a  minimum,  but  it  is  the  semi-axis 
major  of  the  elliptic  trace  in  the  plane  of  {y^z),  and  for  that  plane 
is  a  maximum ;  we  shall  immediately  determine  lines  on  the 
surface  which  will  indicate  the  regions  for  which  i  is  a  maximum, 
and  for  which  i  is  a  minimum,  and  the  dividing  line  of  these 
regions  will  indicate  certain  singular  positions  of  central  radii 
vectores. 
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Let  U8  in  the  first  place  inquire  into  the  position  of  the 
cyclic  planes  of  the  ellipsoid ;  viz.  those  planes  which  cut  the 
ellipsoid  in  circles,  and  we  will  take  the  central  equation  (98), 
and  suppose  the  plane  to  pass  through  the  origin ;  let  (98)  be 
transformed  to  the  system  of  axes  of  (,  ri,  (  of  Art.  2  ;  and  let  us 
suppose  the  plane  of  ((,  rf)  to  be  the  cyclic  plane ;  so  that  from 
(2)  we  have  the  following  substitutions, 

X  =  flif +  Air?,  y  =  a2f-f  *2^,  e  =  flsf +  *3n;  (99) 
and  therefore  from  (98)  we  have 

14  ow  this  is  to  represent  a  circle  ;  therefore 

^  +  ^+^=0.  (102) 

As  the  positions  of  the  axes  of  i  and  77  in  the  plane  of  (f.  77)  are 
indeterminate,  let  us  suppose  the  axis  of  f  to  coincide  with  the 
line  of  intersection  of  the  two  planes  of  (^,  77)  and  of  {x,  y\  so 
that  03  =  0 ;  therefore  from  (7), 

ai*i  +  a26a  =  0; 
and  therefore  from  (102) 

which  is  satisfied  by  either  ai  =  0,  or  bi  =  0. 

(1)  Let  ai  =  0;  therefore  02  =  1  and  ^2  =  0;  so  that  the 
plane  of  section  passes  through  the  axis  of  y ;  and  if  6  is  the 
angle  between  the  plane  of  section  and  the  plane  of  (a?,  y),  so  that 
bx  =  cos^,  is  =  sin  9,  h^  ==  0,  from  (101)  we  have 

JL-._L 

c^        b^ 
according  to  the  notation  of  equation  (84) ;  so  that  there  are 
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two  planes  of  section  equally  inclined  to  the  plane  of  {a?,  y),  and 
passing  through  the  axis  of  y.  The  mean  principal  axis  of  the 
ellipsoid  is  evidently  the  radius  of  the  circle^  and  the  cyclic 
planes  are  related  to  the  ellipsoid  in  the  manner  indicated  by 
the  lines  in  Fig.  2,  where  uoa  =  i/oa'  =6;  ou  =  ou'  =  b. 

Thus  all  the  central  radii  vectores  in  these  two  cyclic  planes 
are  equal ;  and  are  equal  to  the  mean  semi-axis  of  the  ellipsoid. 
For  all  parts  of  the  surface  of  the  ellipsoid  contained  between 
these  two  planes  towards  the  maximum  axis,  the  radii  vectores 
are  greater  than  b ;  and  for  all  parts  towards  the  minimum  axis, 
the  radii  vectores  are  less  than  b ;  these  cyclic  planes  therefore 
divide  the  ellipsoid  into  four  parts,  corresponding  to  two  of 
which  at  B  &  is  a  minimum,  and  corresponding  to  the  other  two 
it  is  a  maximum. 

Also  all  planes  parallel  to  the  central  cyclic  planes  deter- 
mined by  (104)  are  cyclic  planes ;  for  the  conditions  involved 
in  (101)  and  (102)  depend  only  on  the  coefficients  of  a^,  y*,  z^ 
in  (98),  and  these  quantities  are  not  changed  by  a  change  of 
origin,  if  the  new  axes  are  parallel  to  the  old.  And  the  four 
points  at  which  planes  touch  the  ellipsoid  are  the  umbilics. 
This  is  also  manifest  from  Ex.  I.  Art.  408.  Vol.  I.  Ed.  2. 

(2)  Let  Ai  =  0 ;  therefore  Ogfta  =  0 ;  and  ia*  -|-  fts^  =  1 ;  either 
aa  =  0,  or  J2  =  0. 

Let  02  =  0 ;  therefore  Oi  =  1,  so  that  the  cutting  plane  passes 
through  the  axis  of  ^ ;  and  (101)  becomes 

i__b^    1-v  .,_g^y~ycg, 

a*  ""  42  +      c*     '  •'"       *  "  aH^-a^c^* 

which  is  greater  than  unity;  and  therefore  this  result  is  im- 
possible. 

Let  62  =  0 ;  therefore  As  =  1 ;  ai*  +  02*  =  1 ;  and  the  cutting 
plane  passes  through  the  axis  of  2r;  then  (101)  becomes 
Oi*      l~fli»  _  J_  a  _  g2(y_^) 

a2  "^      A*      "  c^'  •'•     ^'    ""c2(A2-aa)' 

which  is  a  negative  quantity ;  and  therefore  ai  is  impossible. 
The  only  cyclic  planes  then  are  those  determined  in  the  first 
case,  and  these  two  planes  pass  through  the  mean  principal  axis 
of  the  ellipsoid. 

The  cyclic  planes  of  a  cone,  and  indeed  of  all  the  surfaces  of 
the  second  order,  may  be  determined  by  the  method  of  this 
Article. 
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I  may  observe  also  that  the  process  which  has  been  applied 
to  the  cone  is  also  applicable  to  the  ellipsoid ;  for  the  equation 
(98)  may  be  thrown  into  the  form 

and  then  the  equation  to  the  ellipsoid  is  satisfied  by  the  pairs  of 
simnltaneons  equations 

(1)  a?*-fy*  +  2»=  A*,  af=znz; 

(2)  o^  +  ya^-^*  =62,  xz^  "fiz. 

Each  of  which  pair  represents  a  plane  section  of  the  sphere 
whose  radius  is  b,  and  therefore  represents  a  circular  section  of 
the  surface. 

14.]  Let  us  also  inquire  somewhat  briefly  into  the  relations 
which  exist  between  an  axis  and  its  conjugate  plane  relatively 
to  the  ellipsoid  (98).  We  have  already  investigated  the  condi- 
tion which  generally  exists  between  a  radius  vector  and  the 
plane  which  bisects  all  chords  of  the  ellipsoid  which  are  parallel 
to  that  axis ;  but  some  further  properties  of  axes  in  conjugate 
relations  to  each  other  will  be  required  in  the  sequel. 

Let  the  equations  to  a  radius  vector  be 

?  =  ^  =  ^;  (106) 

then,  by  reason  of  equation  (64),  the  equation  to  its  conjugate 

and  therefore  if  the  equation  to  a  plane  is 

La?  +  My  +  N^r  =  0,  (108) 

the  equations  to  the  axis  conjugate  to  it  are 

_f_=       y      =^;  (109) 

o*L       A^ji       c^N 
if  the  line  (106)  meets  the  surface  of  the  ellipsoid  at  the  point 
(4?',  y',  /),  then  we  have 

/   __  »i  __  n 


and  (107)  becomes 


^+^  +  ^  =  0,  ("0) 
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which  is  evidently  the  plane  parallel  to  that  which  touches  the 
ellipsoid  at  {afy  y\  /) ;  so  that  if  a  tangent  plane  be  drawn  to  an 
ellipsoid  at  a  given  point,  the  central  plane  parallel  to  that  plane 
is  conjugate  to  the  axis  drawn  to  the  point  of  contact. 

Now  if  three  axes  of  an  ellipsoid  are  such  that  each  is  the 
axis  conjugate  to  the  plane  which  contains  the  other  two,  these 
lines  form  a  system  of  conjugate  axes.  And  if  three  planes  are 
such  that  the  line  of  intersection  of  any  two  is  the  conjugate 
axis  of  the  third,  these  planes  form  a  system  of  conjugate  planes. 
Of  such  systems  we  have  already  had  an  instance  in  the  princi- 
pal axes  and  the  principal  planes.  Let  us  determine  the  rela- 
tions which  exist  generally  between  these  lines  and  planes. 

Let  (a?i,  yi,  z^  (a?^,  y^,  z^  {x^y  y^,  z^  be  the  three  points  on 
the  ellipsoid  to  which  the  system  of  conjugate  axes  corresponds; 
so  that  the  equations  to  the  three  axes  are 


a?i  ""  yi  "" 


X 


z 

z 


- 1. 


z 
z^ 


(111) 


and  the  equations  to  the  conjugate  planes  are 


1      Ml       £fL=o  "^ 


XX 

"ST 


xw* 


,^+ 


(112) 


a'         A» 

Bat  since  the  first  of  (111)  coincides  with  the  line  of  intersection 
of  the  second  and  third  of  (112),  we  have 

^1 Vi ^ 


c»  (jftZi-z^y^       A»  (rjar,- j?,2r,)       c»  {x^y^ + y^x^) ' 
which  equations  are  eqairalent  to  the  two  equations, 

«8       +        M       -T 


X%  J?, 


1*^8 


ViV^ 


ZyZs 


1^  =  0- 


(118) 


(114) 


a«    ^     i« 
and  as  the  other  two  lines  of  (111)  must  coincide  with  the  lines 
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of  intersection  of  tlie  other  planes  of  (112),  we  shall,  in  addition 
to  (114),  baye  also  the  equation 

^  +  ^  +  ^  =  0j  (115) 

these  are  three  relations  between  the  coordinates  of  the  ex- 
tremities of  three  conjugate  axes. 

By  a  similar  process  it  may  be  shewn,  that  if 

Lgar-f  Mjy4.Naa;=  0,  I  (116) 

i^x  -h  Mjy  -h  u^z  =  0,  J 
are  the  equations  to  three  planes  of  a  conjugate  system,  then 

a^LgLi-fi^MgMi  +  C^NjNi  =0,    I  (117) 

a^LjLg-f  i^MlMg  +  C^NjNa  =  0.  J 

The  equations  (114)  and  (115)  contain  apparently  nine  un- 
known quantities,  but  as  the  equations  are  homogeneous  these 
are  equivalent  to  only  four ;  and  as  these  are  subject  to  only  three 
conditions^  the  system  is  indeterminate ;  the  number  of  systems 
of  conjugate  axes  is  therefore  unlimited ;  if^  however^  one  axis 
is  given  the  other  two  are  determinate. 

15.]  Again^  a  system  of  conjugate  axes  may  be  defined  by 
the  following  equations ; 

yi  =  bm^,    I         ^2  =  bm^    I       yg  =  bm^,    I      (118) 
z^=zcn^',J  Zz=cn^\J         z^-cn^\J 

in  which  cases  the  equation  of  the  ellipse  gives 

V  + V  +  «i'  =  /a^  +  <  +  V  =  ^3'  +  <  + V  =  1-    (119) 
and  from  (114)  and  (115)  we  have 

l^l^-^-m^m^-^-n^n^  =  yiH-mgWi  +  Wgnj  =  IJ^^mim^-^n^n^  =  0;    (120) 
and  from  these  six  equations  we  have  the  inverse  systems 

'i'  +  V  +  ^3'  =  r»iH<  +  m3»  =  V  +  V  +  V  =  1 '  (121) 
lUiWi  +  Wana  +  wigngrs  ^1/1  +  ^2^2  +  ^^3  =  ^i»^ +  4*^2  + ^3^3  =  ^'  (1^2) 
Also  we  have  theorems  analogous  to  (11),  (12),  and  (13)  of 
Art.  2.  Now  these  relations  are  useful  for  the  proof  of  many 
properties  of  conjugate  axes  ;  thus,  let  r^y  r^,  r,  be  three  conju- 
gate axes ;  then 

ri^  +  r^a  +  rg^  =  aHh^^h^-^k^)-^f^{mi^^m^^'^rn^^) 

4-c2(ni«+ V^Wg^) 
=  a2  +  62^c«;  (123) 

PRICE,  VOL.  IV.  E 
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that  is,  the  sum  of  the  squares  of  three  conjugate  axes  is  con- 
stant. 

16.]  Let  there  be  three  central  radii  yectores  of  an  ellipsoid 
mutually  at  right  angles  to  each  other ;  then  the  sum  of  the 
squares  of  their  reciprocals  is  constant. 

Let  r^,  rg,  r^  be  the  three  central  radii  vectores,  of  which  let 
the  direction  cosines  be  (/^  m^,  n^),  {l^,  m^,  n^),  {l^  m^  n^) ;  then 
we  have 


/2 
^3^ 


+ 


(124) 


and  therefore  by  addition 

1  1        J _ 

,»    +    ^.2    +    j.^i     -     o»   "^    ** 


1^ 


1 


(125) 


'a  's 

17.]  The  normal  and  the  tangent  plane  drawn  at  any  point 
of  a  central  surface  of  the  second  degree  meet  each  of  the  prin- 
cipal planes  at  a  point  and  along  a  straight  line  respectively, 
which  are  such  that  in  each  principal  plane  the  point  is  the  pole, 
and  the  straight  line  is  the  corresponding  polar,  relatively  to 
a  certain  determinate  conic  in  that  principal  plane. 

Let  us  take  the  ellipsoid  whose  equation  is 

^  +  ^  +  $  =  1.  (126) 

to  be  the  typical  case ;  and  consider  the  normal  and  the  tangent 
plane  at  the  point  (a:,  y,z) ;  and  let  us  also  take  the  principal 
plane  of  {x,  y),  which  is  that  of  the  greatest  and  mean  principal 

2 — ^'    W^^)* 

and  the  equation  to  the  line  of  intersection  of  the  tangent  plane 
and  the  plane  of  (jt,  y)  is 

■    '4*^  =  U  cm, 

this  is  evidently  the  polar  of  the  pole  ( — ^ —  ^»  — f^y)  ^®^*" 
tively  to  the  conic 
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By  a  similar  process  we  may  shew  that  the  conies  in  the 
other  principal  planes  are  expressed  by  the  equations 

+  :5^  =  1.  (129) 


3i3^.+  c-^.=  l^  (130) 

of  these  equations  (128)  is  that  of  an  ellipse  in  the  plane  of  (a^,  y) ; 
(129)  of  an  hyperbola  in  the  plane  of  {x,  z) ;  and  (130)  of  a  curve 
which  is  wholly  imaginary  in  the  plane  of  (y,  2),  These  curves 
are  called  the  excentrical  or  the  focal  conies  of  the  ellipsoid 
(126) ;  and  for  this  reason ;  the  vertices  of  (128)  are  the  foci  of 
the  elliptic  sections  of  the  ellipsoid  by  the  principal  planes  of  (y^  z) 
and  {x,  z) ;  and  the  foci  of  it  are  the  foci  of  the  elliptic  section 
of  the  plane  of  {x,  y) :  also  the  vertices  of  (129)  are  the  foci  of  the 
elliptic  sections  of  the  ellipsoid  in  the  planes  of  (x,y)  and  of  (2r,  y) ; 
and  the  foci  are  the  foci  of  the  elliptic  section  made  by  the 
principal  plane  of  (^,  z).  The  third  curve  is  imaginary,  although 
its  foci  are,  as  in  the  other  two  cases^  real.  Also  the  hyperbola 
(129)  passes  through  the  umbilics  of  the  ellipsoid. 

18.]  Now  we  call  those  surfaces  of  the  second  degree  confocal^ 
the  principal  sections  of  which  are  confocal ;  hence  it  appears 
that  all  surfaces  of  the  second  degree,  which  have  the  same  focal 
conies,  are  confocal. 

Thus  the  general  equation  of  all  surfaces  of  the  second  degree 
confocal  with  (126)  is 

-^     '     -    +::i^  =  l;  (131) 


the  equations  to  whose  focal  conies  are  (128),  (129)^  and 
(130).  And  if  (131)  passes  through  a  given  point  {x\  y\  /),  we 
have  from  it  the  cubic  equation  in  0 

(^+0*)(^  +  6*)(^  +  c2)-y2(^-hA2)(^4.^)_y2(^^c2)(^  +  a2) 

in  which  if  we  substitute  for  d  successively  -foo,  —  c^,  —  i*,  —a*, 
the  results  are  severally  -f ,  — ,  -f-,  —  ;  so  that  the  roots  lie 
respectively  between  -foo  and  —c^,  —  c^and— A^,  —  i^aud  —  a*; 
in  which  cases  (131)  represents  respectively  an  ellipsoid,  a  hy- 
perboloid  of  one  sheet,  and  a  hyperboloid  of  two  sheets.  Thus, 
at  the  point  {of,  y\  z')  these  three  confocal  surfaces  intersect. 
We  have  also  proved  (see  Vol.  I.  Art.  411.  Ed.  2.)  that  they 
intersect  at  right  angles  and  along  their  lines  of  curvature. 

E  2 
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Thus,  at  the  common  points  of  intersection  of  these  three  sur- 
faces, their  normals  are  at  right  angles  at  each  other.  It  is  also 
evident  that  these  surfaces  intersect  in  eight  points^  one  in  each 
octant  of  space  about  their  centre. 

Now  if  ^  =  —  c*,  (131)  requires  that  z  =:  0,  and  we  have 

which  is  the  equation  to  the  focal  conic  in  the  plane  of  {x,  y)  ; 
similarly  if  ^  =  —  i*,  and  if  ^  =  —  a*^  we  have  the  focal  conies 
in  the  planes  of  (x,  z)  and  {y^  z)  respectively  ;  whence  it  appears 
.that  the  focal  conies  are  only  particular  cases  of  the  surface  of 
the  second  order  confocal  with  (126.) 

And  therefore  surfaces  which  are  confocal  may  also  be  de- 
scribed as  those  which  have  the  same  focal  conies. 

19.]  If  from  any  point  (f,  ri^  C)  ^^  enveloping  cone  is  drawn 
to  the  ellipsoid  (126),  the  principal  axes  of  that  cone  coincide 
with  the  normals  of  the  three  confocal  surfaces  of  the  second 
degree  which  intersect  at  the  vertex  of  the  cone. 

By  Ex.  2.  Art.  355.  Vol.  I.  Ed.  II.  the  equation  to  the  cone 
whose  vertex  is  (f,  »y,  f),  and  which  envelopes  the  ellipsoid 
(126),  is 

For  the  sake  of  abbreviation  let 

it2  ^  (-2 


(§-')5-(*-)S+(S-) 


so  that  (133)  on  expansion  becomes 

+  feS-+^-^+^^y+ =0;     (134) 

the  other  terms  being  omitted  because  the  position  of  the  prin- 
cipal axes  of  the  cone  depends  on  the  first  six  terms  only  of  the 
expanded  equation. 

In  this  case  equation  (48)  becomes 


a^ift^T.  +  K)  ^  A»(A»X  +  K)  ^  C*(C«X  +  K) 

also  from  (133)  ve  have 


=  1;       (185) 
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therefore  by  aubtractioii 

P  T?*  C^ 

^       +  —5 —  +  -i =  1.  (136) 


a2+JL       i2+l-      c2+A 

XXX 

Now  K  and  x  are  functions  of  the  coordinates  of  the  given 
vertex  (£,17,0  and  are  therefore  known:  hence  if  we  describe 
the  surface  of  the  second  degree  whose  equation  is 

^     +  -Ar  +  -At  =  1.  (137) 


flS^^      A2^_l      ^+iL 

X  X  X 

(136)  shews  that  that  surface  passes  through  the  vertex  of  the 
enveloping  cone;  and  this  surface  is  evidently  confocal  with 
the  original  ellipsoid  (126) ;  and  as  x  has  three  values  which 
are  the  roots  of  (135),  so,  as  we  have  shewn  in  Art.  18,  the 
equation  (137)  represents  three  surfaces  which  are  severally 
an  ellipsoid,  a  hyperboloid  of  one  sheet,  and  a  hyperboloid  of 
two  sheets,  all  of  which  are  confocal  with  (126) ;  and  which 
intersect  orthogonally  at  (f,  ry,  f ). 

For  the  determination  of  the  principal  axes  of  the  cone,  let  us 
take  the  system  of  direction-cosines  of  Art.  6,  and  the  forms 
of  them  given  in  (54);  in  the  case  of  (134)  these  take  the 
following  values 

and  to  fix  our  thoughts  let  us  suppose  x  in  this  equation  to  be 
that  root  of  (135)  which  corresponds  to  the  ellipsoid.  Now  the 
direction-cosines  of  the  normal  to  the  ellipsoid  (137)  at  the 
point  (i,  ri^  C)  are  proportional  to 

,  ^  , 

XXX 

and  a  comparison  of  these  values  with  (138)  shews  that  the 
principal  axis  (a^,  a^,  a^),  the  position  of  which  is  determined  by 
(138),  coincides  with  the  normal  of  the  confocal  ellipsoid  which 
passes  through  the  point.  This  axis  is  generally  the  internal 
axis  of  the  cone.  By  a  similar  process  we  may  shew  that 
the  two  external  axes  of  the  cone,  which  correspond  to  the 
two  other  roots  of  the  cubic,  are  normal  to  the  two  confocal 
hyperboloids  which  intersect  at  the  given  vertex. 
The  normals  to  these  two  hyperboloids  are,  as  we  have  shewn. 
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tangents  to  the  lines  of  curvature  on  the  ellipsoid  at  the  point 
(f«  1>  C)  '9  Aud  therefore  if  a  cone  envelopes  an  ellipsoid,  and 
if  through  the  vertex  of  the  cone  an  ellipsoid  be  described 
confocal  with  the  former  ellipsoid^  the  normal  to  the  ellipsoid, 
and  the  tangents  to  the  two  lines  of  curvature  on  it,  are  the 
principal  axes  of  the  enveloping  cone. 

M.  Chasles  has  also  proved  that  the  generating  lines  of  the 
confocal  hyperboloid  of  one  sheet  which  passes  through  the 
vertex  are  the  focal  lines  of  the  cone. 

Now  these  same  properties  are  true  if  instead  of  the  ellipsoid 
(126)  we  had  taken  any  other  surface  confocal  with  it ;  and 
therefore  are  true  if  the  focal  conies  are  the  directors  of  the 
cone,  because  the  focal  conies  are  the  limiting  forms  of  the 
confocal  surfaces. 

Hence  also  it  follows  that  if  two  surfaces  of  the  second  degree 
have  the  same  focal  conic,  and  if  from  any  point  in  space  as 
vertex  two  cones  are  described  enveloping  these  surfaces,  these 
cones  have  the  same  principal  axes,  and  the  same  focal  lines. 

20.]  Another  principle  of  duality  also  arises  from  the  theory 
of  reciprocation  which  has  been  explained  within  the  limits 
of  plane  geometry  in  Section  3,  Chapter  XIII.  Vol.  I.  2nd  Ed. ; 
and  which  I  must  here  extend  to  the  geometry  of  surfaces,  so 
far  as  the  sequel  requires. 

Let  the  equation  to  an  ellipsoid  be 

P       n^       O 

5  +  ^  +  ^=1.  (139) 

and  from  every  point  of  it  as  a  pole  let  the  polar  plane  be  taken 

relatively  to  the  sphere 

^  +  y^  +  2;2  =  r2;  (140) 

the  general  equation  of  the  polar  plane  is 

^f  +  y'?4-^C=  r2:  (141) 

we  propose  to  find  the  envelope  of  these  plaues ;  differentiating 
(139)  and  (141),  we  have 

xd^-^ydrj-\-zdC=  0, 

whence  we  have         ^,^       ^^^       ^^ 
and  eliminating  f,  rj,  C,  we  have 
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which  is  the  equation  to  another  ellipsoid,  and  is  called  the 
sphero-polar  reciprocal  of  (139). 

Now  it  is  evident  that  a  tangent  plane  of  (142)  corresponds 
to  a  point  of  (139);  and  to  the  intersection  of  two  tangent 
planes  of  (142)  corresponds  a  line  passing  through  the  two  cor- 
responding points  of  (139) ;  and  to  a  point  on  (142)  corresponds 
a  tangent  plane  of  (139).  Also  to  a  tangent  line  of  (142)  cor- 
responds a  tangent  line  of  (139).  These  surfaces  therefore  have 
reciprocal  properties,  and  to  a  plane  a  line  and  a  point  on  either, 
a  point  a  line  and  a  plane  on  the  other  severally  correspond^  so 
that  all  properties  admit  of  being  doubled.  It  is  manifest  that 
the  theory  of  the  reciprocal  cone  which  has  been  explained 
in  Art.  11.  is  a  particular  case  of  this  principle. 

I  may  also  observe  that  the  sphero-polar  reciprocal  of  any 
surface  of  the  second  degree  is  also  another  surface  of  the  second 
degree ;  but  as  we  shall  require  only  the  simple  form  which  has 
just  been  discussed^  the  more  general  case  may  be  omitted. 
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CHAPTER    II. 

THE  CINEMATICS  OP  A  RIGID  BODY.  AN 
THEIR  COMPOSITION  AND  RESOLUTION, 
LINEAR  VELOCITIES. 

21.]  Several  times  in  the  course  of  t 
chanics  allusion  has  been  made  to  a  divisio 
two  parts^  Cinematics  and  Dynamics  prope 
*these  motion  and  its  incidents  are  discussec 
sideration  of  the  action  of  forces  which  pi 
the  affections  of  pure  motion  are  investigat 
it  is  shewn  that  motion  takes  place  in  tii 
a  particle  moves  with  a  certain  velocity,  s 
pends  on  time  and  space.  In  the  latter  mc 
the  effect  of  certain  producing  causes,  and  t 
it  as  the  effect  and  force  as  the  cause  are  in 
laws  of  motion  and  the  equations  of  motion 
proper.  In  the  exposition  of  the  first  prit 
Chapter  VII.  Vol.  Ill,  this  division  of  the 
the  parts  are  treated  separately ;  but  it  was 
the  division  into  more  special  prominence 
matics  of  a  moving  particle  do  not  present 
diflBcult  of  formation.  "Every  one  can  form 
or  less  perfect,  of  the  motion  of  a  single  j 
a  certain  line,  which  is  its  path,  and  we 
that  path  ;  it  moves  with  a  certain  velocit; 
varies,  it  is  not  difficult  to  conceive  the  rat 
the  motion  of  a  system  of  particles  is  mo 
indeed  follow  the  path  of  any  one  particl 
a  line,  just  as  if  it  were  not  connected  witt 
but  what  is  the  motion  of  all  the  partich 
latively  to  it?  Let  us  however  confine  < 
motion  of  a  rigid  body,  which  is  a  systei 
variable  form.  The  body  can,  as  it  were, 
one  particle  in  all  ways,  and  it  is  difficul 
trace  the  motion  of  any  other  particle,  i 
about  an  axis  absolutely  fixed,  we  can  easily 
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the  path  described  by  every  particle ;  it  is  a  circle,  the  plane  of 
which  is  perpendicular  to  the  fixed  axis^  and  the  centre  of  which 
is  in  that  axis.  But  when  the  body  has  the  most  general  motion 
of  which  it  is  capable,  our  conception  is  for  the  most  part  very 
obscure.  Hence  arises  the  necessity  of  resolving  that  motion 
into  its  simplest  elements ;  so  that  when  we  have  an  adequate 
conception  of  each  separate  element,  we  may  combine  them, 
and  thus  obtain  an  adequate  conception  of  the  motion  of  the 
whole  body.  We  must  therefore  first  discuss  the  several  mo- 
tions of  which  a  rigid  body  is  capable,  independently  of  the 
forces  which  produce  these  motions  ;  and  subsequently  consider 
the  relations  which  subsist  between  these  effects  and  their 
causes.  In  the  present  Chapter  we  shall  confine  our  attention 
to  the  former  part,  viz.  the  Cinematics  of  a  rigid  body ;  and 
in  the  following  Chapters  we  shall  consider  the  Dynamics 
proper,  the  fundamental  axioms,  and  the  theorems  deducible 
from  them. 

22.]  Let  us  imagine  a  rigid  body  or  a  system  of  material 
particles  of  invariable  form  to  be  in  motion.  The  form  of  this 
system  will  be  definite  if  (1)  the  distances  of  4hree  particles 
from  each  other  which  are  not  on  the  same  straight  line  are 
given ;  (2)  the  distances  of  every  other  particle  from  each  of 
these  three  particles  is  given ;  so  that,  as  the  system  is  rigid,  if 
the  positions  of  the  first  three  particles  are  determined,  the 
position  of  every  other  particle  is  also  determined,  and  that 
of  the  whole  body  is  also  known.  Thus  it  is  sufficient  for  us  to 
consider  the  motion  of  the  first  three  particles. 

Let  the  three  particles  of  the  system  which  form  a  triangle, 
and  relatively  to  which  every  other  particle  is  known,  be  p,  q,  r, 
and  let  these  be  joined  by  straight  lines.  Now  if  the  motion  is 
such  that  the  sides  of  this  triangle  are  always  parallel  to  their 
original  positions^  it  is  plain  that  the  line  joining  any  other 
point  to  each  of  these  three  points  is  also  parallel  to  its  original 
position ;  such  a  motion  is  said  to  be  a  motion  of  translation 
of  the  body  or  system.  In  this  case  the  paths  of  all  particles 
are  equal  and  parallel  lines,  and  are  described  with  equal  and 
parallel  velocities ;  and  the  motion  of  the  whole  body  will  be 
easily  inferred  from  that  of  any  one  particle.  As  the  incidents 
of  such  a  motion  have  been  fully  discussed  in  the  previous 
volume  of  our  work  it  is  unnecessary  to  say  more  on  this  part  of 
the  subject. 

PRICE,  VOL,  IV.  F 
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If  however  the  paths  described  by  the  several  particles  are 
not  equal  and  parallel  the  body  has  another  motion  besides  that 
of  translation.     Let  us  consider  its  nature. 

Now  let  p,  Q^  R  be  the  positions  of  the  three  particles  of  the 
body^  to  which  the  position  of  every  other  particle  is  referred  at 
a  given  time ;  and  let  t\  q\  k  be  their  positions  after  a  certain 
motion ;  suppose  moreover  that  the  paths  described  by  these 
three  particles  in  their  motion  are  not  equal  and  parallel ;  we 
may  analyse  the  motion  by  the  following  process :  first  let  all 
the  three  particles  be  moved  so  as  to  describe  paths  equal  and 
parallel  to  that  described  by  p  ;  that  is,  let  us  suppose  a  motion 
of  translation  of  the  whole  body  such  that  every  particle  of 
it  moves  over  a  space  equal  and  parallel  to  pp'  ;  let  the  positions 
taken  by  q  and  r  after  this  motion  be  q",  r"  ;  through  p',  q",  r" 
let  a  plane  be  drawn,  which  is  manifestly  parallel  to  the  original 
plane  pqr;  and  also  let  a  plane  be  drawn  through  the  three 
final  positions  p',  q',  r'  ;  let  these  two  planes  intersect  along  the 
line  p'n  ;  let  the  body  rotate  about  the  line  p'n,  until  the  plane 
q"r"p'  is  brought  into  the  plane  q'r'p';  and,  if  it  is  necessary, 
let  the  body  again  rotate  about  a  line  passing  through  p'  and 
perpendicular  to  the  plane  p'q'r',  until  q"  and  r"  coincide 
respectively  with  q'  and  r';  by  these  several  motions  the  body 
will  have  passed  from  its  first  to  its  final  position.  The  motions 
are  three ;  the  first  is  a  motion  of  translation ;  the  other  two 
are  motions  of  turning  or  of  rotation  about  certain  axes ;  and  as 
the  motion  has  been  of  the  most  general  kind,  so  maj'  all  motion 
be  resolved  into  separate  motions  of  the  kinds  which  we  have 
mentioned. 

This  motion  of  rotation  requires  careful  consideration.  It 
always  takes  place  about  a  certain  straight  line  or  axis.  If 
a  body  rotates  all  points  along  the  axis  are  at  rest  so  far  as 
the  motion  of  rotation  is  concerned ;  they  may  move  by  reason 
of  other  circumstances,  but  they  do  not  move  by  reason  of 
the  rotation  of  the  body  about  that  axis;  and  the  straight 
line  along  which  the  quiescent  points  are  is  called  the  axis  of 
rotation. 

Also  this  axis  may  or  may  not  meet  the  body.  If  it  meets 
the  body,  the  particles  of  the  body  along  the  axis  are  at  rest ;  if 
it  does  not  meet  the  body,  all  the  particles  of  the  body  move  by 
reason  of  the  rotation. 

Many  rotations  about  different  axes  may  co-exist ;   we  must 
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consider  how  this  is,  and  investigate  laws  by  which  these  may 
be  combined  into  one  or  more  resultants. 

Now  the  most  simple  rotation  is  that  of  a  body  rotating  about 
an  axis  fixed  absolutely ;  that  is^  relatively  to  it  and  to  space. 
In  this  case  every  particle  of  the  body  describes  a  circle  in  a 
plane  perpendicular  to  the  axis ;  and  the  body  being  rigid,  the 
times  in  which  the  circles  are  described  are  the  same  for  all  the 
particles  ;  and  their  relative  position  is  not  changed  by  or  during 
the  motion. 

Imagine  a  particle  m  at  a  distance  r  from  the  axis  of  a  rotat* 
ing  body;  and  through  the  fixed  axis  and  containing  it  let  a 
plane  be  drawn  fixed  in  space ;  then  the  position  of  the  particle 
may  be  determined  at  any  instant  by  means  of  r  and  the  angle 
at  which  r  is  inclined  to  this  fixed  plane.  Thus  in  Fig.  3,  let 
p  be  the  place  of  ra  at  the  time  / ;  let  oz  be  the  rotation-axis, 
fixed  relatively  to  the  body  and  to  space;  through  it  let  the 
plane  zoit  be  drawn,  and  let  it  be  fixed  in  space,  so  that  when 
the  body  rotates,  this  plane  as  well  as  the  axis  remains  fixed ; 
let  OP  be  drawn  at  right  angles  to  oz\  op  =  r,  po^?  ==  0 ;  then 
r  and  $  are  sufficient  to  determine  the  place  of  m. 

Firstly,  let  us  suppose  the  body  to  rotate  uniformly  about  the 
axis;  that  is,  let  us  suppose  6  to  receive  equal  increments  in 
equal  times ;  let  a>  be  the  angle  by  which  0  is  increased,  that 
is  through  which  r  revolves,  in  an  unit  of  time  ;  then  if  B  is  the 
angle  through  which  r  has  revolved  in  /  units  of  time, 

0  =  ©O  (1) 

so  that  if  OP  coincides  with  ox  when  /  =  0,  po^  =  ^  =  a>^ 
And  from  (1)  we  have                  ^ 

«  =  f.  (2) 

We  must  enlarge  our  language ;  let  us  take  our  nomenclature 
from  that  of  motion  of  translation.  Since  the  linear  velocity 
of  a  particle  moving  uniformly  is  the  linear  space  described 
by  it  in  an  unit  of  time ;  so  let  the  angle  through  which  an 
uniformly  rotating  body  rotates  in  an  unit  of  time  be  called  the 
angular  velocity  of  the  body.  Thus  6>  is  the  angular  velocity  of 
the  body,  and  is  defined  mathematically  by  (2).  I  must  observe 
that  the  angular  velocity  is  independent  of  r  and  is  the  same  for 
all  parts  of  the  body. 

Secondly,  suppose  the  body  not  to  rotate  uniformly  about 
the  axis,  so  that  the  radius  vector  of  any  particle  does  not 
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describe  equal  angles  in  equal  times ;  then  the  angular  velocity 
is  a  function  of  the  time.  Let  the  time  be  resolved  into  in- 
finitesimal elements ;  and  let  us  suppose  the  angular  velocity  at 
the  time  ^  to  be  a>,  and  to  be  a>  +  (/a>  at  the  time  t-\-dt;  and  let  d$ 
be  the  angle  through  which  the  body  has  rotated  in  the  time  dt. 
Then  since  a>  is  the  angular  velocity  at  the  beginning  of  dt,  and 
tt+i/o)  is  the  angular  velocity  at  the  end  of  dt,  the  mean  angular 
velocity  with  which  dO  has  been  described  in  oi-f  <|>rfa>  if  <^  is 
a  proper  fraction  ;  and  <f>  is  positive  or  negative  according  as  the 
angular  velocity  is  increasing  or  decreasing  ;   so  that  by  reason 

^f  (1)  de  =  («  +  <^rf«)rf^; 

and  omitting  the  infinitesimal  of  the  second  order, 

de^<^dt\  (3) 

thus  dB  is  the  angle  described  in  dt  units  of  time  by  the  body 
rotating  with  the  angular  velocity  a>  at  the  beginning  of  dt ;  and 
therefore  dividing  both  sides  by  dt,  we  have 

«  =  ^  -  ,  (4) 

and  therefore  a>  or  -jr  is  the  angle  described  in  an  unit  of  time, 

and  is  the  angular  velocity  of  the  body. 

Thus  in  both  cases^  of  uniform  and  of  continuously  varying 
angular  velocity,  angular  velocity  is  the  angle  described  by  the 
radius  vector  of  any  particle  in  an  unit  of  time ;  and  is  the  ratio 
of  the  angle  described  in  a  given  time  to  the  time  in  which  it  is 
described  ;  in  the  case  of  varying  velocity  this  ratio  is  the  ratio 
of  two  infinitesimals. 

The  unit  angular  velocity  is  that  of  a  body  which  rotates 
through  an  unit  angle  in  an  unit  of  time ;  and  if  the  angular 
velocity  of  a  body  is  o)^  o)  is  a  number  designating  the  number  of 
unit  angles  through  which  the  body  rotates  in  an  unit  of  time. 

23]  Again  let  a  rigid  body  rotate  about  a  fixed  axis ;  at  a 
given  instant  the  angular  velocity  is  the  same  for  all  particles  of 
the  body ;  but  the  linear  velocity  is  evidently  not  the  same  for 
all ;  the  linear  velocity  of  those  at  a  greater  distance  from  the 
axis  is  greater  than  of  those  at  a  less  distance ;  the  relation 
between  the  angular  and  the  linear  velocities  of  a  particle  is 
thus  found. 

Let  us  take  a  particle  m  at  a  distance  r  from  the  axis.  Let 
0)  be  the  angular  velocity,  dO  be  the  angle  described  by  r  in  the 
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time  dt,  and  let  da  be  the  space  described  by  t» ;  then  ds  =  rdO ; 

"»^  ds         de  ,_, 

di  =  ''Tt'  ^^> 

=  ro*;  (6) 

BO  that  the  linear  velocity  of  m  is  the  product  of  the  angular 
velocity  and  the  radius  of  m,  and  therefore  varies  directly  as  the 
distance  of  m  from  the  rotation-axis.  If  therefore  r  —  ly  the 
angnlar  velocity  is  identical  with  the  linear  velocity. 

1^3  Hence  is  derived  the  principle  on  which  angular  velocities 
are  measured ;  if  two  bodies  rotate  with  angular  velocities  such 
that  the  particles  in  each  at  an  unit  distance  from  the  axis  de- 
scribe equal  spaces  in  equal  times,  the  angular  velocities  of  the 
bodies  being  uniform  during  that  time^  these  angular  velocities 
are  said  to  be  equal.  And  this  mode  of  determining  equal  an- 
gular velocities  being  adopted^  it  is  evident  that  one  angular 
velocity  may  be  double,  or  treble,  or  n  times  another.  If  tlie 
equal  spaces  are  described  by  each  particle  in  the  same  direc- 
tion, the  angular  velocities  are  equal  and  in  the  same  direction ; 
but  if  the  equal  spaces  are  described  in  opposite  directions,  the 
angular  velocities  are  equal  and  opposite.  Angular  velocities 
may  therefore  be  affected  with  signs.  Thus  if  a>  represents  the 
angular  velocity  with  which  a  body  rotates  in  a  given  direction, 
—  »  will  represent  the  equal  angular  velocity  of  a  body  rotating 
in  the  opposite  direction.  As  angular  velocities  have  rotation- 
axes,  intensities,  and  directions,  it  is  evidently  desirable  to 
have  some  geometrical  representative  of  them,  as  of  linear 
velocities.  This  is  supplied  by  a  straight  line  on  a  principle 
similar  to  that  by  which  the  line-representatives  of  couples  are 
determined  in  Statics.  Along  the  rotation-axis  let  a  length  be 
taken  containing  the  same  number  of  linear  units  as  o)  contains 
angle- units;  then  this  line  by  its  position  and  its  length  re- 
presents the  axis  of  rotation  and  the  intensity  of  the  angular 
velocity.  Let  a  point  on  this  rotation-axis  be  taken  as  a  fixed 
pole ;  as  the  body  may  rotate  about  this  axis  in  either  of  two 
directions,  so  may  the  line-representative  of  the  angular 
velocity  be  measured  in  either  of  two  opposite  directions,  and 
therefore  we  must  choose  a  principle  by  which  direction  of 
rotation  may  be  determined.  Let  it  be  this;  if,  as  we  look 
along  the  axis  from  the  pole,  the  body  rotates  from  left  to 
right,  like  the  hands  of  a  watch  when  we  face  it,  let  that  ro- 
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tation  be  called  positive,  and  let  its  line-representative  be  mea- 
sured from  the  pole  in  the  direction  in  which  we  look ;  but 
if  the  body  rotates  from  right  to  left,  that  is  in  the  direction 
opposite  to  that  of  the  motion  of  the  hands  of  a  watch^  let  that 
rotation  be  negative,  and  let  the  line-representative  be  measured 
from  the  pole  in  a  direction  opposite  to  that  along  which  we 
look.  Thus  in  Fig.  4;  let  o  be  the  pole  and  ox  the  rotation- 
axis  ;  as  we  look  from  o  towards  x  let  the  body  rotate  as  the 
hands  of  a  watch  which  we  face ;  that  is,  in  the  direction  of  the 
letters  pqbs,  then  that  rotation  is  positive,  and  its  line-repre- 
sentative is  to  be  measured  from  o  towards  the  right ;  let  oa  be 
that  line^  then  o  a  is  as  to  direction  and  length  a  representative 
of  the  angular  velocity.  If,  on  the  contrary,  when  we  look  from 
o  towards  x^  the  rotation  of  the  body  is  in  the  opposite  direction, 
then  the  line  o a  is  to  be  measured  along  ox  produced  back- 
wards; that  is,  oa'  is  the  line-representative  of  the  angular 
velocity ;  this  principle  of  interpretation  is  in  accordance  with 
that  of  Art.  251.  Vol.  I.  Ed.  2.  I  may  observe  that  if  we  look 
from  o  towards  a',  that  is  towards  the  left  instead  of  the  right, 
oa'  is  the  representative  of  the  rotation  in  the  second  case 
according  to  the  principle  we  have  adopted,  for  as  we  look  from 
o  towards  a!  the  body  rotates  in  the  same  direction  as  the  hands 
of  a  watch ;  thus  the  line-representative  is  independent  of  the 
direction  in  which  we  look  from  o.  We  shall  hereafter  use 
straight  lines  as  adequate  representatives  of  angular  velocities. 

25.]  Thus  much  as  to  single  angular  velocities,  and  their  line- 
representatives.  We  will  now  investigate  the  circumstances  of  a 
body  which  rotates  with  many  simultaneous  angular  velocities ; 
that  is,  we  suppose  a  body  to  rotate  about  a  determinate  axis 
with  a  given  angular  velocity,  and  another  angular  velocity  to  be 
communicated  to  it ;  what  change  of  motion  is  due  to  the  addi- 
tion of  this  new  angular  velocity,  and  what  is  the  combined 
resultant  of  the  new  and  the  original  angular  velocities  ?  And 
again,  we  shall  suppose  other  angular  velocities  to  be  communi- 
cated, and  we  shall  have  to  determine  the  resultant  of  all  of 
them.  At  present  we  say  nothing  about  the  source  of  these 
velocities  or  the  mode  of  communication ;  we  shall  consider 
only  the  combined  effect  of  them  as  expressed  angular  velocities. 
The  problem  therefore  is  the  composition  and  resolution  of 
angular  velocities;  and  we  shall  in  order  consider  (1)  those 
which  have  the  same  rotation-axes;  (2)  those  whose  rotation- 
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axes  meet  in  a  point;  (3)  those  whose  rotation-axes  do  not 
meet ;  and,  as  a  special  case  of  (2)^  those  whose  rotation-axes 
are  parallel,  that  is,  meet  at  an  infinite  distance. 

Let  a  body  rotate  about  the  axis  o^.  Fig.  5,  with  two  positive 
angular  velocities  toa,  a>5,  whose  representatives  are  oa  and  ob  ; 
let  p  be  the  place  of  any  element  of  the  body,  which  we  will 
take  to  be  in  the  plane  of  the  paper.  Let  pm  be  drawn  from 
p  at  right  angles  to  oa^,  and  let  pm  =  r ;  as  both  the  angular 
velocities  are  positive,  all  elements  of  the  body  lyiug  in  the 
plane  of  the  paper  and  above  ox  move  from  below  to  above  the 
plane  of  the  paper ;  and  all  elements  lying  below  ox  move  from 
above  to  below ;  therefore  the  spaces  through  which  p  passes 
from  below  to  above  the  plane  of  the  paper  in  the  time  dt  are 
^a^dt  due  to  <»a  and  taj^rdt  due  to  a>{» ;  so  that  the  whole  space 
over  which  p  passes  in  d^  =  (wa  +  (A},)rdL 

Now  suppose  0)  to  be  the  resultant  of  a>a  and  o^ ;  then  if  the 
body  rotates  with  this  velocity,  p  will  pass  in  the  time  dt  over  a 
space  due  to  »  which  is  equal  to  the  spaces  due  to  »<,  and  to  »6 ; 
but  the  space  passed  over  by  p  due  to  the  angidar  velocity  u  in 
the  time  <//  is  a>r  <// ;  therefore 

01  rdt  =  (ft)a  +  <^h)  i^dt ; 

.-.       (O  =      «a  +  fi>6;  (7) 

that  is,  the  resultant  angular  velocity  is  the  sum  of  the  two  com- 
ponent angular  velocities. 

If  one  of  the  components,  say  015,  is  negative,  the  positive 
space  passed  over  by  p  in  the  time  dt  will  manifestly  be 
{(Oa-'i»b)rdt;  and  we  shall  have 

»  =  »a  — «&;  (8) 

and  if  (tfb  =  —  coai  then  from  (7)  a>  =  0,  and  two  equal  and 
opposite  angular  velocities  neutralize  each  other. 

Similarly  if  a  body  rotates  about  a  given  axis  with  coaxal 

angular  velocities  a>p  (o^* ^n>  and  if  a  is  the  resultant  angular 

velocity, 

fl  =  0)1  -f  Wg  +  -f  «„, 

=  2.0);  (9) 

where  s.q  expresses  the  algebraical  sum  of  the  several  component 
angular  velocities. 

In  all  these  cases  the  line-representative  of  the  resultant  is 
the  algebraical  sum  of  the  line-representatives  of  the  com- 
ponents. 
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26.]  Next  let  us  suppose  the  body  to  move  with  two  simul- 
taneous angular  velocities  Wa  and  wi,  whose  axes  oa  and  ob 
intersect  each  other  in  the  point  o. 

Let  us  take  o  to  be  the  pole^  and  oa^  ob^  Fig.  6,  to  be  the 
line-representatives  of  the  angular  velocities  01^  &>6  respectively ; 
so  that  due  to  a>a  all  particles  of  the  body  in  the  plane  of  the 
paper  which  are  above  the  line  oa  pass  from  below  to  above  the 
plane  of  the  paper,  and  all  those  below  oa  pass  from  above 
to  below ;  similarly  by  means  of  a)b  all  particles  to  the  right 
of  oB  pass  from  above  to  below  and  all  those  to  the  left  from 
below  to  above.  Let  us  take  a  point  p  within  the  angle  boa^ 
and  from  p  let  pl  and  pk  be  drawn  perpendicular  to  oa  and  ob 
respectively ;  let  om  =  iT,  mp  =  y,  boa  =  y  ;  then  pk  =  j?  sin  y, 
PL  =  y  siny.  Let  us  investigate  the  paths  described  by  p  in 
the  time  dt,  which  are  due  to  these  two  angular  velocities  ;  the 
upward  path  of  p  due  to  a>a  =  a>ay  sin  y  dt ;  and  the  downward 
path  of  p  due  to  a>{»  =  »&  <r  sin  y  dt :  so  that  the  resultant  upward 
path  of  p  =  (y<»a— ^«ft)  sinyd^.  Now  let  us  suppose  p  to  be 
at  rest  under  the  effects  of  the  two  angular  velocities^  then 


_£.  —  _y 


(10) 
and  replacing  a>a  and  a){»  by  their  representatives  oa  and  ob, 

-^  =  ^;  (11) 

OA  OB 

but  either  of  these  is  the  equation  to  a  straight  line  passing 
through  o  ;  and  as  all  particles  along  it  are  at  rest,  it  is  the  axis 
of  the  resultant  angular  velocity.  From  (11)  it  appears  that  it 
is  the  diagonal  of  the  parallelogram  of  which  oa  and  ob  are  the 
containing  sides ;  so  that  the  axis  of  the  resultant  angular 
velocity  lies  along  the  diagonal  of  the  parallelogram  of  which 
the  line-representatives  of  the  component  angular  velocities  are 
the  containing  sides. 

The  intensity  of  the  resultant  may  be  found  as  follows  ;  let  us 
suppose  it  to  be  a>c ;  then  as  the  path  which  a,  or  indeed  any 
particle  on  the  line  oa,  describes  in  dt  in  the  case  of  the 
component  angular  velocities  is  that  due  to  <at  only,  and  is 
6>fr  OA  sin  y  dt,  and  as  the  path  described  by  a  in  dt  in  the  case ' 
of  the  resultant  angular  velocity  is  (Oe  oa  sin  co  a  dt,  these  paths 
are  to  be  equal ;  and  therefore 

a>5  sin  y  =  6>e  sin  c  0  A ;  (12) 

similarly  if  we  equate  to  each  other  the  two  paths  described  by 
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B  in  the  cases  of  the  component  and  of  the  resultant  angular 
▼elocities^  we  shall  have 

ooasiny  =  »« sin  cob;  (13) 

from  either  of  which  equations  it  appears  that  »«  is  represented 
in  length  by  the  diagonal  oc.  Hence  it  follows  that  if  a  body 
rotates  with  two  simultaneous  velocities,  whose  line-representa- 
tives meet  in  a  point  and  are  the  adjacent  sides  of  a  parallelo- 
gram, the  resultant  angular  velocity  is  equivalently  replaced  in 
all  respects  by  that  diagonal  of  the  parallelogram  which  abuts 
at  the  point  of  insersection  of  the  line-representatives  of  the 
component  angular  velocities. 

Hence  if^  as  in  Fig.  7^  co  is  produced  to  c',  so  that  c'o  =  co^ 
then  if  oa^  ob,  oc^  are  the  line-representatives  of  three  simul- 
taneous angular  velocities,  the  body  is  at  rest ;  because  oc^  which 
represents  the  resultant  of  ota  And  (05^  represents  an  angular 
velocity  which  is  neutralized  by  that  of  which  oc'  is  the  line* 
representative;  and  therefore  if  aoc'  =  p,  boc'  =  a,  from  (12) 
and  (18)  we  have      a*  «,.  a, 

sma  sm)3  smy 
and  therefore  if  a  body  rotates  with  three  simultaneous  angular 
velocities  whose  axes  meet  in  a  pointy  and  whose  line  representa- 
tives are  parallel  and  equal  to  the  three  sides  of  a  triangle^  the 
angular  velocities  neutralize  each  other^  and  the  body  remains 
at  rest. 

Hence  also  it  follows  that  if  a  body  has  two  simultaneous 
angular  velocities  0)^  and  tf^  about  two  axes  which  intersect 
at  an  angle  y,  these  are  equivalent  to  a  single  angular  velocity 
Uc,  which  is  given  by  the  equation 

toe*  =r  a)^«  +  2<aa<ab  COS  y  -f  0)5*  ;  (15) 

the  rotation- axis  of  which  makes  angles  a  and  p  with  the  rota- 
tion-axes of  <tt5  and  <0a  are  such  that 

<»a                  »6                  «c  nR\ 

-1 =    -: — -    =    —, .  (iO) 

sma         sm^         smy 
27.]  Now  suppose  a  body  to  have  two  simultaneous  angular 
velocities  »,  and  »,  about  two  axes  intersecting  each  other 
at  right  angles ;  then,  if  to  is  the  resultant  angular  velocity, 

to«  =  (0^2  +  0)/;  (17) 

and^  if  a  is  the  angle  between  the  axes  of  to  and  <a,, 
«)«  =s  »  cos  a, 
tty  =  »  sin  a ; 

rRICB,  VOL.  IV.  Q 
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8o  that  angular  velocities  may  by  means  of  their  line-representa- 
tives be  resolved  and  compounded  according  to  the  projective 
laws  of  pure  geometry^  the  laws  of  resolution  and  composition 
of  statical  pressures,  and  of  dynamical  linear  velocities. 

Similarly  if  a  body  has  three  simultaneous  angular  velocities 
Wxj  coy,  Q>«  about  three  axes  which  intersect  at  right  angles ;  then, 
if  CD  is  the  resultant  angular  velocity^ 

a)«  =  a),a  +  V  +  a>/;  (19) 

and  if  a,  ^,  y  are  the  angles  which  the  axis  of  the  resultant  angu- 
lar velocity  makes  with  those  of  the  component  angular  velocities, 

ODx  <^V  ^Z 


cos  a        cos  )3        cos  y 


(20) 


28.]  The  machine  represented  in  Fig.  8  may  probably  facili- 
tate the  conception  of  simultaneous  angular  velocities,  and  their 
combined  effects ;  the  machine  is  delineated  in  its  primary  state 
of  rest,  o  is  the  centre  of  a  sphere,  through  which  a  horizontal 
axis  A  a'  passes,  the  ends  of  which  are  in  a  horizontal  circular 
ring  AB  a'b',  so  that  the  sphere  can  rotate  about  this  axis.  To 
this  horizontal  ring  two  pivots  are  attached  at  b  and  b',  the  line 
joining  which  is  perpendicular  to  aa'  ;  these  pivots  work  in  a  ver- 
tical circular  ring  cb  c'b',  so  that  the  ring  containing  the  sphere 
can  rotate  about  the  axis  bb'  ;  the  ring  cc'  has  also  two  pivots 
at  c  and  c',  which  are  fixed  points^  the  line  joining  which  is 
vertical  and  is  at  right  angles  to  both  a  a'  and  bb';  and  the 
vertical  ring  can  rotate  about  cc'  as  an  axis.  The  three  lines 
A  a',  bb'^  cc'  intersect  in  o  the  centre  of  the  sphere^  and  thus 
form  a  system  of  rectangular  axes  in  space^  the  origin  of  which 
is  at  the  centre  of  the  sphere.  Now  this  is  the  state  of  the 
machine  at  rest^  and  the  problem  is  this ;  let  an  angular 
velocity  tax  be  given  to  the  sphere  about  the  line  aa';  to  the 
ring  AB  a'b'  carrying  the  sphere  let  an  angular  velocity  <»,  be 
given  about  the  axis  bb';  and  to  the  ring  cb  c'b'  carrying  the 
former  ring  and  the  sphere  let  an  angular  velocity  o)^  be  given 
about  the  axis  cc';  then  the  sphere  has  &om  its  connexion  with 
the  rings  all  these  angular  velocities  simultaneously^  and  the 
questicm  is,  what  line  of  particles  is  at  rest  ?  What  is  the  axis 
of  rotation^  and  what  is  the  angular  velocity  of  the  sphere  about 
it?  Try  to  follow  in  your  mind  the  path  described  by  any 
particle  of  the  sphere,  when  it  moves  with  all  these  simultaneous 
angular  velocities;   and  try  thence  to  determine  the  line  of 

Digitized  by  VjOOQIC 


29.]  COMPOSITION  OF  ANGULAR  VBLOOITIES.  43 

quiescent  particles.  Probably  in  the  difficulty  of  doing  so,  you 
-will  perceive  the  necessity  of  such  composition  and  resolution  of 
angular  velocities  as  we  have  just  explained.  Let  us  assume 
the  three  angular  velocities  to  be  positive ;  then  the  resultant 
angular  velocity  will  be  given  by  equation  (19)  and  the  direction- 
cosines  of  its  axis  by  (20).  This  may  be  thus  exhibited;  let  us 
suppose  of>;r  =  o)^  =  fi)^ ;  then  a  =  j3  =  / ;  let  a  diameter  of 
the  sphere  be  drawn  making  equal  angles  with  a  a",  bb',  cc'  in 
its  original  position ;  and  at  the  poles  where  this  diameter  meets 
the  surface^  let  the  surface  be  divided  into  three  equal  lunes,  and 
let  them  be  coloured  respectively  red,  yellow^  and  blue  ;  then  it 
will  be  found  that  the  sphere  will  rotate  about  this  axis  which  is 
equally  inclined  to  the  three  lines  a  a',  bb'^  cc',  and  the  rotating 
sphere  will,  if  its  angular  velocity  is  great  enough,  appear  white ; 
whereas  if  the  resultant  rotation-axis  does  not  pass  through  the 
point  where  the  differently  coloured  lunes  intersect^  the  colour 
of  the  rotating  sphere  will  be  that  of  the  lune  in  which  the 
rotation-axis  pierces  the  sphere. 

29.3  Hence  we  can  deduce  the  single  resultant  angular  ve- 
locity of  many  angular  velocities,  whose  rotation-axes  pass 
through  a  given  point :  let  that  point  be  the  origin,  and  at 
it  let  a  system  of  coordinate  axes  originate;  let  the  several 

angular  velocities  be  a^i,  ci>2' ^n ;   &nd  let  their  rotation-axes 

b«  («i>  Pi>  >i).  («a^  i^a,  72), {on,  /3n,  Vn) ;  let  each  angular  velo- 
city be  resolved  into  three  components  along  the  three  coor- 
dinate axes ;  so  that  those,  whose  rotation-axis  is  the  axis  of  jp, 

are  a>,  cos  a^,  <a^  cos  Oj, »n  cos  On  ;    and  if  s.oi  cos  a  is  the 

sum  of  all  these, 

2.40  cos  a  =  Al|  cos  a^  4-  0)2  cos  02  + +  C'n  COS  On  J 

similarly 

2.a>COS/3  =  WjCOSjSi +  «2COSj32+  4-WnCOS)3n, 

S.MCOsy  =  (ttjCOSy^  +  a>2COSy2  +  +  <^n  COSy„. 

Let  a  be  the  resultant  angular  velocity ;  and  let  a,  b,  c  be  the 
direction-angles  of  its  rotation-axis  ;  then 

.aco8a  =  3.»cosa,    ncos&  =  2.<ucosj9,   a  cos  <?  =  2.(0  cos  y ;   (22) 

.•.     fl*  =  (s.  ©  cos  a)* -h  (2.0)008)3)*  + (2.  ©cosy)*;      (28) 

,  2. oleosa        2.a)COSi3        2.a>cosy  .^ax 

and  =  7-^  =  '  =  n  ;  (24) 

cos  a  cos  o  cos  c 


M21) 


o  2 
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which  equations  give  the  intensity  of  the  resultant  angular  Te- 
locity, and  the  direction-cosines  of  its  rotation-axis. 

30.]  The  experiment  with  the  pendulum,  devised  by  Foucault 
to  exhibit  to  the  eye  the  rotation  of  the  earth  about  its  axis,  is  a 
simple  application  of  the  laws  of  resolution  and  composition 
of  angular  velocities  which  have  been  investigated.  Let  us 
suppose  the  earth  to  be  a  perfect  sphere,  of  which  a  plane 
section  through  the  poles  is  drawn  in  Fig.  9 ;  p  and  p'  being  the 
north  and  south  poles,  c  being  the  centre,  and  wce  being  the 
intersection  of  the  plane  of  the  paper  and  the  plane  of  the 
equator.  Let  a  pendulum  be  suspended  at  the  north  pole,  and  so 
that  it  may  vibrate  and  turn  freely  in  all  directions.  Now  if 
the  pendulum  is  at  rest,  and  were  suspended  from  a  point 
not  rotating  with  the  earth,  but  fixed  absolutely  in  space,  the 
earth  would  rotate  under  the  pendulum  from  west  to  east  in 
24  hours;  and  the  apparent  effect  to  a  person  on  the  earth 
would  be  a  complete  rotation  of  the  pendulum  through  360° 
from  east  to  west  in  the  same  time.  A  point  of  suspension 
however  not  fixed  to  the  earth  cannot  be  obtained,  and  of 
course  if  the  point  of  suspension  is  joined  to  the  earth,  all 
moves  together,  and  the  pendulum  has  no  apparent  rotatory 
motion.  Let  however  the  pendulum  be  suspended  from  a  point 
fixed  to  the  earth ;  and  let  it  vibrate  in  a  plane ;  then  as  the 
earth  turns,  the  point  of  suspension  turns,  and  the  pendulum 
turns,  but  the  plane  of  vibration  is  not  affected  by  these  rota- 
tions ;  it  is  as  stationary  as  if  the  point  of  suspension  were 
absolutely  fixed ;  so  that  in  the  course  of  24  hours,  if  the  pen- 
dulum vibrates  so  long,  the  plane  of  vibration  will  apparently 
pass  in  succession  over  all  the  meridians  from  east  to  west, 
because  the  earth  in  that  time  performs  a  complete  revolution 
from  west  to  east  under  the  pendulum;  and  the  angular  velo- 
city of  the  earth  will  be  the  apparent  angular  velocity  of  the 
plane  of  vibration  of  the  pendulum.  A  similar  phsenomenon 
will  be  presented  by  a  pendulum  at  the  south  pole,  but  the 
direction  of  the  apparent  rotation  of  the  plane  of  vibration  will 
be  from  west  to  east.  At  the  equator  no  such  effect  takes  place. 
For  suppose  a  pendulum  to  be  suspended  at  the  equator,  and  its 
plane  of  vibration  to  be,  say,  north  and  south ;  as  the  earth 
rotates  about  its  axis,  it  is  evident  that  neither  the  point  of 
suspension  of  the  pendulum  nor  the  plane  of  vibration  has  any 
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rotation ;  the  point  of  suspension  of  the  pendulum  is  carried 
round  in  a  circle^  and  the  plane  of  vibration  continues  north 
and  south.  At  the  equator  therefore  no  effects  of  the  earth^s 
rotation  such  as  we  have  described  will  be  exhibited  by  a  pen- 
dnlom.  The  full  effect  is  exhibited  at  either  pole;  and  no 
effect  at  the  equator.  Now  let  us  take  any  place  a,  whose 
latitude  is  X;  and  let  ac  b^  drawn  to  the  centre  of  the  earth. 
Let  a>  be  the  angular  velocity  of  the  earth  about  its  axis ;  then 
»  sin  X  is  the  angular  velocity  about  the  line  ac,  which  is  the 
normal  to  the  earth's  surface  at  the  point  a  ;  so  that  the  plane 
of  vibration  of  the  pendulum  at  a  will  undergo  a  displacement 
from  east  to  west  similar  to  that  which  takes  place  at  p,  but 
more  slowly ;  for  whereas  the  time  of  a  complete  revolution  at 

F  =  =  24  hours,  the  time  of  a  complete  revolution  at 


A   = 


2ir 


so  that 


01  sin  X ' 

The  time  of  revolution  at  a  =  — : — : — .  (25) 

smX 

This  law  has  been  verified  by  numerous  observations  made  at 
various  places  on  the  earth ;  for  although  the  vibration  of  the 
pendulum  has  not  been  continued  through  24  hours,  yet  the 
arcs  described  by  the  plane  of  vibration  in  a  given  time  have 
been  found  to  vary  in  different  latitudes  as  the  sines  of  these 
latitudes. 

31.]  We  proceed  now  to  consider  the  resolation  and  compo- 
sition of  angular  velocities,  the  rotation-axes  of  which  do  not 
meet ;  and  we  will  first  consider  the  particular  case  of  angular 
velocities  whose  axes  are  parallel,  and  about  which  separately 
the  body  rotates  in  the  same  direction.  Let  the  angular  ve^ 
locities  be  ^a  and  <Ob ;  and  let  their  poles  be  o  and  o'^  and  their 
axes  OA, o'b;  oo'  being  perpendicular  to  each  of  these  lines; 
see  Pig.  10;  let  p  be  the  place  of  any  particle  in  the  line  oo', 
and  to  fix  our  thoughts  let  us  take  it  between  o  and  o';  let 
oo'  =  c,  ov  —  Xy  po'  =  y ;  then  the  downward  path  of  p  in  the 
time  dt  which  is  due  to  a>a  is  x^a^if  c^nd  the  upward  path  in 
the  same  time  due  to  ta^  is  y  (oi^dt ;  so  that  the  downward  path 

of  p  in  the  time  dt  .  .  ,. 

=  (x(Oa  —  yiab)di, 

Now  suppose  Q  to  be  a  point  in  oo'  which  under  the  effects 
of  the  two  angular  velocities  Oa  and  <»b  remains  at  rest ;  then 
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if  X  and  y  are  the  reapective  distances  of  q  from  oa  and  from 
o'b,  ^»a— y«^  =  0;  whence 

^  =  i^;  (26) 

whereby  q  is  determined  ;  and  as  every  point  in  the  line  through 
Q  perpendicular  to  00'  is  at  rest^  so  Qc  is  the  axis  of  the  resultant 
angular  velocity;  and  (26)  shews  that  it  divides  the  distance 
between  the  axes  of  the  two  component  angular  velocities  into 
two  parts  which  are  to  each  other  inversely  as  the  angular 
velocities. 

Let  iA  be  the  resultant  angular  velocity ;  then  in  the  case 
of  the  component  angular  velocities^  the  downward  path  of  o'  in 
the  time  dt  =  (HaCdt;  and  in  the  case  of  the  resultant  angular 
velocity,  the  downward  path  of  o'  =  (oydt;  these  are  of  course 
equal ;  whence  we  have 

(A^c  =  a>y ;  (27) 

similarly,  if  we  equate  the  two  paths  of  o  in  the  two  cases,  we 
bave  o>6C  =  a)a?;  (28) 

whence  t  ^  !^  ^  H^;  (29) 

c        y         X 


<^a  +  ft>5 


(30) 


.-.     ca  =  a>a  +  0)6  ;  (31) 

that  is,  the  resultant  angular  velocity  is  the  sum  of  the  com- 
ponent angular  velocities. 

A  similar  theorem  is  true,  whatever  is  the  number  of  the 
component  angular  velocities  which  have  parallel  axes. 

If  one  of  the  component  angular  velocities,  say  <ai„  is  negative, 
the  paths  of  all  particles  between  o  and  o'  due  to  both  a>a  and 
<»>b  will  be  downward  ;  let  us  then,  see  Fig.  11,  consider  the  path 
taken  by  a  point  p  in  the  line  00'  produced ;  now  the  line-repre- 
sentative of  a>5  is  o'b,  which  is  drawn  from  o'  in  a  direction 
opposite  to  that  in  which  oa  is  drawn  from  o.  Let  op  =  a?, 
o'p  =  y ;  then  the  downward  path  described  by  p  in  dt  due 
to  (tfa  is  (OaXdt;  and  the  upward  path  due  to  0)5  is  wiydt; 
therefore  the  whole  downward  path  in  the  time  dt 
=  {<OaX-t»by)dt. 
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Let  Q  be  a  point  in  ot/  which  remains  at  rest ;  then^  if  oq  =  x^ 
o'q  =  y, 

«a*  =  «6y;  (32) 

so  that  the  line  oo'  is  divided  externally  into  two  parts  which 
are  inversely  proportional  to  the  component  angular  velocities. 

Also  let  tf  be  the  resultant  angular  velocity  whose  rotation- 
axis  is  Qc;  then  equating  the  downward  paths  of  o  which 
are  due  to  «&  and  to  a>  respectively^  we  have 

^^c  =  (tto?;  (33) 

and  equating  the  downward  paths  of  o'  which  are  due  to  a>a  and 
to «» respectively,  ^^^  ^  ^y .  (34^ 

«^  _    «&   _    «a 

'      c         X         y  ' 

^h  —  *»a 
0)5  —  a>a 


C 

.•.     a>  =  0)5  — coa;  (35) 

that  is,  the  resultant  angular  velocity  is  the  excess  of  the  larger 
component  over  the  less ;  and  has  therefore  the  same  sign  as 
the  larger. 

Hence  if  a  body  moves  with  many  angular  velocities  w^,  q>2>  .  • .  ^n% 
aU  of  which  have  parallel  rotation-axes,  and  if  a  is  the  resultant 
angular  velocity,     ^ 

=  2.» ;  (36) 

where  s.o)  is  the  algebraical  sum  of  the  several  components; 
but  more  will  be  said  hereafter  on  this  subject. 

32.3  If  however  the  difference  between  o>a  and  o)^  is  infi- 
nitesimal, then  o)  is  also  infinitesimal ;  and  if  o>a  =  6»5j  o)  =  0, 
and  the  resultant  angular  velocity  vanishes.  In  this  case  how- 
ever d?  =  y ;  which  can  be  only  if  a?  =  y  =  00 .  Here  then 
a  paradox  presents  itself;  when  two  component  angular  velo- 
cities with  parallel  axes  are  equal  and  have  opposite  signs,  the 
resultant  angular  velocity  is  zero,  and  its  axis  is  at  an  infinite 
distance.    We  must  return  to  first  principles. 

Consider  Fig.  12,  wherein  oa  and  o'b  are  the  line-representa- 
tives of  two  equal  angular  velocities  which  have  opposite  di- 
rections :  let  00'  =  c^  and  take  any  partick  p  in  the  line  00' : 
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let  OP  =  Xy  o'r  =zy  ;  thea  the  downward  path  of  p  in  the  time 
dt  due  to  »a  And  to  — »« 

=^  a>ai^-^y)dt, 

-a>aCdt;  (37) 

and  therefore  is  the  same,  whatever  is  the  place  of  p.  Thus  all 
particles  of  the  body  are  advanced  in  the  time  dt  along  a  distance 
equal  to  a>a  c  dt  and  perpendicular  to  the  plane  containing  the 
two  parallel  axes  of  the  component  angular  velocities.  The 
effect  therefore  of  a  body  moving  with  such  a  pair  of  equal  and 
opposite  angular  velocities  is  a  displacement  of  translation  of 
the  body  over  a  distance  proportional  to  the  product  of  either 
angular  velocity  and  the  perpendicular  distance  between  the  two 
axes.  M.  Poinsot,  to  whom  we  are  indebted  for  the  laws  of 
composition  and  resolution  of  angular  velocities^  calls  such  a 
pair  of  equal  and  opposite  angular  velocities  a  couple  of  an- 
gular velocities^  and  the  product  o^aC  he  calls  the  moment  of 
the  couple.  The  analogy  is  evident  between  these  theorems  and 
those  of  statical  couples. 

Hence  a  couple  of  angular  velocities  gives  a  body  a  displace- 
ment of  translation  equal  to  «»«  c  dt  in  the  time  dt,  and  along  a 
line  perpendicular  to  the  plane  of  the  axes  of  the  couple. 

Hence  also  it  is  evident  that  a  couple  may  be  equivalently 
replaced  by  any  other  equimomental  couple  provided  that  the 
planes  of  the  axes  of  the  couples  are  either  parallel  or  identical. 
And  the  geometrical  representation  of  a  couple  is  a  straight 
line  whose  length  is  proportional  to  the  moment  of  the  couple, 
and  which  is  perpendicular  to  the  plane  of  the  axes  of  the 
couple. 

33.]  Lastly,  let  us  consider  the  most  general  case ;  that  in 
which  a  body  moves  with  many  simultaneous  angular  velocities, 
the  rotation-axes  of  which  do  not  pass  through  one  and  the 
same  point,  and  are  not  parallel. 

As  the  signs  of  angular  velocity  are  arbitrary,  it  is  convenient 
to  affect  them  with  those  which  are  best  suited  to  a  system  of 
coordinate  axes  in  space.  Let  those  angular  velocities  be  con- 
sidered positive  with  which,  having  for  their  rotation-axes  sever- 
ally the  axes  of  s,  y,  z,  the  body  turns  from  the  y-axis  to  the 
»-9JL\n,  from  the  z-axis  to  the  ^-axis,  from  the  ^-axis  to  the 
y-axis  respectively ;  and  let  those  be  negative  with  which  the 
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body  rotates  in  contrary  directions.  This  system  is  evidently  cy- 
eUcal^  and  is  easily  remembered* 

Let  the  angular  velocities  be  o^  a),*  ***  ^»^  ^°^  ^^^  ^  point 
o  rigidly  connected  with  the  body  be  the  origin;  at  it  let  a 
system  of  rectangular  coordinates  fixed  in  space  originate ;  and 
let  the  direction-angles  of  the  rotation-axes  be  o^,  jS^^  y^,  a^  p^  y^ 
...  Ow  Pn,  y«;  let  (a?p  y^,  z{),  {x^  y^  z^),  ...  (ar„,  y„,  Zn)  be  points 
severally  on  the  rotation-axis  of  each,  and  let  Pi,p^y  -••Pn  be 
the  perpendicular  distances  from  o  on  the  several  rotation-axes. 
And  of  all  these  quantities  let  ot,  (a,  )3,  y),  (j?,  y,  z),  p  be  the 
types.  Let  us  consider  the  type  velocity  oi.  At  the  origin  let 
a  pair  of  equal  and  opposite  angular  velocities  be  introduced,  each 
of  which  is  equal  to  co,  and  the  rotation-axis  of  which  is  parallel 
to  that  of  » ;  and  from  o  let  the  perpendicular  distance  p  be 
drawn  to  the  rotation-axis  of  » ;  so  that  instead  of  the  original 
M,  we  have  oi  at  o  equal  to  the  original  (a  and  with  a  rotation- 
axis  parallel  to  that  of  the  original  »^  and  a  couple  of  angular 
velocities,  each  of  which  is  co,  and  the  distance  between  whose 
axes  is  j9 ;  so  that  p^A  is  the  moment  of  the  couple ;  and  the 
effect  of  which  is  a  displacement  of  the  body  in  the  time  dt  over 
a  distance  equal  to  o)/?  c2/  in  a  line  through  the  origin  perpen- 
dicular to  the  plane  which  contains  the  rotation-axis  of  o).  Let 
a  similar  process  be  performed  on  all  the  angular  velocities; 
then  we  have  a  system  of  angular  velocities  the  rotation-axes  of 
which  pass  through  o,  and  also  a  system  of  couples  of  angular 
velocities,  the  effects  of  which  are  severally  a  displacement  of 
translation  of  the  body. 

Let  o  be  the  resultant  angular  velocity  of  all  those  which  act 
at  o ;  let  a^,  a^,  n«  be  its  axial  components ;  and  let  a,  b,  c  be 
the  direction-angles  of  its  rotation-axis ;  then 

Ajc  =  oil  COS  O^  +  <^  COS  Og  + +  cOnCOSOn, 

=  2.«i  COS  a;  (38) 

fly  =:  2.»  COS  Pi  (39) 

Qg  s:  2.01  COS  Y  ;  (^) 

.-.      ft8  =  fl/-|-fl/  +  fl/, 

3=  (:8.«cosa)*  +  (J.a>CO80)*-f(J.a)COSy)*;    (41) 

,  2.00  cos  a       2.0)  cos  3       2.a>cosy  ..„. 

and  =  jr-  = =  ^ '»  ('*^) 

cos  a  cos  6  cos  c 

whereby  the  intensity  and  the  direction-cosines  of  the  rotation- 
axis  of  the  resultant  angular  velocity  through  o  are  known. 

PRICE,  VOL.  IV.  H 
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As  to  the  couple  of  angular  velocities  which  arises  from  6>>  the 
moment  of  the  couple  is  /?a> ;  and  as  /i  is  the  perpendicular  from 
the  origin  on  a  line  passing  through  {x^  y,  z),  whose  direction- 
angles  are  (a,  fi,  y),  we  have 

j9*=:(ycosy— ^cos)3)^-f  (-s^cosa— a?cosy)*+  (^cos)3— ycosa)^  (43) 
Now  the  displacement  of  translation  which  the  body  undergoes 
by  virtue  of  this  couple  of  angular  velocities  is  along  a  line  per- 
pendicular to  the  rotation-axis  of  m  and  to  p\  so  that  its  di- 
rection-cosines are 

y  cosy— ;?  cos  )3        2r  cos  g— 37  cosy        a?cos  j8— y  COS  a     ^. 

p  p  p 

Let  A(r  be  the  space  through  which  the  body  is  displaced  in 
the  time  dt  by  reason  of  this  couple  of  angular  velocities ;  then 

A<r=  capdt;  (45) 

and  the  direction-cosines  of  a  o-  are  given  by  (44);  so  that  if 
Af^  A17,  Af  are  the  axial  projections  of  A<r, 

Af  =  0)  (y  cos  y  —  2r  cos  j8)  dt,  -j 

Afj  =  0)  (xr cos o  —  o? cosy) rf/,  I  (46) 

Af  =  (a(x  cos)3—  y  cos  a) dt.  J 

A  result  similar  to  this  is  true  for  each  component  angular 
velocity;  and  therefore  if  cr  is  the  whole  space  through  which 
the  origin  is  transferred,  and  if  I,  rj,  Cai^e  the  axial  projections  of  <t, 
^=  2,(a(y cosy ^z cos fi)dt,  "^ 
rj  =  2.«  (2r  cos  a  —  a?  cos  y)  dt,    I  (47) 

f  =  s.CD  (a?  cos )3—  y  cos  a)dt;J 
a«id  <T*  =  f2  +  i?»  +  f*;  (48) 

and  the  direction-cosines  of  cr  are 

2.a)(ycosy— j2rcos)8)rf/      XG)(rcosa— j?cosy)rf/      s.<u(a7COS)3— ycosa)fif^ 

,    ,    — < 

a  a-  a  * 

whereby  we  have  the  resultant  motions,  both  of  translation  of 
the  origin,  and  of  rotation  about  an  axis  through  it,  of  a  body 
moving  with  many  simultaneous  angular  velocities. 

34.]  If  the  simultaneous  angular  velocities  a)^  (i>2,  ...atM  are 
such  that  the  body  is  at  rest,  then  a  =  0^  and  o-  =  0 ;  so  that 
we  have  the  six  conditions 

2.0)  cos  a  =  0,  -j  2.0)  (y  cosy— 2;  cos /3)  =  0,  -^ 

3.0) cos )3  =  0,    I  (50)  l.a)(arcosa— a?cosy)  =  0,    I  (51) 

2.0) cosy  =  0;  J  2.o)(a?cos/3— ycosa)  =  0;J 
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firom  these  equations  theorems  can  be  deduced  similar  to  those  of 
Art.  57,  Vol.  III.  Also  if  the  angular  velocities  are  capable  of 
composition  into  a  single  angular  velocity^  we  must  have 

£n,  +  rjny  +  fn,  =  0;  (52) 

which  equation  shews  that  the  resultant  line  of  displacement  is 
perpendicular  to  the  rotation-axes  of  the  resultant  angular  velo- 
city ;  and  as  the  resultant  displacement  may  be  replaced  by  two 
equal  and  opposite  angular  velocities  whose  rotation-axes  are 
perpendicular  to  the  line  of  displacement,  we  may  take  these 
rotation-axes  to  be  parallel  to  that  of  a,  whereby  we  shall  have 
three  angular  velocities  with  parallel  rotation-axes  which  may  be 
compounded  into  a  single  angular  velocity. 

If  the  axes  of  all  the  simultaneous  couples  are  parallel^  then 

A  cos  a  =  cos  a  2.0)^  -i 

Acosi  =  cosjSs.o)^    l  (53) 

A  cos  e  =  cos  y2.a>;  J 

.-.     c  =  a,  6  =  i3,  c  =  y;  (54) 

A  =  2.«  ;  (55) 

that  is,  the  resultant  angular  velocity  is  equal  to  the  sum  of  all 
the  component  angular  velocities,  and  its  rotation-axis  is  parallel 
to  the  rotation-axes  of  the  components.    Also 

f  =  (cos  y  3.«  y— cos  fi^.^z)  dt, 

f  = 

In  this  case  (52)  is  satisfied ;  and  the  angular  velocities  are 
capable  of  reduction  to  a  single  angular  velocity ;  let  a  be  the 
resultant^  and  let  (S,  y,  z)  be  a  point  on  its  rotation-axis ;  then 
as  it  produces  the  same  efiect  as  all  the  components  taken  in 
combination^  and  as  the  direction-angles  of  its  axis  are  a,  p,  y, 

f  =  (cos  y  A  y  —  cos  j3  A  5)  d/,  ^ 

iy  =  (cos  oa5  — cosy A^)d^,    L  (57) 

(  =  (cos/3a^^cos  aAy)fif/;  J 

which  are  severally  equal  to  the  values  given  in  (56).  But 
aj  /3,  y  are  manifestly  indeterminate ;  so  that  we  have 

2.01  '  ^  3.0)   '  5.« 

{x,  y,  z)  is  called  the  centre  of  the  parallel  angular  velocities. 


=  (cos  y  3.«  y— cos  fi^.^z)  dt,  "^ 

=  (cos  aa.toxr— cos  y3.«a?)d^,  I  (56) 

=  (cos)3  2.a>a?— cos  a2.a>y)(^^  J 


H  2 
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85.]  From  the  preceding  Articles  it  appears  that  if  a  body  is 
moTing  with  many  simultaneous  angular  velocities^  the  resultant 
motion  consists  (1)  of  a  determinate  angular  Telocity  n,  the 
rotation-axis  of  which  is  determinate  in  direction  but  not  in 
position ;  and  (2)  of  a  displacement  of  translation  of  an  arbitra- 
rily chosen  point  on  the  axis  of  the  resultant  angular  velocity  a, 
the  line  of  motion  and  amount  of  which  are  given  by  equations 
(47)  and  (48).  Now  whatever  is  the  position  of  this  arbitrarily 
chosen  point,  the  resultant  angular  velocity  is  the  same  in 
intensity  and  direction,  but  the  amount  and  the  line  of  the 
displacement  of  translation  of  the  point  varies  with  the  point. 
In  the  infinitesimal  time  dt  the  displacement  is  infinitesimal, 
but  equations  (47)  shew  that  it  varies  with  the  origin.  Let  us 
therefore  inquire  what  is  the  position  of  the  origin,  when  that 
displacement  is  the  least ;  the  form  of  (47)  indicates  that  it  does 
not  admit  of  a  maximum,  but  it  may  be  a  minimum. 

Let  the  directions  of  the  coordinate  axes  be  unchanged ;  and 
let  {Xq,  y^  Zq)  be  the  origin  for  which  the  displacement  of  transla- 
tion is  the  least ;  so  that  for  a,  y,  z  in  (47)  we  must  substitute 
a?— jpQ,  y— yo»  ^"^09  *°d  i^^  fo'  Vo9  Co  be  the  projections  of  the 
displacement  (Tq  of  the  new  origin ;  then 

(^  =  38.01  {(y-yo)  co^  y-(«-^o)  cos  P]  dt ; 

=  X(a{ycoBy'-zcosp)dt—yQ2,<ocosydt'^Zf^X(AC09pdt; 

ijo  =  iy  -  (xr^  n,-d?o  ^z)  dt,    I  (59) 

Ca=  <-{^Q^-yQ^x)dt;J 

+  K-(^a«F-yo«*)*}*     (60) 
Thus  <T^  is  a  function  of  Xq,  y^  z^  which  are  three  independent 
variables ;  whence  equating  to  aero  the  three  partial  differentials 
of  (Tq,  as  in  Art.  72,  Vol.  Ill,  we  shall  have 

(61) 


ci^dt  ^^         ci^dt  ^*         a^dt 


n,  fiy  n,  , 

which  are  the  equations  to  a  straight  line ;  this  line  therefore  is 
the  locus  of  points  for  which  the  displacement  of  translation  due 
to  the  simultaneous  angular  velocities  is  a  minimum.  The  line 
is  evidently  parallel  to  the  rotation-axis  of  a  ;  and  passes  through 
a  point  whose  coordinates  are 
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which  give  the  following  geometrical  construction.  At  any  point 
o  taken  arbitrarily,  let  the  displacement  of  translation  cr  and 
its  axial  components  f ,  r),  (  be  drawn ;  also  let  the  rotation- 
axis  of  A  be  drawn.  Let  (^  be  the  angle  between  these  two 
lines ;  through  o  draw  a  line  perpendicular  to  both  of  them ; 
and  along  that  perpendicular  from  o  take  a  length  od  =  p,  such 

P^-TdT'  ^^^ 

then  a  line  drawn  through  d  parallel  to  the  rotation-axis  of  n  is 
that  whose  equations  are  (61). 

86.]  If  the  origin  is  taken  on  the  line,  ^  =  0 ;  and  therefore 
•in  ^  =  0 ;  so  that  the  line  of  displacement  lies  along  the  rota- 
tion-axis of  a.  In  this  case  therefore  the  system  of  simultaneous 
angular  velocities  is  reduced  to  (1)  an  angular  velocity  a  about  a 
determinate  axis,  and  (2)  a  displacement  of  translation  <r  along 
this  axis ;  this  axis  is  called  the  central  axis  of  the  system.  In 
the  infinitesimal  time  dt  the  body  rotates  through  an  angle  a  dt 
about  the  axis^  and  moves  along  the  axis  over  a  distance  <t  which 
is  given  by  equation  (48).  Thus  it  has  a  helical  motion^  like  a 
screw  :  while  it  rotates  with  a  given  angular  velocity,  it  also 
advances  along  the  rotation-axis  with  a  determinate  linear  velo- 
city. This  is  one  of  the  most  simple  images  which  the  motion 
of  a  rigid  body  admits  of. 

I  may  observe  that  the  equations  (61)  of  the  central  axis  may 
be  found  by  investigating  the  locus  of  points  at  which  the  dis- 
placement of  translation  lies  along  the  rotation-axis  of  a. 

Now  when  a  body  has  a  continuous  motion  the  system  of  the 
central  axes  forms  a  ruled  surface  in  space^  and  another  ruled 
surface  in  the  body ;  all  the  generators  of  the  second  succes- 
sively coincide  with  those  of  the  first.  In  imagining  such  a 
motion  let  us  suppose  that  of  translation  or  the  sliding  of  the 
Axis  to  take  place  before  the  rotation  about  the  axis ;  let  two 
generators  be  placed  on  each  other  in  their  corresponding  posi- 
tions^ and  let  the  sliding  along  them  take  place  over  the  distance 
o-;  and  then  let  the  body  turn  about  the  common  generator  of 
the  two  surfaces  through  the  angle  a  dt ;  by  this  means  the 
next  two  generators  will  be  brought  into  coincidence ;  and  the 
corresponding,  sliding  and  rotation  will  again  take  place ;  and 
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80  on ;  whereby  the  two  surfaces  will  be  successively  brought  into 
contact  with  each  other  along  their  generators.  If  one  of  the 
surfaces  is  developable,  the  other  is ;  and  if  a-  =  0  throughout 
the  motion^  in  which  case  there  is  no  sliding,  the  two  surfaces 
are  evidently  cones.  This  also  is  the  case  when  one  point  in  the 
body  is  fixed,  so  that  all  the  axes  pass  through  that  point.  The 
line  of  contact  of  the  two  surfaces  is  called  the  instantaneous 
sliding  axis. 

The  case  however  in  which  the  body  has  a  fixed  point,  and  in 
which  the  ruled  surfaces  become  cones,  deserves  further  illustra- 
tion. Let  o,  see  Fig.  13,  be  the  fixed  point  of  the  body;  and 
from  it  let  a  sphere  be  described  of  any  radius ;  and  let  the  cones 
which  are  respectively  fixed  in  space  and  fixed  in  the  body  be 
cut  by  the  surface  of  the  sphere  in  the  curves  is  and  is^  let  i 
be  the  point  where  the  instantaneous  axis  meets  the  spherical 
surface ;  let  8  and  ^  be  the  arcs  of  the  two  curves  is  and  is'  re- 
spectively ;  of  which  let  the  length-elements  be  ds  and  dsf;  let 
01  be  the  instantaneous  line  of  contact  of  the  two  cones^  and  let 
the  time  be  divided  into  equal  infinitesimal  elements  dt;  also 
let  the  curves  $  and  $'  be  divided  into  elements  corresponding 
to  successive  dt^s,  and  so  that  the  corresponding  elements  are 
equal.  Let  os  be  the  cone  fixed  in  space,  and  os'  that  fixed  in 
the  body ;  then  the  motion  of  the  body  will  be  represented  by 
the  rolling,  without  sliding,  of  the  latter  cone  on  the  former ; 
the  line  of  contact  of  the  two  cones  being  always  the  instan- 
taneous axis  of  the  body.  Hereafter  we  shall  find  the  equations 
to  these  cones,  and  thus  have  their  relative  magnitudes  and 
position.  In  the  mean  time  I  may  observe  that  the  rolling  may 
take  place  in  many  ways.  One  cone  may  roll  outside  the  other,  as 
in  Fig.  13 ;  or  the  moveable  cone  may  roll  inside,  as  in  Fig.  14 ; 
or  again  as  in  Fig.  15,  where  the  moveable  cone  is  larger  than 
the  fixed  cone  and  rolls  on  the  outside  of  it.  Or  again  either 
of  the  cones  may  degenerate  into  a  plane,  as  in  Fig.  16 ;  and 
either  of  the  cones  may  become  a  straight  line,  in  which  case 
the  axis  of  rotation  is  fixed:  Or  the  cones  may  become  identical, 
in  which  case  the  position  of  the  rotation-axis  is  indeterminate. 

Also  the  vertex  of  either  cone  may  be  at  an  infinite  distance,  in 
which  case  the  cone  becomes  a  cylinder ;  and  as  the  instantane* 
ous  axes  are  all  parallel,  the  path  of  every  particle  is  in  a  plane 
perpendicular  to  the  axis  of  the  cylinder. 

87.]  Let  us  consider  other  properties  of  the  central  axis. 
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From  (59)  we  have 

and  by  a  process  similar  to  that  of  Art.  71,  Vol.  III^  it  may  be 
shewn  that  this  quantity  is  constant^  through  whatever  angle 
the  system  of  coordinate  axes  is  turned.  But  if  0  is  the  angle 
between  o-  corresponding  to  any  origin  and  the  rotation^axis  of  <a, 

cos  ©  = : 

.*.     irco8(^  =:  a  constant  =  (r^;  (65) 

where  o-q  is  the  displacement  of  translation  along  the  central  axis ; 
that  is,  the  projections  of  the  displacements  of  translation  of  all 
points  of  the  body  on  the  central  axis  are  equal.  If  therefore  a 
plane  is  drawn  perpendicular  to  the  central  axis^  the  distances 
of  all  points  of  the  body  from  this  fixed  plane  are  increased  or 
diminished  by  the  same  quantity  in  the  time  dt.  And  the  line 
of  this  quantity  is^  as  shewn  in  Art.  35^  that  along  which  the 
displacement  of  translation  is  the  least.  Hereby  we  have  the 
following  construction  for  the  direction  of  the  central  axis. 
Through  any  point  in  space  draw  straight  lines  equal  and  paral- 
lel to  the  actual  displacements  of  all  the  points  of  a  body  due  to 
the  time  dt;  then  the  ends  of  these  lines  will  be  all  in  one  plane 
which  is  perpendicular  to  the  central  axis. 

Again^  all  the  properties  of  reciprocal  lines  which  are  demon- 
strated in  Vol.  Ill,  Art.  70 — 87,  are  true,  mutatis  mutandis,  of 
angular  velocities ;  indeed  the  principle  of  duality  is  completely 
applicable  to  these  theorems,  x,  y,  z,  b,  l,  h,  n,  o  are  to  be 
changed  into  n^,  Ay,  Qgy  a,  (,  t;,  C  a-  respectively,  and  the  enun- 
ciations of  the  theorems  are  to  be  changed  accordingly ;  that  is, 
pressures  are  to  be  changed  into  angular  velocities,  and  moments 
are  to  be  changed  into  displacements  of  translation.  Thus,  it  is 
there  proved  that  any  system  of  pressures  may  be  reduced  into 
two  pressures  acting  along  lines  at  right  angles  to  each  other : 
hence  it  follows  that  every  system  of  angular  velocities  may  be 
reduced  into  two  angular  velocities  whose  axes  are  perpendicular 
to  each  other. 

Again,  as  all  moment-centres  of  equal  moment  lie  on  a  cylin- 
drical surface  whose  axis  lies  along  the  central  axis ;  so  all  points 
for  which  the  displacement  of  translation  is  the  same  lie  on  a 
cylindrical  surface ;  also  all  the  lines  of  equal  displacement 
corresponding  to  points  on  a  circle  whose  plane  is  perpendicular 
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to  the  central  axis  lie  on  the  surface  of  a  hjperboloid  of  revo- 
lution. 

So  for  all  points  on  a  line  perpendicular  to  the  central  axis, 
the  lines  of  displacement  are  in  the  surface  of  a  hyperbolic 
paraboloid. 

From  the  theorems  of  Art.  85^  YoL  III,  we  have  the  following 
deductions.  If  a  body  moves  with  many  simultaneous  angular 
velocities,  they  may  be  reduced  to  two  others  whose  rotation- 
axes  are  such  that  if  one  is  given^  the  other  is  the  reciprocal 
line ;  and  the  perpendicular  line  to  these  two  axes  passes  through 
and  is  perpendicular  to  the  central  axis  of  the  system. 

And  from  Art.  86,  it  follows  that  every  system  of  angular  ve- 
locities may  be  replaced  by  two  equal  angular  velocities,  whose 
rotation-axes  are  perpendicular  to  each  other,  and  each  of  which 
is  inclined  at  45^  to  the  central  axis,  and  the  axes  are  perpen- 
dicular to  a  line  which  is  bisected  at  right  angles  by  the  central 

axis ;  each  of  the  angular  velocities  =  — -- ;  and  the  length  of 

the  perpendicular  distance  between  the  axes  =  — ^  • 

88.3  We  have  in  the  next  place  to  determine  the  motion  of 
translation  of  any  particle  of  a  body  which  rotates  about  a  given 
determinate  axis ;  and  I  will  consider  the  body  to  have  a  fixed 
point,  through  which  of  course  the  rotation-axis  passes,  so  that 
the  displacement  of  a  particle  may  be  due  to  the  rotation  only ; 
and  I  shall  consider  the  displacements  which  take  place  during 
the  infinitesimal  time  dt. 

Let  the  fixed  point  of  the  body  be  taken  as  the  origin,  and  a 
system  of  coordinate  axes  fixed  in  space  originate  at  it ;  let  q> 
be  the  angular  velocity  with  which  the  body  rotates  about  the 
axis,  of  which  let  the  direction-angles  be  (a,  p,  y) ;  let  (^,  y,  z) 
be  the  place  of  the  particle  p,  the  displacement  of  which  in  the 
time  dt  is  to  be  calculated  ;  let  ds  be  the  displacement,  of  which 
let  dxy  dyy  dz  be  the  axial  projections ;  let  (Oj^  fi»y>  ^z  be  the  axial 
components  of  o) ;  so  that 

=  — =--  = =  0).  (00) 

cos  a       cos)9       cosy 

Let  p  be  the  perpendicular  distance  from  {x,  y,  z)  on  the  rota- 
tion-axis (a,  p,  y) ;  then  as  wc//  is  the  infinitesimal  angle  through 
which  the  body  rotates  in  the  time  dt, 

d8=zp<adt;  (67) 

and 
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/i*=(^08/3— yco8y)*  +  (^cosy— «C08a)*+  (ycosa— ^C08)3)*.   (68) 
Now  ds  is  perpendicular  to  the  rotatioD-axi8,  and  to  the  line 
drawn  from  the  origin  to  {x,  y,  z) ;  also  dx,  dy,  dz  are  propor- 
tional to  its  direction-cosines  ;  therefore 

co^adx-\-co^pdy-\-^o^ydz  =  0, 

xdx-j-       ydy-\-       zdz 
dx  ^  dy  ^  dz 

xrco8/3— ycosy  ""  a?cosy— xrcosa  ""  ycosa— a7COS/3 

P 

.-.     dr  =  (rcosjS  — ycosy)«rf/ =  (jzrcoy  — yG),)d/,  -^ 

dy  =  (^oosy  — 2rcosa)(i)rf^  =  (x<at^  Z(ax)dty    I  (72) 

dz  =  (ycoso  — a?cos/3)G)d/  =  (y  w^  — ^coy)^/ ;  J 

ds^ 
•'•      "5^=  U<»y— y<»x)*+(^w*— -2r6)J«  +  (ycD^— a?<iDy)2.     (73) 

In  all  these  expressions  there  has  been  an  ambiguity  of  sign^ 
which  I  have  omitted ;  that  sign  has  been  taken  which  is  in  ac- 
cordance with  the  principle  of  signs  of  angular  velocities  deter- 
mined in  Article  33 ;  for  suppose  the  body  to  rotate  about  the 
axis  of  X  only  ;  so  that  (a^  =  tag  =  0;  then  for  a  particle  in  the 
first  octant  of  space^  dz^  the  increment  of  z^  will  be  positive,  and 
dy,  the  increment  of  y,  will  be  negative ;  similarly  for  single 
rotations  about  the  other  coordinate  axes ;  and  equations  (72)  are 
in  accordance  with  these  conditions. 

Hence  the  equations  to  the  tangent  line  of  the  path  which 
the  particle  m  at  (x,  y,  z)  is  taking  at  the  time  /  are 

xro)y— ycda       x<az  —  zoix       yw^p  — a?<»y 

Hence  also  if  a  body  has  a  fixed  point  at  the  origin^  and 
rotates  with  angular  velocities  o»^^  o)^^  a>,  about  its  three  coor- 
dinate axes  respectively,  the  rotation-aiis  of  the  body  is  the 
locus  of  the  points  which  are  at  rest^  and  its  equations  conse- 
quently are  L^±^jL,  (75) 

As  an  exact  comprehension  of  (72)  is  of  great  importance^  let 
us  investigate  them  by  another  and  a  more  elementary  process. 

From  (x,  y,  z)^  the  place  of  m,  let  perpendiculars  r^,  r^,  r^  be 
drawn  to  the  three  rectangular  axes  of  x,  y,  z  respectively  ;  and 
let  $  be  the  angle  between  Vx  and  the  plane  of  {xy),  0  the  angle 
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between  r^  and  the  plane  of  (yz)^  >/r  the  angle  between  r,  and  the 
plane  of  (zx) ;  so  that  d$,  dip,  d^  are  positive  according  to  our 
hypothesis  of  signs  for  small  rotations  about  the  axes  of  w^  y,  z 
respectively.  Let  rotations  through  infinitesimal  angles  take 
place  successively  about  these  axes^  and  let  the  changes  of  the 
variables  due  to  these  rotations  be  calculated.  For  a  rotation 
about  the  axis  of  x  through  dd  we  have 

y  =:  Tjc  cos  (?,  ^  =  r,  sin  $, 

dy  :=  ^  Vg  sin  6d0^  dz  =  r^  cos  OdO, 

=  ^zdO;  =  yd$; 

so  that  the  infinitesimal  variations  of  y  and  z  are  respectively 
^zdd,  and  ydB ;  similarly  for  a  rotation  through  an  angle  £/0 
about  the  axis  of  y,  the  variations  of  z  and  x  are  respectively 
^xd<f)  and  zdip ;  and  for  a  rotation  through  dyjr  about  the  axis 
of  ;z;,  the  variations  of  a?  and  y  are  respectively  "-ydy^  and  xdy^\ 
so  that  if  dXf  dy,  dz  are  the  total  variations  of  x^  y,  and  z  due 
to  these  combined  rotations, 

dx  =  z  d<t>  —  ydy^,  ^ 

dy  =  xdy^  —  zde,    I  (76) 

dz  =z  yd$  ^xdip.  J 
39.]  We  shall  hereafter  find  it  convenient  to  refer  a  body  and 
its  motion  to  two  sets  of  coordinate  axes  at  the  same  time ;  one 
of  which  is  assumed  to  be  fixed  in  space,  and  the  other  to  be 
fixed  in  the  body  and  to  be  moving  with  it.  At  first  I  will 
assume  these  two  systems  to  originate  at  the  same  fixed  point  of 
the  body  so  that  the  body  is  capable  of  only  a  motion  of  rota^ 
tion  about  an  axis  passing  through  this  fixed  point ;  and  I  will 
suppose  a  point  p  to  be  (^,  y,  z)  and  (£,  97,  C)  ^^  reference  re- 
spectively to  the  systems  fixed  in  space  and  fixed  in  the  body ; 
and  I  shall  suppose  the  two  systems  to  be  related  by  the  scheme 
of  direction-cosines  given  in  Art.  2.  As  the  body  moves  about 
an  axis,  which  passes  through  the  origin,  x,  y,  z  and  the  nine 
direction-cosines  vary,  but  f ,  t;,  (  do  not  vary ;  so  that  from  (2), 
Art.  2,  we  have  for  the  variations  in  the  time  dt 


dt"^  dt  ^"^If^^'dr' 
dy  _     da^         db^   .   ;>^^a 

dz  _     da^   ,db^   ,.dc^. 
dt-^'dF^'^-dJ'^^W 


{77) 
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which  valaes  of  ^  i  ^ ,  -ri  express  at  the  time  /  the  axial  com- 
ponents of  the  velocity  of  the  element  which  is  at  (a?,  y,  z). 

Let  (Axy  o>y,  »«  be  the  axial  components  of  the  angular  Telocity 
6»  of  the  body  along  the  fixed  axes  of  a?,  yy  z  respectively ;  then 
from  (72),  Art.  88, 

dx 

57  =  «»,-ya»r ; 

dx 

;^  =  C  («3^y  "•  ^2®*)  +  n  ih^v  —  *2«*)  +  f  (^a^y  —  c^^z), 

dy 

-^  =  f  («i«*  — flsWx)  +i?(iia)»— i3«x)  +  C(Cia),  — CjW,), 

In  (77)  and  (78)  (f,  17,  C)  is  the  place  of  any  particle^  and  there- 
fore ^,  7),  C  are  indeterminate ;  so  that  the  systems  of  equations 
are  identical ;  hence  we  may  equate  coefficients,  and  we  have 


>  (78) 


db.        ,  .  dc. 

</a«  £/£«        ,  ,  dc^ 

rftfo  rfio        ,  •  dc^ 

These  formulae  are  important,  and  it  is  necessary  to  understand 
their  meaning ;  we  have  arrived  at  them  indirectly,  and  there- 
fore let  us  prove  them  by  another  process. 

The  circumstances  of  the  body  are  these.  A  point  in  it  is 
fixed  and  is  the  origin  ;  at  it  originate  (1)  a  system  of  coor- 
dinate axes  {x^  y,  z)  fixed  absolutely  in  space ;  (2)  a  system  of 
coordinate  axes  {^,  ri,  C)  fixed  in  the  moving  body :  the  body 
rotates  with  an  angular  velocity  a>  about  an  axis  such  that  the 
axial  components  of  a>  along  the  axes  of  x,  y,  z  are  <ax,  (o^,  (Og ;  at 
the  time  /  the  direction-cosines  of  the  axis  of  f  are  a^,  02*  ^3» 
What  are  the  changes  of  these  quantities  due  to  the  angular 
velocity  a>?  Take  a  point  (x,  y,  z)  on  the  axis  of  f  at  a  distance 
p  from  the  origin ;  then 

iL  —  _y  —  ^  — 

«1    ""    «2    ■"    «3    ""   ^' 

dx  ^     doj  dy  da^  dz^  _      ^03 

••    Tt^^W        Tf^W        di'^^dt' 


W79) 


I  2 
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and  replaciog  -n  >  -^^  ^r  by  their  values  given  in  (72),  we  have 
at    at    at 


da,        1, 


da^ 

da^ 

and  the  other  six  equivalents  of  (79)  may  be  found  by  similar 
processes. 

Thus,  if  p  =  1,  -r^  ,  -y^ ,  -YT  are  severally  the  axial  com- 
at       at       at 

ponents  of  the  velocity  of  the  particle  on  the  axis  of  f  at  an  unit 
distance  from  the  origin  at  the  time  t. 
Also  from  (79)  we  have 


O)/  +  fOt 


(80) 


40.]  Hereby  also  the  axial  components  tax,  w^  a>«  may  be  de- 
termined in  terms  of  the  ^-differentials  of  the  direction-cosines. 
Let  us  multiply  the  three  equations  in  the  last  horizontal  row 
of  (79)  by  Cg,  ia»  ^2  respectively  and  add,  then 

also  let  us  multiply  the  three  equations  in  the  middle  row  of 
(79)  by  Oj,  A3,  C3  respectively  and  add ;  then 


da^ 


dK 


dc^ 


— .  =  «a-rf/+ft3-rf/+^3^; 


(82) 


these  two  values  of  a>^  are  in  accordance  with  the  first  equation 
of  (6)  Art.  2. 

Hence,  and  from  similar  processes,  we  have 
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Hence  also  the  equations  (75)  to  the  rotation-axis  may  be  ex- 
pressed in  terms  of  the  ^-differentials  of  the  direction-cosines  of 
the  axes  fixed  in  the  body. 

Also,  if  fi)f,  o),,  o)^  are  the  axial  components  along  the  axes  of 
^,  rj,  C  of  the  angular  velocity  of  the  body  at  the  time  t, 

<tf^     =     fll  (Ojp  +  Cg  (0J,  +  ffg  <i>^,      '\ 

w,  =  *!  cox  +  Aa  ft)y  -f-  ftg  0)^,    I  (86) 

o)^  =  Ci  0)^  +  c^  «y  -f-  Cg  o)^ ;  J 
and  conversely,     w,  =  o^  oo^  +  i^ «,  -f-  Cj  o^  ^ 

Wy.  =  fla  ^^  +  *a  ®n  +  ^2  *^^   r  (^^) 

0),   =    fls  0)^  -f  Ag  «,  +  Cg  O)^.  J 

Also,  from  the  second  vertical  row  of  (79),  we  have 

db^         db^        db^      ,,         .     ,         ,,         ,     ^         ,,         ,     . 
Ci  -^  +  C2-^-hCg^  =  (Vs- Va)®*+  (*3^i- VsH+  (V2- ViK 

using  the  equalities  contained  in  (11),  (12),  and  (13)  of  Art.  2.  By 
a  similar  process,  equivalents  of  cd,,  and  cd^  in  terms  of  the  /-dif- 
ferentials of  the  direction-cosines  are  determined,  and  we  have 

.  da»      ,  d'a.      ,  ifa«  (      db^         db^  .      </£« ) 

And  the  components  of  the  absolute  velocity  of  the  particle  m 
at  the  time  /  along  the  moving  axes  which  are  fixed  in  the  body 
may  thus  be  found  ;  let  them  be  v^,  r,,  v^;  then 
da:         dy  dz 

^  I     da^         da»         da^  \         1     dby         db^         db^  \ 

whence,  and  by  similar  processes  for  the  other  components,  we 

V,  =  f^^-Ccof^  \  (89) 

These  equations  enable  us  to  determine  the  position  of  the  ro- 
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tation-axis  at  the  time  /  relatively  to  the  axes  fixed  in  the  moTing 
body  ;  for  if  t?f  =  w,  =  t;^  =  0, 

-^  =  -^  =  -;  (90) 

0)^  «,  0)^ 

and  these  are  the  equations  to  the  line  of  quiescent  particles. 

Now,  in  the  general  motion  of  a  body^  the  axial  components 
of  the  angular  velocities  are  functions  of  the  time^  and  may  be 
expressed  in  terms  of  /  ;  and  therefore  the  position  of  the  rota- 
tion-axis will  vary  from  time  to  time  relatively  to  both  systems 
of  axes^  and  will  describe  a  conical  surface  the  vertex  of  which 
is  the  fixed  point.  If  then  we  eliminate  t  from  (75)^  the  result- 
ing equation  will  be  that  of  the  conical  surface  fixed  in  space ; 
and  if  we  eliminate  t  from  (90),  the  resultant  equation  will  be 
the  conical  surface  fixed  in  the  body;  and  these  two  conical 
surfaces  will  always  have  a  generating  line  common;  which 
will  be  the  rotation-axis  at  the  time  /.  These  are  the  cones 
referred  to  in  Art.  36. 

41.]  Let  us  now  suppose  the  body  to  be  free  from  all  con- 
straint :  let  us  as  heretofore  take  a  point  in  or  rigidly  connected 
with  the  body  to  be  the  origin  of  a  system  of  rectangular  coor- 
dinate axes  fixed  in  it  and  moving  with  it ;  relatively  to  a  system 
of  axes  fixed  in  space,  let^  at  the  time  t,  {x,  y,  z)  be  the  place  of 
a  type-particle  m  of  the  body,  and  let  (Xq,  y^*  ^0)  ^®  *^®  place  of 
the  moving  origin  ;  and  let  (^,  rj,  ()  be  the  place  of  m  relatively 
to  the  origin  and  to  the  axes  which  are  fixed  in  and  move  with 
the  body ;  then^  taking  the  scheme  of  direction-cosines  of  Art.  2, 
we  have  ^  =  ^0 +  «i^+*i'?  + ^iC  I 

y  =  Vo  +  fh^-^h-n-^-c^C,  y  (91; 

where  also  we  have  the  inverse  system 

f  =  «i  (^-^0) + «8  (y-Vo) + fls  (^-«o)^  ] 

ri  =  b^  (^-^0)  +  *a  (y-yo)  +  *8  («-«^o)>  Y  (92) 

As  the  body  moves  Xq,  y^,  Zq  and  the  nine  direction-cosines  evi- 
dently vary  ;  but  f ,  iy,  f  are  constant ;  therefore 


(93) 


dx 

dt  ~ 

dx^      .da^         d\        dc^ 
dt-^^  dt^"^  dt^^  dt' 

dy  _ 
di~ 

dt  -^  ^  df  + '^  dt  ^^  dt' 

dz 
dt~ 

dt^^dt  ^"^ dt  ^^ dt' 
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which  are  the  components  along  the  fixed  axes  of  the  velocity 
of  any  particle  nt,  and  admit  also  of  expression  in  the  following 
forms; 

-   dt  ^^        '>'\^  dt  ^1  dt  ^^^lUI 


dt 


+  (y-yo)(«,^  +  *,^  +  '^,§) 


dx       dx, 


'^rff+*»^+'^»^)' 


dt^'dt'^  («-«o)«*-(y-yo)«« 


Also  similarly. 


dy       dt/n 

^=   dt'^  (*-«'o) «*- («-«o) »*. 


(94) 


Let  Vf,  Vi,,  Of  be  the  components  of  the  velocity  of  m,  along 
the  moving  axes  of  l,ri,{i  so  that 
dx  dy  dz 

/     db.  .      db^         db^\      ^/     rfc,         rfc-         dc^\ 

'^^n  "^Vn  <^^n 


<;^ 


<;^ 


<;/ 


f,  =  *i§  +  4.%+*,^  +  f«f-C«t,   !►  (95) 

£/^o  ^Vo  ^^o  ^ 

In  these  ezpresBions  the  first  three  terms  of  each  are  the  re- 
solved parts  along  the  axes  of  $,  17,  C  of  the  velocity  of  the  moving 
origin ;  and  the  last  two  terms  are  the  velocities  due  to  the  ro- 
tation abont  an  axis  passing  through  the  moving  origin.  But 
the  point  (Xq,  yo,  Zq)  is  arbitrary ;  so  that  we  have  the  following 
theorem ; 

An  infinitesimal  motion  of  a  body  in  a  time  dt  is  compounded 
of  a  motion  of  translation  of  any  particle  of  it  at  (Xq,  y^,  Zq), 
and  of  a  motion  of  rotation  of  the  body  about  an  axis  passing 
through  that  point. 
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If  01  is  the  angular  velocity  about  the  rotation-axis  passing 
through  (x^y^^zo),       0.00  ,0^, 

and  the  direction-cosines  of  its  rotation-axis  are 

^,  ^,  ^.  (97) 

CA  O)  CO 

If  the  displacement  of  translation  lies  along  the  rotation-axis  of 
the  angular  velocity,  the  motion  is  compounded  of  a  sliding 
along  a  line  and  of  a  rotation  about  that  line  :  this  is  indeed  the 
case  which  we  have  considered  in  Art.  36 ;  the  sliding  axis  of 
rotation  being  the  central  axis  of  the  body ;  the  motion  of  the 
body  is  helical ;  and  we  may  thus  find  the  equations  of  the  cen- 
tral axis. 

Let  (^jy,  j/q,  Zq)  be  any  point  chosen  arbitrarily ;  of  the  displace- 
ment of  translation  of  which  let  d^Q,  dyQ,  dz^  be  the  projections 
on  the  fixed  axes.  Let  («r,  y^  z)  be  a  point  on  the  central  axis ; 
this  point  has  therefore  only  the  sliding  displacement  of  transla- 
tion, and  the  line  of  its  motion  is  along  the  rotation-axis  of  the 
angular  velocity ;  therefore  dx^  dy,  dz  are  proportional  to  atjc, 
(0,,  a>x  respectively.    Hence  from  (94), 

dxn  dVii 


—  (a?— fl?o)(i>j 

;(98) 


-^  +(y-yo)«*-(«^-«oK 


from  which  we  have 


Wy  dzQ — cng  dy^  (Og  dxQ — q,  dz^ 


"^""^^^       ^.^t        y-vo-    -2rf^ 


0 


<i)x  f^p 

f^xdyQ—fdpdxQ 


z  —  z^  — 


o^dt 


(99) 

which  are  the  equations  to  the  central  axis ;  and  are  identical 
with  (61),  Art.  35,  if  the  origin  is  taken  at  the  point  (Xq,  yQ,  Zq)  ; 
in  which  case  dx^,  dy^^  dzQ  become  respectively  (,  rj,  C  of  that 
Article. 

42.]  The  two  systems  to  which  the  rotation  of  a  rigid  body 
has  been  referred  in  the  preceding  Articles  are  related  to  each 
other  by  means  of  nine  direction-cosines,  but  as  six  equations  of 
condition  are  given,  only  three  of  the  direction-cosines  are  arbi- 
trary ;  that  is,  three  independent  variables  are  sufficient  for  pass- 
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ing  from  one  system  of  rectangular  coordinates  to  another^  both 
of  which  originate  at  the  same  point.  I  proceed  to  explain  the 
mode  of  expressing  angular  velocities  referred  to  one  system  in 
terras  of  angular  velocities  referred  to  another  system  by  means 
of  the  formulae  which  are  investigated  in  Art.  8 ;  and  to  give 
clearness  to  our  thoughts  let  us  consider  the  systems  of  axes 
which  are  delineated  in  Fig.  1.  o  is  the  common  point  at  which 
the  two  systems  originate,  and  from  o  as  a  centre  let  a  sphere  of 
radius  unity  be  described,  on  the  surface  of  which  the  great 
circles  delineated  in  the  figure  are  supposed  to  be.  Let  (»«,  <a^,  (»«> 
u^,  m^y  cd^  be  the  angular  velocities  about  the  axes  of  3P,  y,  z,  (,  rj,  ( 
respectively.  Let  the  planes  of  (jpy)  and  of  ((rf)  intersect  in  the 
line  ON,  and  be  inclined  to  each  other  at  the  angle  6 ;  so  that  6 
is  also  the  angle  between  the  axes  o{ z  and  C;  on  is  technically 
called  the  line  of  nodes.  Let,  in  Art.  3,  j?on  =  >/r,  f  on  =  <^ ; 
then,  as  the  body  moves,  0,  ^,  and  <^  vary.  The  angle  $  is  tech- 
nically called  the  obliquity,  and  -rr  is  the  angular  velocity  of  the 

body  about  the  line  o  n  ;  --^  is  the  angular  velocity  about  the  axis 

of  C;  -^  is  the  angular  velocity  about  the  axis  of  z,  and  indi- 
cates the  velocity  with  which  on  moves  along  the  plane  of  (o^y) ; 
it  is  called  the  velocity  of  precession,  the  precession  being  the 
angle  ^on  ;  and  the  precession  is  direct  or  retrograde  according 
as  the  angle  yjt  is  increasing  or  diminishing.  The  angular  velo- 
city -r^  is  sometimes  called  the  nutation ;  of  these  terms  how* 

ever  and  of  the  origin  of  them  more  will  be  said  hereafter. 
Let  us  express  the  angular  velocities  a>{,  a>„  »;  in  terms  of 

Ti*  -^y  ^^d  "JT  *  ^^^^  is,  let  us  resolve  the  latter  along  the  ro* 
at    dt  dt 

tation  axes  of  the  former; 

O)^  =  ^  COS  f  ON  -f  -^  COS  f  of  +  -^  COS  toz 

=  ^  cos<^  -f-  -T~  sin  d  sin  <^ ;  (100) 


(101) 

Google 


»,  = 

de 

di^' 

iyON  + 

d<i> 

dt 

C081J 

oC  + 

dyjr 

dt 

COS  rj  oz 

de 
-di' 

lin^-h 

dyfr 
dt 

sind 

cos^ 

9 

vol. 

IV. 

K 
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do  d(b  ^      dyU 

(OC  =  -^C08fON+  -jT-C08foC+  -77-COSfOir 

at  at  at 

Therefore  by  elimination 
do 
dt 

drfr       0)^  8in  ^  +  ^1}  009  <^ 
If  ~  sind  * 

d<b  cos  0         ,  ,  ^,^ 

-^  =  »<  -  iO  ^"^^ ^^^  ^'^^  ^*  *^ '       ^     ^ 

whereby  -jt>  -^^  -^  are  given  in  terms  of  the  angular  velo- 
cities of  the  body  about  three  axes  fixed  in  and  moving  with  it ; 
and  if  by  integration  or  otherwise  0y  yjf,  ^  can  be  found  in  terms 
of  t,  these  quantities  will  determine  the  place  of  the  body  at  a 
given  time. 

If,  to  fix  our  thoughts^  the  moving  body  is  the  earthy  of 
which  of  is  the  polar  axis ;  then  the  plane  of  ((rj)  is  the  equator  ; 
and^  if  the  plane  of  {ay)  is  the  ecliptic,  the  axis  of  z  passes 
through  the  pole  of  the  ecliptic,  which  is  fixed  in  the  heavens. 
In  this  case  $  is  the  obliquity  of  the  .ecliptic,  on  passes  through 
the  vernal  and  the  autumnal  equinoxes  and  is  the  line  of  equi- 
noxes ;  and  <t>  is  the  longitude  of  a  certain  meridian  plane,  vis. 
(oC  measured  from  the  line  of  equinoxes. 

Let  this  much  at  present  suffice  for  the  cinematics  of  a  mov- 
ing body ;  the  subject  however  is  far  from  being  exhausted ;  we 
shall  return  to  it  hereafter  in  a  more  general  case,  and  we  shall 
arrive  at  formulae  of  which  all  the  preceding  are  only  particular 
cases^ 
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CHAPTER    III. 


THE   DYNAMICS   PROPER   OF   A   MATERIAL  SYSTEM. 

Section  I. — UAlemberfs  Principle;  the  eqtiatione  of  motion  of 
a  materuU  system. 

43.3  Ws  now  come  to  the  dynamics  proper  of  a  material 
system. 

A  material  system  is  an  assemblage  of  particles  dependent  on 
each  other  by  the  sjfSAon  of  certain  forces  which  have  their  origin 
in  and  pervade  the  system.  These  are  called  internal  forces  and 
are  generally  different  in  different  systems.  The  system  also  is 
such  that  if  one  particle  or  body  of  it  moves  by  the  action  of  a 
force  external  to  the  system^  one  or  more  of  the  other  particles 
will  also  move.  Thus  a  material  system  is  always  subject  to 
the  action  of  internal  forces ;  and  may  also  be  acted  on  by  ex- 
tfemal  forces^  in  which  case  the  system  will  move.  Let  us  first 
consider  the  former  forces ;  and  the  constitution  of  the  system 
of  the  particles  as  it  depends  on  the  nature  of  these  internal 
forces. 

(1)  The  system  may  be  a  rigid  body ;  then  the  internal  forces 
are  molecular^  and  of  such  an  intensity  that  all  the  particles  of 
the  body  are  at  relative  rest  during  the  whole  motion ;  and  the 
external  forces^  whatever  are  the  particles  they  act  on,  do  not 
effect  any  separation  of  the  particles ;  so  that  the  molecular  forces 
are  infinitely  great  in  comparison  of  them.  Such  a  system  is 
not  probably  fonnd  in  nature :  all  bodies  are  more  or  less  com- 
pressible and  elastic^  and  the  particles  have  a  relative  motion 
under  the  action  of  external  forces.  Nevertheless  as  such  a 
system  is  imaginable^  and  is  the  limit  towards  which  rigid  bodies 
in  nature  tend^  it  is  necessary  to  consider  it  and  to  discuss  its 
properties. 

(2)  The  system  may  consist  of  particles  invariably  connected 
by  rigid  and  inextensibie  rods^  which  are  capable  of  bearing  force 
of  either  compression  or  extension;  so  that  during  the  motion 
the  particles  are  at  relative  rest.     This  system  has  dynamically 

K  2 
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the  same  properties  as  the  former,  and  differs  only  in  the  nature 
of  the  internal  forces.  As  in  this  and  the  former  cases  the  par- 
ticles have  always  the  same  relative  places^  these  systems  are 
called  geometrical. 

(3)  The  several  particles  of  the  system  may  be  connected  by 
flexible  and  extensible  strings  or  rods;  in  which  case  the  in- 
ternal forces  acting  on  the  particles^  by  the  strings  or  rods,  may 
vary  from  time  to  time  as  the  system  moves^  and  according  to 
the  nature  of  the  external  forces.  We  have  instances  of  these 
systems^  when  bodies  move  about  pulleys  by  means  of  flexible 
strings,  either  extensible  or  inextensible ;  when  a  perfect  pen- 
dulum vibrates  with  an  extensible  rod. 

(4)  The  system  may  consist  of  particles  and  of  bodies  which 
act  on  each  other  by  mutual  attractions  or  repulsions ;  and  these 
may  be  functions  of  the  several  distances  of  the  particles  or 
bodies ;  so  that  during  the  motion  of  the  system  its  form  may 
not  be  invariable.  The  solar  system  is  of  this  nature,  in  which 
we  have  a  series  of  planets,  secondaries,  &c.  subject  to  mutual 
attractions.  We  have  also  other  systems  of  the  same  kind  in 
the  motion  of  liquids ;  of  oscillating  flexible  cords ;  of  air ;  of 
the  ethereal  medium,  &c. ;  in  all  which  cases  the  form  of  the 
system  is  continually  changing. 

These  two  latter  are  generally  called  dynamical  systems. 

Such  are  some  of  the  material  systems,  the  motion  of  which 
we  have  now  to  examine.  They  consist  of  material  particles, 
each  of  which  is  acted  on  by  certain  forces  both  internal  and 
external.  Now  if  all  the  forces  which  act  on  any  one  particle 
are  given,  the  motion  of  that  particle  may  be  determined  by  the 
processes  of  Vol.  III.  The  internal  forces  however  are  generally 
not  known,  and  the  determination  of  them  is  beyond  our  power. 
Let  us  then  consider  whether  the  equations  of  motion  of  the 
Aggi'^&^e  system  cannot  be  constructed  without  a  knowledge 
of  these  internal  forces,  and  thus  without  a  knowledge  of  the 
motion  of  the  several  constituent  particles.  With  this  object  in 
view,  we  must  examine  the  circumstances  of  motion  more  ex- 
actly, and  this  we  shall  do  by  contrasting  it  with  that  of  a  single 
particle. 

When  a  single  particle  moves  under  the  action  of  a  certain 
external  force,  the  expressed  momentum  is  equal  to  that  im- 
pressed on  it  by  this  force,  whether  these  are  respectively  iufini-* 
tesimal,  which  is  the  case  when  a  finite  force  acts  for  an  infini- 
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tesimal  time-element;  or  whether  the  momentum-iQcrease  is 
finite,  Tis  ia  the  case  when  an  instantaneous  force  acts.  These 
results  are  consequent  on  that  property  of  matter  which  we  call 
Inertia. 

In  the  motion  of  a  material  system,  the  momentum  expressed 
in  any  particle  is  not  necessarily  equal  to  that  impressed  on  it 
from  an  external  source,  because  each  particle  is  influenced  or 
constrained  by  one  or  more  of  the  other  particles ;  that  is^  is 
acted  on  by  internal  forces^  as  we  have  just  now  explained, 
and  thus  it  is  not  free  for  the  development  of  the  momentum 
communicated  to  it.  The  expressed  momentum  may  be  either 
greater  or  less  than  that  impressed  by  the  external  forces  accord- 
ing to  the  internal  forces  which  act  on  it  from  the  other  parti- 
cles. Some  other  principle  therefore  beyond  that  of  inertia  is 
necessary  for  the  construction  of  equations  by  which  the  motion 
of  the  system  may  be  determined.  This  has  been  supplied  by 
D'^Alembert.  It  was  first  enunciated  in  a  Memoir  read  before 
the  Academy  of  Sciences  in  Paris  at  the  end  of  the  year  1742 ; 
and  it  is  now  always  known  as  "  D'Alembert^s  Principle.^'  I 
propose  to  consider  the  circumstances  which  require  it  in  one  or 
two  piui;icular  cases ;  because  by  these  it  will  be  better  under- 
stood. And  although  I  shall  take  continuously  acting  finite 
forces  by  which  momentum-increments  are  impressed,  yet^  as 
what  is  true  of  them  will  also  be  true  of  momenta  impressed 
by  instantaneous  forces,  the  explanation  will  be  applicable  to 
both  kinds  of  force. 

44.3  In  the  first  place,  a  difference  usually  exists  between  the 
momentum-increment  impressed  on,  and  that  expressed  in  the 
motion  of  a  particle  of  a  material  system.  To  shew  that  this  is 
the  case,  let  us  suppose  a  heavy  rigid  body  to  be  composed,  say, 
one  half  of  pith,  and  the  other  half  of  gold ;  and  suppose  it 
to  fall  towards  the  earth  through  the  air  which  is  a  resisting 
medium.  Now  gravity  acts  as  an  accelerating  force  equally  on 
the  pith  and  the  gold ;  that  is,  gravity  impresses  equal  velocity 
on  both ;  and  in  an  exhausted  receiver  of  an  air  pump,  as  we 
well  know,  both  fall  through  equal  vertical  spaces  in  equal  times, 
and  both  in  equal  times  acquire  equal  velocities.  The  air  how- 
ever by  its  resistance  is  a  retarding  force,  and  acts  with  greater 
effect,  cseteris  paribus,  in  diminishing  velocity  on  bodies  whose 
density  is  more  nearly  equal  to  its  own  density  than  it  does  on 
those  whose  density  is  greater.     Hence  the  velocity  of  the  pith 
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will  be  diminished  by  the  action  of  the  air  more  than  the  velo- 
city of  the  gold  if  both  were  of  equal  size  and  shape  and  were 
separate.  If  the  two  substancea  were  separated  the  gold  woald 
fall  faster  than  the  pith ;  that  is^  in  other  words,  in  a  given  time 
greater  velocity  would  be  impressed  upon  and  expressed  in  the 
gold  than  in  the  pith.  Let  the  two  be  connected  so  that  the 
retarding  action  of  the  air  is  equal  on  both  ;  by  reason  of  the 
connection  all  falls  together ;  and  has  therefore  a  common  velo- 
city ;  and  in  neither  the  pith  nor  the  gold  is  the  momentum  ex- 
pressed equal  to  that  impressed,  for  the  expressed  momentum 
of  the  gold  is  less  than  it  would  be  if  it  were  not  attached  to  the 
pith ;  and  the  expressed  momentum  of  the  pith  is  greater  than 
it  would  be  if  it  were  separate  from  the  gold.  Some  of  the  mo- 
mentum which  is  impressed  on  the  gold  is  not  expressed  in  its 
motion ;  and  that  expressed  in  the  pith  is  in  excess  of  that  which 
is  impressed  on  it.  The  gold  therefore  loses  momentum  as  ex- 
hibited in  that  expressed^  and  the  pith  gains. 

Again^  let  us  take  an  instance  which  is  similar  to  that  for  the 
solution  of  which  the  principle  was  first  devised.  Let  us  sup- 
pose a  circular  horizontal  plate  to  rotate  about  a  verticjd  axis 
passing  through  its  centre ;  and  let  us  suppose  it  to  rotate  in 
the  exhausted  receiver  of  an  air  pump,  so  that  no  diminution  of 
velocity  takes  place  by  reason  of  the  resistance  of  the  air.  At 
the  ends  of  the  vertical  axis  let  pivots  be  placed  in  fixed  centres, 
so  that  the  plate  continues  to  rotate  about  the  fixed  vertical 
axis ;  and  let  the  friction  of  the  pivots  be  the  sole  cause  of  the 
diminution  of  the  velocity  of  the  plate.  Now  to  the  plate  let  a 
certain  angular  velocity  be  imparted ;  then  if  the  plate  thus 
rotating  were  divided  into  two  equal  concentric  parts,  the  mo- 
mentum of  the  exterior  part  would  be  greater  than  that  of  the 
interior,  in  the  ratio  indeed  of  2 5  —  1  to  1 ;  and  therefore  if  the 
interior  part  alone  rotated  it  would  be  brought  to  rest  by  the 
friction  of  the  pivots  much  sooner  than  the  exterior  part  would^ 
if  it  were  connected  with  the  axis,  the  interior  part  having  been 
removed.  However  if  the  whole  forms  one  rigid  body  all  is 
simultaneously  brought  to  rest ;  the  exterior  in  less  time  than  it' 
would  be,  if  it  were  separated  from  the  interior ;  and  the  in- 
terior in  longer  time  than  it  would  be  if  it  were  alone.  In  the 
withdrawal  therefore  of  the  momentum  of  the  plate  by  the  fric- 
tion of  the  pivots,  the  diminution  of  the  exterior  part  is  greater, 
and  that  of  the  interior  part  is  less  thai^  it  would  be  if  each  were 
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separate  fram  the  other.  Thus  the  exterior  loses  and  the  in- 
terior gains  momeutum.  In  neither  one  part  nor  the  other 
is  the  momentum  expressed  equal  to  that  impressed.  Similarly 
if  the  plate  is  divided  into  concentric  rings  of  infinitesimal 
breadth^  generally  the  expressed  momentum-increment  of  any 
ring  (I  use  the  term  increment  algebraically)  is  not  equal  to  the 
impressed.  It  is  so  doubtless  in  a  certain  ring,  but  all  rings 
external  to  that  lose  momentum ;  and  all  rings  internal  to  it 
gain  momentum ;  and^  as  we  shall  presently  shew^  the  aggregate 
of  the  momentum  lost  throughout  the  plate  is  equal  to  the  aggre* 
gate  of  that  which  is  gained. 

45.]  What  has  here  been  said  of  rigid  bodies,  is  also  generally 
true  of  material  systems.  In  the  motion  of  each  particle  a  dif- 
ference will  exist  between  the  momentum  impressed  by  a  given 
external  force  and  that  expressed  in  the  motion  of  the  particle ; 
and  this  difierenoe  too  exists  not  only  in  the  intensity  of  these 
momenta  but  also  as  to  their  lines  of  action ;  the  particle  m  (say) 
will  not  move  along  the  line  of  action  of  the  force  which  impresses 
momentum,  as  it  would  do  if  it  were  free,  but  it  will  generally 
move  along  some  other  line ;  thus  the  momentum  due  to  the 
acting  force  is  not  expressed  in  the  particle's  motion  either  as 
to  intensity  or  as  to  line  of  action.  And  the  connection  of  the 
particle  with  other  particles  of  the  system  is  the  cause  of  this 
difference. 

On  what  however  is  this  difference  spent  ?  the  mpmentum  is 
impressed  ;  matter  is  inert  and  cannot  absorb  it ;  it  is  not  ex- 
pressed in  the  motion  of  the  particle  on  which  the  force  acts ;  it 
must  therefore  be  expressed  elsewhere;  and  must  in  the  first 
place  produce  a  strain  or  an  action  between  that  particle  and 
one  or  more  of  the  other  particles  of  the  system.  And  what  is 
the  result  of  this  ?  It  must  be  that  these  other  particles  will 
gain  exactly  as  much  momentum  as  the  original  particle  m  has 
lost.  A  similar  result  will  also  be  true  for  every  other  particle 
of  the  system ;  so  that  the  sum  of  the  momenta  expressed  in 
all  the  particles  will  be  equal  to  the  sum  of  those  impressed. 
Thus^  if  the  momenta  are  calculated  throughout  the  system,  the 
sum  of  those  which  are  lost  is  exactly  equal  to  those  which  are 
gained.  Hence  the  differences  between  the  impressed  and  the 
expressed  momenta,  taken  throughout  the  system,  are  in^equili. 
brium,  and  satisfy  the  equations  (94)  and  (95),  Art.  57.  Vol.  III. 
This  theorem  of  t«he  equality  of  the  impressed  and  expressed 
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momenta,  taken  through  the  whole  material  system  in  motion^ 
was  devised  first  by  D'Alembert^  and  is  now  called  D'\lemberf  8 
Principle.     It  is  enunciated  in  the  following  form  ; 

When  a  material  system  is  in  motion^  and  is  acted  on  by 
forces  which  impress  momenta,  the  momenta  lost  by  all  the  par- 
ticles of  the  system  are  in  equilibrium. 

In  this  enunciation  the  term  '^ momentum  lost''  is  equivalent 
to  the  excess  of  the  momentum  impressed  over  that  expressed 
in  any  particle  of  the  system.  The  term  also  is  employed  alge- 
braically^  and  includes  cases  in  which  the  expressed  momentum 
is  in  excess  of  that  impressed.  It  will  be  perceived  that  in  the 
explanation  above,  we  have  fixed  our  thoughts  on  a  particle  in 
which  the  impressed  momentum  is  greater  than  that  expressed. 

If  the  system  is  acted  on  by  finite  accelerating  forces,  so  that 
infinitesimal  momentum-increments  are  impressed  in  infinitesi- 
mal time-elements,  the  term  momentum  in  the  preceding  enun- 
ciation must  be  replaced  by  "  momentum-increment.'* 

The  mathematical  expression  of  this  principle  is  as  follows ; 

Let  mi,  m^,  m, ...  mn  be  the  particles  of  which  a  system  is 
composed ;  of  which  let  m  be  the  type^  and  let  (^,  y,  z)  be  its 
place  at  the  time  t ;  let  x,  y,  z  be  the  axial  components  of  the 
momentum-increment  impressed  by  the  external  forces  on  m ; 
and  let  i  cos  a,  i  cos  /9,  i  cos  y  be  the  axial  components  of  the 
momentum-increment  arising  from  the  internal  forces;  then  the 
equations  of  motion  of  translation  of  m  are 

-SL^-m-jj^  =  I  cos  a. 


z  — w 


d^ 


=  icosyj 


let  the  equations  of  which  these  are  the  types  be  written  for 
every  particle  of  the  system ;  and  let  them  be  added ;  then  we 
have 

d^x\  _ 


2.1  cos  a, 


2.1  cos  ^, 


2.1  COS  yj 
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if  however  the  system  is  such  that  all  the  momentum-increments 
arising  from  the  internal  forces  neutralize  each  other,  the  right 
hand  members  of  the  preceding  equations  vanish ;  and  we  have 


(^ 


.  m  -r-s- 1  =  0. 


This  is  one  form  of  the  equations  of  motion  which  is  involved  iu 
D*Alembert*8  Principle. 

46.]]  Before  we  proceed  to  the  complete  and  purely  mathema- 
tical expression  of  the  principle^  and  to  the  investigation  of  the 
general  equations  which  arise  out  of  it,  I  will  explain  two  or 
three  simple  problems,  so  that  the  mode  of  application  may  be 
more  exactly  apprehended.  Certain  circumstances  must  be 
omitted,  because  we  have  not  yet  deduced  from  the  principle 
theorems  which  they  require.  Hereafter  the  problems  will  be 
treated  completely. 

Ex.  1.  Let  m  and  m\  Fig.  17,  be  two  heavy  particles  attached 
to  the  ends  of  a  perfectly  flexible  and  inextensible  string,  which 
we  will  suppose  to  be  without  weight.  The  string  with  the 
weights  at  its  ends  is  suspended  over  a  small  pulley  which  we 
will  assume  to  be  without  inertia  and  tq  be  perfectly  smooth. 
It  is  required  to  determine  the  motion  of  the  particles  and  the 
tension  o&the  string. 

Let  A  and  a'  be  the  places  of  m  and  m'  at  the  beginning  of 
the  time,  p  and  p'  at  the  time  / ;  oa  =  a,  oV  z^  of ;  op  =  or, 
oV=a?';  .      ar-h^'  =  a  +  fl'.  (1) 

Let  us  consider  the  circumstances  at  the  beginning  of  the 
motion.  Let  us  suppose  impulsive  forces  to  act  on  m  and  m' 
downwards,  and  to  impress  on  them  velocities  u  and  u' ;  that  is, 
f»  and  m'  would  move  with  velocities  u  and  t/  by  the  action  of 
the  impulsive  forces,  if  they  were  free.  Let  v  and  w'  be  the  ex- 
pressed velocities  of  each  in  its  constrained  state ;  and  let  r  and 
T  be  the  tensions  of  the  strings  oa  and  o'a',  when  /  =  0.  Then, 
as  the  impressed  and  expressed  momenta  of  m  are  respectively 
mu  and  mv,  _  /o\ 

and  similarly  /  ^  ^V  -  wV.  (3) 
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dx      dx' 
But  sincse  from  (1)  ^  +  -^  =  0 ; 


v+v'^  0,  and  r'=  —v. 

As  the  pulley  has  no  inertia,  and  neither  friction  nor  roughness, 
t  =  t':  I 


m  +  ^ 
which  gives  the  velocity  of  descent  of  m,  and  of  ascent  of  m\ 
when  /  =  0.    Also 


r  ^  T  z=^ 


mw'(tt  +  tt') 


(5) 


Let  us  next  consider  the  circumstances  at  the  time  t ;  that  is, 
when  the  bodies  are  no  longer  under  the  action  of  impulsive 
forces^  but  of  the  continuously  accelerating  force  of  gravity. 
Then  the  impressed  and  the  expressed  momentum-increments 

of  t»  are  respectively  m^  and  m-^Tj;  and  of  t»',  m'^  and  m' ^^^ ; 

also  let  the  tension  of  the  string  op  =  t,  and  of  the  string  o'p'=  t'; 

d^x 
.-.     T  =  f»y-m-^,  (6) 

T'=m>-m'^;  (7) 


but  from  (1) 


d^x      dV 
-4-         =  0 


And  as  the  pulley  has  no  inertia  and  is  smooth  and  free  from 
friction,  by  D^Alembert's  principle,  t  =  t', 

d!^x         ,  ,  d^x 


^S-^-;^^  ^Sf-^^-^ 


d^x 
dt^ 


m^-m'  d^x' 

9=""dii' 


m  +  m 
m  —  m: 


dx  


d3^ 


+  t;  = 


w  — w 


df 
X  =  a  +  vt  + 


m  — wi'  1 


9t\ 


7i9^. 


a/=  a-vt-—-—r^gi^', 

_j       imm'q 
t»  +  m 
so  that  all  the  drcnmstanoes  of  motion  are  determined. 


(8) 


(9) 


(10) 


(11) 
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Ex.  2.  Let  m  and  m'.  Fig.  18,  be  two  heavy  particles  attached 
by  means  of  flexible  and  inextensible  strings  without  weight  to 
a  wheel  and  axle  respectively,  which  are  supposed  to  be  without 
inertia;  the  initial  drcumstances  being  given,  it  is  required  to 
determine  the  subsequent  circumstances  of  motion. 

In  Fig.  18,  c  is  the  common  centre  of  the  wheel  and  axle ; 
CO  =  c,  co'  =  d  are  the  radii ;  a  and  a'  are  the  places  of  m  and 
m'  when  /  =  0,  p  and  p'  when  /  =  ^ ;  oa  =  a,  o'a'  =  a',  op  =  x, 
oV=  af. 

As  X  increases  by  dx^  and  as  a/  decreases  by  daf^  let  the  wheel 
and  axle  rotate  through  an  angle  dO ;  so  that 

dx  =  cde,  dx'  =  ^d  dBy 

dx         de  dx'  ,d0  ,-«, 

di^-^dt*'  'd^-~'^W         ^***' 

Let  as  consider  the  circumstances  at  the  banning  of  the 
motion ;  and  let  the  symbols  be  the  same  as  those  of  the  pre- 
ceding example ;  then 

By  D'Alembert's  principle  these  tensions  are  in  equilibrium; 

(15) 


therefore 

CT  =  e'r 

and  from  (12) 

V             v' 

c-  ~T' 

•  < 

c  "" 

r 

"7  = 

tf       cmu  —  tfm'ti 
c  ~    i»c*  +  «»V«    ' 

(16) 

(17) 

whereby  the  initial  velocities  of  the  particles  and  the  initial  ten- 
sions of  the  strings  are  known. 

Let  us  now  consider  the  circumstances  at  the  time  t ;  and  let 
the  symbols  be  the  same  as  those  of  the  preceding  example;  then 

d'af 

d*e 

=zmg-mc-^;  (18) 

T'=  mff-m  -^ 
=  m'ff+m'c'-j^;  (19) 


L  2 
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mc 

-m'c' 

~  mc* 

+  m'c'* 

ffi 

jnc—m'c 

C^"'. 

-V')  = 

mc  —  m'c 

(21) 
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and  as  these  tensions  are  in  equilibrium  by  D'Alembert's  prin- 
ciple, we  have  cT  =  tf'T';  (20) 

dH 
"    IT*'- 

1  d*a? 2. 

c  dt*  ~       <f 
1  /dx        \  1    idx'       ,\        mc  —  nic      , 

...    ^^a  +  rZ  +  c*"!-"*'/,,^;  (22) 

f»c*4i»c*    2 

«»      Vj^..v     .>  mc  —  m'c'   gt*  ,oo\ 

CT  =  cV=££^^?^^(£+^>;  .     (24) 

whereby  all  the  circumstances  of  motion  in  both  the  initial  and 
the  general  states  are  known. 

Ex.  8.  A  heavy  chain^  flexible  and  inextensible^  homogeneous 
and  smooth^  hangs  over  a  small  pulley  at  the  common  vertex  of 
two  smooth  inclined  planes ;  it  is  required  to  determine  the  mo- 
tion of  the  chain. 

Let  the  two  inclined  planes,  the  chain  and  the  pulley,  be  re- 
presented in  Fig.  19,  each  of  the  inclined  planes  being  supposed 
to  be  longer  than  the  length  of  the  chain  ;  so  that  the  chain,  as 
we  consider  its  motion^  is  on  one  or  the  other  of  the  planes.  Let 
o  be  the  common  vertex  of  the  two  planes ;  a  and  a'  the  ends  of 
the  chain  when  /  =  0,  p  and  p'  the  ends  when  /  =  / ;  oa  =  a, 
oa'=  o',  op  =  a?,  op'  =  x'l  and  let  o  and  a  be  the  angles  of  in- 
clioatidn  of  the  planes  to  the  horizon ;  /  =  the  length  of  the 
chain ;  therefore         ^.,      ^  .    ,      ,  xot v 

We  will  suppose  the  chain  to  be  initially  at  rest.  Let  w  be  the 
area  of  a  transverse  section,  p  =  the  density ;  t  =  the  tension 
at  the  time  t ; 

.-.     T  =  wpo?  ^^sina— -^^  =  a)pa?  I^smo  — -^^p(2o) 

d^x       sin  a  +  sin  a 


dt^  "  I 

d^x'         sin  a  4-  sin  a' 


^a?— ^sino';  (27) 

gx'  —g%\Xia\  (28) 


di^    ■"  / 
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rfo?*       flr(8ma  +  8ina),  „         ax     o      •      '  /  x    /ons 

.-.      j7a  =  ^^-^^ / (^  -  ^  ) -2^  8'^  a  (.r  -  a) ;  (29) 

-^  =  ^?^-^ ^^ (a.a-a»)-2 igr  8in  o  (^-a ) ;  (30) 

whence  the  relations  between  x  and  i,  and  between  ^'  and  /^ 
may  be  found ;  but  the  form  of  the  equations  is  too  compli- 
cated to  be  of  any  use.     Also 

T  =  ^£i^  (sin  o+  sin  a ).  (31) 

If  the  chain,  instead  of  resting  on  two  inclined  planes,  hangs 
over  a  small  pulley  without  inertia,  then,  all  the  other  circum- 
stances being  the  same,  a  =  a  =  90^ ;  and  the  equations  of 
motion  are  ^.^  ^  ^^ 


(82) 


47.3  The  following  explanation  of  D'Alembert's  principle  is 
much  the  same  as  that  which  he  first  gave  in  the  Traits  de  Dy- 
namique ;  and  as  it  will  thus  be  stated  in  a  mathematical  form, 
the  general  equations  of  motion  will  be  most  conveniently  de- 
duced from  it. 

Let  p^  Fig.  20,  be  the  place  of  a  particle  m  of  a  material 
system.  During  the  infinitesimal  time  dt  let  a  force  act  on  m 
which  would  impress  on  it,  if  it  were  free,  a  velocity  whose 
line-representative  is  pa;  let  the  impressed  velocity  be  v;  so 
that  my  is  the  impressed  momentum  along,  and  proportional  to 
PA ;  let  V  be  the  velocity  of  m  ;  that  is,  let  mv  be  the  expressed 
momentum ;  and  let  its  line  of  action  be  pb  ;  let  PC  be  the  line 
which  would  complete  the  parallelogram  of  which  pa  is  the 
diagonal,  and  pb  one  of  the  containing  sides :  then  resolving  v 
into  the  velocity  t;  along  pb,  and  v'  along  PC,  t/,  which  is  repre- 
sented by  PC,  is  the  velocity  lost ;  and  mi/,  which  is  proportional 
to  and  acts  along  pc,  is  the  momentum  lost.  D'Alembert's 
principle  asserts  that  all  the  lost  momenta  taken  throughout 
the  qratem  are  in  equilibrium.     His  words  are ; 

D^oomposez  les  mouvements  a,  b,  c iinprimees  a  chaque 

corps,  chacun  en  deux  autres  a,  a ;  b,  p;  c^y;  qui  soient 

tels  que  si  Ton  n'e&t  imprimee  aux  corps  que  les  mouvements 
a,b,c, ..,  ils  eussent  pu  conserver  ces  mouvements  sans  se  nuire 
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r&iproquement ;  et  que  si  on  ne  leur  eCLt  imprim^  que  les  monve- 
ments  ayP^y, ,  le  systeme  f&t  demeure  en  repos. 

Again^  produce  bp  to  b'^  so  that  pb'  =  pb  ;  then  the  momen- 
tum represented  by  pc  is  evidently  the  resultant  of  those  repre- 
sented by  PA  and  pb^;  hence  we  have  D'Alembert's  principle  in 
the  following  form ; 

If  the  expressed  momenta  of  the  several  particles  of  a  ma- 
terial system  are  estimated  in  a  direction  the  contrary  of  that 
in  which  they  act,  they^  together  with  the  impressed  momenta 
when  taken  through  the  whole  system,  will  satisfy  the  conditions 
of  statical  equilibrium. 

48.]  Such  is  D'Alembert's  principle,  as  to  its  origin  and  as 
to  its  form  of  expression ;  it  reduces  all  the  theorems  of  motion 
of  material  systems  to  those  of  statical  equilibrium ;  and  so  it  is 
commonly  said  that  D'Alembert  reduced  dynamics  to  statics. 
The  principle  does  not  indeed  directly  furnish  the  equations  ne- 
cessary for  the  solution  of  the  different  problems  of  dynamics; 
but  it  teaches  the  mode  by  which  they  are  to  be  deduced 
from  the  equations  of  equilibrium ;  and  thus^  if  we  apply  to 
the  ^'  momenta  lost/'  the  conditions  of  statical  equilibrium,  the 
dynamical  equations  will  be  formed.  It  is  evident  too  that  we 
may  introduce  them  as  pressures  into  the  equation  of  vertical 
velocities,  and  this  will  hereafter  be  done.  The  equations  of 
equilibrium  of  a  system  of  pressures  acting  on  the  several  points 
of  a  rigid  body  are  investigated  in  Vol.  III.  The  number  of 
them  is  six ;  of  which  three  are  of  translation  and  three  are  of 
rotation :  the  momenta  lost  must  satisfy  these  six  conditions. 

Firstly,  let  us  suppose  the  acting  forces  on  the  system  of  par- 
ticles to  be  impulsive  and  instantaneous,  so  that  finite  momenta 
are  impressed  instantaneously,  and  the  expressed  momenta  are 
also  instantaneously  developed. 

Let  m  be  the  symbol  of  a  type-particle ;  {x,  y,  z)  its  place  at 

the  time  /;  -ri^  ^^  -ri  tbe  axial  components  of  its  expressed 

velocity  due  to  the  acting  instantaneous  forces ;  v«,  v,,  y«  the 
axial  components  of  the  velocity  impressed  on  f7»;  so  that  the 
differences  between  the  axial  components  of  the  impressed  and 
expressed  momenta  are 
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By  D^Alembert^s  principle  these  and  similar  quantities  for  all 
the  other  particles  of  the  system  are  in  equilibrium  ;  therefore 
the  six  following  equations  must  be  satisfied  by  them  ; 

TV 


'Z.m 


^.m 


(34) 


x.m 


.(-S)-'K-|)|=«/ 
l'('.-|)-H'--S)l='" 


t.m 


(85) 


whereof  the  first  three  are  the  equations  of  translation,  and  the 
last  three  are  the  equations  of  the  moments  of  the  couples  which 
arise  from  the  excess  of  the  expressed  over  the  impressed  mo- 
menta about  the  three  coordinate  axes.  The  sign  of  summation 
extends  to,  and  includes^  all  the  particles  of  the  system ;  and 
the  expressed  velocities  are  those  due  to  the  action  of  the  im- 
pressed forces. 

Hence,  if  UyV,w  Kte  the  axial  components  of  the  velocity  of  m 


dx   dy 


before  the  instantaneous  forces  act,  and  if  -n ,  -r:  •  -jr 

dt'  dt    dt 


-7-  are  the 


axial  components  after  the  velocities  v^ 


have  been  im- 


pressed, -yi^^y'jA^^y'jf^^^  *te  expressed  axial  velocities 
due  to  the  instantaneous  forces ;  and  in  equations  (34)  and  (35) 
-7T ,  -^ ,  -^  are  to  be  replaced  by  these  quantities. 

Secondly,  let  us  suppose  the  system  of  particles  to  be  under 
the  action  of  finite  accelerating  forces,  so  that  in  infinitesimal 
time-elements,infinitesimal  momentum-increments  are  impressed 
upon  and  expressed  in  the  type-partide  m. 

Let  X,  T,  z  be  the  axial  components  of  the  impressed  velocity- 
increment  on  m,  which  is  supposed  to  be  at  {x,  y,  z)  at  the  time  t ; 

d^x    d^v    d'^z 
*^^  Hii'  liff*  Hi^  *^®  *^®  ^^^^  components  of  the  expressed 

vdodty-increment ;  so  that  the  differences  between  the  axial 


Digitized  by  VjOOQIC 


80 


D  ALEMBEBTS   PRINCIPLE 


[49- 


m 


(36) 


components  of  the  impressed  and  the  expressed  momentum- 
increments  of  m  are 

By  D'Alembert's  principle  these  and  similar  quantities  for  all 
the  other  particles  of  the  system  are  in  equilibrium  ;  therefore 
the  six  following  equations  must  be  satisfied  by  them  ; 

d^\ 


2.m 


'■"{'-3(5)  =  "• 


(S7) 


s.m 


s.m 


(38) 


the  sign  of  summation  includes  all  the  particles  of  the  system. 

In  these  equations  the  power  of  the  sign  of  summation  should 
be  carefully  observed ;  it  includes  all  the  particles  of  the  moving 
system,  whether  that  system  be  continuous  or  discontinuous. 
Thus,  if  the  several  particles  are  ffij,  m^*  •••  ''^ ;  <^d  their  places 
at  the  time  t  are  (^^  y^,  z{)y  {x^  y^,  z^), . . .  (^w  yn> «»),  and  the  im- 
pressed velocity-increments  are  (XpYj-Zj),  (x2iY2,Z2),...(x»,y«,z„); 
then  the  first  of  (37)  is  the  abbreviated  form  of 

d^x.\  I         d^x^\  I         d^Xt 


»h 


('.- 


+  W»n  (Xi.- 


)  =  0. 


dt^  /-r-^'-nv-^         j^i 

Similarly  the  other  five  equations  are  abbreviated  forms  of  ana- 
logous expressions. 

49.]  The  equations  of  motion  of  a  material  system  may  also 
be  expressed  in  a  shorter  form.  For  since  D'Alembert's  prin- 
ciple enables  us  to  deduce  them  from  the  equilibrium  which 
subsists  among  the  'Most  momenta;^'  that  equilibrium  will  be 
obtained  not  only  from  the  six  equations  which  correspond  to 
(37)  and  (38)  of  the  preceding  Article,  but  also  from  the  equa- 
tion of  virtual  velocities.  The  truth  of  this  last  equation  has 
been  demonstrated  in  Articles  104  and  895  of  Vol.  Ill,  but 
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since  we  shall  now  apply  it  somewhat  extensively,  and  very  gene- 
rally, as  it  will  ioclude  all  dynamics^  it  is  necessary  to  say  a  few 
words  on  its  form  and  the  conditions  of  its  exactness.  We 
imagine  a  material  system  to  be  at  rest  under  the  action  of  many 
forces^  which  may  be  external  as  well  as  internal  to  the  system  : 
of  these  forces  we  take  p  to  be  the  type,  and  we  suppose  it  to 
act  on  niy  which  we  take  to  be  the  type-particle :  so  that  s.p 
wiU  be  the  sum  of  all  the  forces  which  act  on  all  the  particles ; 
many  of  which  may  act  on  one  and  the  same  particle;  and 
others  of  which  will  enter  in  pairs  of  equal  and  opposite  forces, 
when  there  are  mutual  tensions  or  reactions  or  constraints  among 
the  particles  of  the  system.  We  imagine  the  system  to  receive 
an  arbitrary  infinitesimal  displacement,  consistently  with  its  geo- 
metrical relations,  whereby  the  points  of  application  of  the  forces 
are  changed,  but  neither  the  intensities  nor  the  directions  of  the 
lines  of  action  are  altered.  Let  the  displacements  of  the  points 
of  application  of  the  forces  be  estimated  along  the  lines  of  action 
of  the  forces ;  and  let  bp  be  the  infinitesimal  displacement  of 
(^9  yj  ^)}  the  point  of  application  of  T,  thus  estimated ;  then  the 
equation  of  virtual  velocities  is 

2.vbp  =  0; 
and  this  expresses  the  condition  that  the  forces  are  in  equili- 
brium. 

Let  us  put  into  an  equation  of  this  form  the  several  quanti- 
ties which  are  active  in  the  motion  of  a  material  system.     As 

rf7»  *  ^Tj>  ^j  are  the  axial  components  of  the  expressed  velo- 
city-increments of  m,  which  is  at  {x,  y,  z)  at  the  time  t,  it  is  evi- 
dent that  the  impressed  momentum-increments  along  these  axes, 
which  would  have  their  full  efiect  in  producing  pressure  if  the 

system  were  at  rest,  must  be  diminished  by  m  -^-y,  m  .-  ^ ,  m  -r-^* 

now  that  the  system  moves ;  and  the  actual  effects  will  be  the 
excesses  of  the  former  over  the  latter :  in  the  equation  therefore 
of  virtual  velocities  these  latter  quantities  must  be  afiected  with 
n^ative  signs.  We  shall  use  the  symbol  h  to  express  the  varia- 
tions of  the  points  of  application  of  the  forces  which  are  due  to 
the  arbitrary  geometrical  displacement  of  the  system ;  and  we 
shall  still  indicate  by  the  symbol  d  the  time-variation  of  the 
coordinates  and  velocities.  Let  mp  be  the  type  momentum- 
increment  acting  on  the  type  particle  m ;  and  let  us  suppose  hp 
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to  be  the  infinitesimal  displacement  of  the  point  of  application 
of  p  estimated  along  its  line  of  action,  p  tending  to  remove  m 
from  the  origin,  and  bp  being  positive  when  the  point  of  appli- 
cation of  p  is  moved  in  the  direction  along  which  p  acts  ;  then, 
if  the  line  of  action  of  a  force  is  along  a  coordinate  axis,  say  that 
of  a:,  the  variation  of  the  point  of  application  is  6a?.  Now,  esti- 
mating forces  according  to  these  conditions,  the  equation  of  vir- 
tual velocities  is 

^.mTip-:,.m\^,ta^  +  ^ty  +  ^iz\=0;   (89) 

which  is  the  most  general  equation  of  motion  of  a  material 
system. 

s.mp  djE)  includes  all  the  forces  which  act  on  the  several  par- 
ticles of  the  system,  both  internal  and  external ;  if  however 
two  particles  are  acted  on  by  a  force  along  the  line  which  joins 
them,  and  if  the  distance  between  these  particles  is  unchanged  in 
the  geometrical  displacement,  this  force  will  disappear  in  the  ag- 
gregate ;  because  the  geometrical  displacements  of  the  two  parti- 
cles estimated  along  the  line  of  force  will  be  equal  and  opposite, 
and  therefore  the  two  effects,  as  they  are  measured  in  the  pre- 
ceding equation,  will  neutralize  each  other,  and  will  disappear. 

50.]  Let  all  the  impressed  momentum-increments,  as  they 
are  applied  to  each  particle,  be  resolved  into  components  parallel 
to  the  three  coordinate  axes ;  and  let  x,  t,  z  be  the  axial  compo- 
nents of  p  as  it  acts  on  m  at  (<r,  y,  z) ;  then  the  infinitesimal  dis- 
placements of  m  along  the  three  axes  will  he  hx^hy^bz;  which 
are  the  same  as  the  displacements  of  the  point  of  application  of 
the  expressed  momentum-increments :  so  that  (39)  becomes  in 
this  case 

,..  |(x  -  Sf )  .,  ^  (,  -  g|),y  +  (.  -  g),,  }  =  0;  (40, 

which  is  another  form  of  the  equation  of  virtual  velocities. 

Now  no  restriction  has  been  made  as  to  the  kind  of  displace- 
ment of  {x,  y,  z),  of  which  the  axial  projections  are  represented 
by  bx^  bt/y  bz ;  it  is  only  to  be  consistent  with  the  geometrical 
relations  of  the  system :  let  us  suppose  it  therefore  to  be  most 
general,  and  to  be  compounded  of  motions  of  translation  and  of 
rotation  of  the  whole  system.  Let  the  system  receive  a  displace- 
ment of  translation,  so  that  every  particle  moves  over  an  equal 
and  parallel  space  in  the. direction  of  the  coordinate  axes,  which 

Digitized  by  VjOOQIC 


5I-]  VIRTUAL   VELOCITIES.  83 

we  will  represent  severally  by  *a?o,  ^y^,  bzQ ;  and  also  let  the 
system  receive  three  successive  displacements  of  rotation  through 
the  angles  be^b<l),h\lf  about  the  three  coordinate  axes :  then  the 
total  variations  of  the  coordinates  of  the  point  {jf,  jr,  z)  are 

by  =:  bifo-\-xbylrr-zbe,    I  (41) 

bz  =  bZQ  -\-  ybO  —  a?  8<^  ;  J 
and  substituting  these  in  (40)  we  have 

-^b4>2.m\z(x^^)^x{z^^)\ 

+  H..»j.(r-g)-,(x-^)j  =  0,    W 

as  the  several  variations  on  which  the  displacement  depends  are 
independent  of  each  other,  their  coefficients  must  separately 
vanish ;  and  hence  we  have  the  six  equations  of  motion,  viz. 
(87)  and  (38)  of  Art.  48. 

By  a  similar  process  we  may  deduce  the  six  equations  (34)  and 
(35)  for  instantaneous  forces. 

51.]]  When  the  system  of  particles  on  which  the  forces  act  is 
rigid  or  invariable  in  form,  that  invariability  of  form  will  be 
secured  by  means  of  certain  equations  which  the  coordinates  of 
the  several  particles  must  satisfy.  Thus,  if  the  number  of  par- 
ticles is  fi,  and  if  all  the  distances  of  these  particles  from  each 
other  are  invariable  during  the  motion,  (3»— 6)  equations  must 
be  satisfied ;  for  if  the  distances  between  three  are  given,  and  the 
distances  of  every  one  of  the  remaining  (n— 3)  from  each  of  these 
three  are  given,  whereby  we  have  3n— 6  given  distances,  the 
system  of  particles  is  invariable  in  form.  Now  the  position  of 
every  particle  of  the  system  at  any  time  is  determined,  when 
the  coordinates  of  every  particle  are  expressed  in  terms  of  t ; 
and  as  each  particle  has  three  coordinates,  3»  quantities  must 
be  expressed  in  terms  of  t :  these  however  are  subjected  to  3n— 6 
conditions  of  relative  position :  six  other  conditions  therefore 
are  necessary,  and  are  sufficient  for  the  complete  solution  of  the 
problem ;  and  these  are  given  by  the  equations  (37)  and  (38)  of 
Art.  48. 

M  2 
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And  now  let  us  take  a  more  general  case ;  and  let  us  suppose 
certain  particles  of  a  material  system  to  be  constrained  to  move 
on  certain  curves,  so  that  certain  relations  will  be  given  which 
the  coordinates  of  the  particles  must  satisfy.  Suppose  the  num- 
ber of  these  relations  to  be  t ;  and  let  them  be  f^  =  0,  Fj  =  0, 
...  Fik  =  0;  then,  taking  the  most  general  case,  and  supposing 
each  of  these  functions  to  contain  all  the  coordinates  of  all  the 
points,  their  total  variations  are 


-(^)"- 


A^W=o. 


!■(«) 


and  from  (40)  we  have  an  equation  of  the  form 

Ai  8.^1 +  Bi  5^1 +  Ci«;5i-|- 4-A„8a?n  +  Bn8yn  +  c„5;r„=:  0.    (44) 

If  then  we  multiply  (43)  severally  by  indeterminate  multipliers 
Xj,  A3,  ...  Ajk,  and  add  all  and  (44) ;  and  if  we  equate  to  zero  the 
coeflScients  of  bXy^,  bpi,  ...  bZn^  we  have 


<dzu 


+  X.(|g)+c.  =  0;J 


(45) 


by  means  of  which  equations,  and  of  the  given  equations  of  con- 
dition, Xj,  Ag, ...  Ajk  may  be  eliminated,  and  the  coordinates  of  the 
particles  may  be  determined. 

52.]  "We  will  now  apply  the  process  of  the  preceding  Article 
to  the  motion  of  a  flexible  and  inextensible  string,  which  has  its 
two  ends  fixed,  under  the  action  of  given  forces. 

Let  ds  be  the  length-element  of  the  string  at  the  point 
(x,  y,  z) ;  let  »  be  the  area  of  the  transverse  section,  p  =  the 
density ;  so  that  the  mass-element  of  the  string  is  p  a>  ds.  Let 
the  points  (a?i,  y^,  z^),  (^g,  yg,  z^)  be  the  two  ends  of  the  string, 
and  let  pj^,  a>j,  p^^  o),  be  the  values  of  />,  a>  at  them  respectively. 
Let  X,  Y,  z  be  the  axial  components  of  the  impressed  velocity- 
increment  at  the  point  (a?,  y,  z) ;  and  let  x^,  y^,  z^,  x,,  Y2,  z,  be 
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5»-] 

the  values  of  these  quantities  at  the  two  ends  of  the  string 
which  we  suppose  to  be  dynamically  fixed^  but  to  admit  of  geo- 
metrical variation.     Then  (40)  becomes 

+  Xi5j?i  +  Yi5yi4-Zi^^i-hXj6a?jjH-Ya8ya-f  Za^^j  =  0;  (46) 
and  since  the  string  is  of  constant  length 

I   ds  =  B.  constant.  (47) 

=  0;  (48) 

and  multiplying  the  quantity  under  the  aign  of  integration  by  X, 
and  adding  it  to  (46),  we  have 

...  +  Xi6a?i  +  Yi^yi  + -h  Za^^  =  ^;    (49) 

and  integrating  by  parts  the  second  terms  of  the  several  mem- 
bers of  the  upper  line,  as  we  have  explained  in  the  Calculus  of 
Variations^  Vol.  II,  we  have 

C|,.rf.(x-^)-<i.*g|««+ 

H-  x^tXy^  4-  Yjfiyi  + +Z2  82ra  =  0.  (50) 

As  no  other  relation  is  given  between  hx^  hy,  and  hz,  we  have 


p^d,(Y--^)-d 


d*y 

d^z\      .  .  dz 


^/,=  «' 


p«rf,(a__f)_rf.X^  =  0; 


(51) 


which  are  the  equations  of  motion  of  the  cord.  The  latter  terms 
in  (50)  give  values  at  the  ends  of  the  string  ;  if  the  ends  are  in- 
dependent of  each  other, 

(    X,gl  +  x,)8^,+  (     X,^  +  T,)8y,  +  (     \^  +  z,)8.,=0, 
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and  if  the  ends  are  fixed 

The  form  of  the  last  terms  of  (51)  shews  that  \  is  the  tension  of 
the  string  at  the  point  (£p,  y,  z),  and  acts  along  the  length-element 
da:  indeed  the  equations  (51)  are  only  the  particular  form  of 
(37)  when  the  forces  arising  from  the  tension  are  introduced 
into  them.  If  we  eliminate  A  from  (51)^  we  shall  have  two 
equations  in  terms  of  x,  y,  z,  t^  which  will  give  the  position  of 
the  string  at  any  time.  I  may  observe  too  that  X  is  evidently 
the  tension^  because  the  mode  in  which  it  is  introduced  shews 
that  it  is  an  internal  force  acting  along  ds ;  and  that  the  varia- 
tions of  its  points  of  action  are  the  same  as  the  variations  of  the 
ends  of  the  length-element. 

Thus  much  must  at  present  suffice  for  this  problem  ;  and  we 
will  proceed  to  the  demonstration  of  various  general  theorems 
which  arise  out  of  the  equations  of  motion. 


\ 


Section  2. — Independence  of  the  motions  of  translation  of  the  cen^ 
tre  of  gravity,  and  of  rotation  about  an  axis  passing  through  it. 

53.3  Many  general  theorems  of  dynamics  are  deducible  from 
D^Alembert^s  principle  as  expressed  in  the  six  equations^  either 
(34)  and  (35)  of  instantaneous  forces^  or  (37)  and  (38)  of  finite 
accelerating  forces  :  the  investigation  of  the  most  general  of 
these  will  be  reserved  to  a  subsequent  Chapter  of  our  Treatise ; 
but  it  is  convenient  at  once  to  discuss  certain  theorems  relative 
to  the  centre  of  gravity  of  a  material  system  as  well  as  some 
other  simple  properties  of  motion  which  follow  directly  from  them. 
I  must  first  observe  on  the  name  "  centre  of  gravity ;"  it  is  given 
to  the  so  called  point  of  a  heavy  body  or  system  for  a  reason 
much  too  narrow  for  the  properties  of  it  which  we  shall  presently 
develope  ;  and  a  term  of  wider  application  is  required.  We  shall 
also  apply  the  term  to  a  system  of  particles  which  perhaps  may 
not  gravitate  at  all.  In  geometry^  as  it  is  well  known,  a  similar 
point  is  called  the  centre  of  mean  distances ;  in  dynamics  the  term 
"  centre  of  masses''  has  been  proposed ;  but  the  inconvenience  of 
a  new  name  is  so  great  that  I  propose  to  retain  the  old  one^  '^cen- 


Digitized  by  VjOOQIC 


53-]         TBAKSLATION   OF   THE   CENTRE   OP   GRAVITY.  87 

tre  of  gravity.'"  The  student  however  must  remember  that  we  do 
not  employ  the  term  in  its  restricted  sense,  that  is^  in  the  stati- 
cal meaning  as  applied  to  heavy  bodies  under  the  action  of  the 
earth's  attraction ;  but  we  mean  that  point  (^,  y,  'z)  of  a  system 
of  particles  which,  relatively  to  all  the  particles,  is  defined  by 
the  following  equations : 

ys.m  = 
z2.m  = 
dx  dx 

dy  dy 

at  at 


2.fnx,  ^ 
2.my,  I 
^.mz;  J 


dz  dz 


d^x  d^x 

d'z  dH 


dx 

dy 

dz 
"""^dt 

= 

0; 

d*x 
'^dt*  = 

d*y 

d*z 
'•'»  dt^ 

= 

0. 

SO  that  if  the  centre  of  gravity  is  the  origin 

^.mx  =  2.my  =  2.mz  =  0; 

(53) 

(54) 

In  the  preceding  Chapter  it  has  been  proved  that  the  general 
motion  of  a  body  may  be  resolved  into  a  motion  of  translation 
of  any  one  point  of  it  chosen  arbitrarily,  and  into  a  motion  of 
rotation  about  an  axis  passing  through  that  arbitrarily  chosen 
point  One  simplification  indeed  of  that  theorem  was  pointed 
ont  on  principles  purely  cinematical ;  viz.  that  if  that  point  was 
taken  on  the  central  axis,  the  motion  of  the  point  would  lie  along 
the  axis  of  rotation ;  and  this  is  true  of  course,  when  all  the 
expressed  velocities  of  the  body  or  system  due  to  the  acting 
forces  are  given,  whereby  the  position  of  the  central  axis  at  the 
time  t  may  be  determined.  But  here  another  problem  is  offered 
for  consideration.  When  a  body  or  system  is  in  motion,  certain 
velocities  are  developed  during  the  motion  by  reason  of  the 
inertia  of  the  particles,  and  hereby  certain  velocities  are  im- 
pressed on  the  particles :  these  vary  according  to  the  point 
which  is  assumed  to  be  the  moving  point  of  translation,  and 
through  which  the  instantaneous  rotation>axis  of  the  body  passes. 
We  shall  shew  that  these  velocities,  due  to  the  motion,  neutralize 
each  other,  when  the  centre  of  gravity  is  taken  to  be  the  moving 
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point  of  translation^  so  that  the  instantaneous  rotation-axis  passes 
through  it ;  and  that  the  motion  of  translation  of  the  centre  of 
gravity  is  independent  of  the  motion  of  rotation  of  the  system 
about  the  instantaneous  axis  passing  through  it. 

54.]  Let  (x,  y,  z)  be  the  place  of  the  centre  of  gravity  at  the 

time  t ;  (x,  y,  z)  the  place  of  the  type-particle  m ;  and  let  us 

suppose  a  system  of  coordinate  axes  to  originate  at  the  centre 

of  gravity  parallel  to  the  original  system  of  reference ;   and  let 

the  place  of  m  relatively  to  the  new  axes  be  (x,  y',  /) ;  so  that 

x=X'\'X\  y  =  y-^t/,  z  =  z-{-sf; 

/.     2,mx'  =  2.my   =  ^,msf  =  0; 

dx  dt/  ds!   ' 

at  at  at 

d^x'  d^y'  d^2f       ^ 

'^•^   j.o    ^  ^.m  — TTo-  =  t.m  —JIT"  =  "• 
dt^  dt^  dt^ 

Let  M  =  the  mass  of  all  the  particles  of  the  moving  system ;  then 
-z.mx  =  M^,  i.my  =  m^,  2.911^  =  uz\ 

dx  dx  dy  dy  dz  dz 

dt  dt  dt  dt '  dt  dt 

d^x         d^x  d^y         d^y  d^z  d^l: 

"""^W^-'^ir^^  ^•'^rf^^^rfT^^  ^•'^rf^^^rfT^- 
Firstly,  let  us  take  equations  (84)  and  (35)  which  refer  to  in- 
stantaneous forces ;  then 


(55) 


(56) 


dx  _dx     dx'         dy  _dy      dy'  dz  _  dz     rf/ 

di'di'^W      Tt'Tt^W      Tt~Tt'^W' 

and  (34)  become 

dx 

dy 

dz 

which  equations  are  of  the  same  form  as  those  of  the  motion  of 
a  material  particle  whose  mass  is  m.     Whence  it  appears  that 

The  motion  of  translation  of  the  centre  of  gravity  of  a  system 
of  particles  under  the  action  of  instantaneous  forces  is  the  same 
as  if  the  whole  mass  were  collected  into  it^  and  all  the  impressed 
momenta  were  applied  at  it^  each  in  a  line  parallel  to  its  own 
line  of  action. 
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K  —  is  the  velocity  of  the  centre  of  gravity, 

M^  =   {(ai.TOV,)»  +  (2.WVy)«  +  (a.WV,)2}*; 

and  the  direction-cosines  of  the  path  which  the  centre  of  gravity 
takes  are  given  by  (56). 

Again^  taking  the  first  of  (3@),  and  making  similar  subatitu- 
ti<ms,  we  have 

which  may  be  expressed  as  follows ; 

_         /        dz\     ^       dz  ,/         dsf\      dz         . 

aad  thus  ve  have 

similarly  from  the  second  and  third  of  (35)  we  have 

,.»|.'(,.-^)-^(„-^)|  =  o, 

,.»{y(v,-f)-4v.-*^)|  =  0.J 

These  are  evidently  the  equations  of  the  three  couples  of  the 
lost  momenta  relatively  to  the  axes  of  a  system  originating  at  the 
centre  of  gravity ;  and  the  impressed  momenta  are  the  same  as 
in  the  original  equations  (85) :  whence  we  infer  that 

If  the  motion  of  a  system  of  material  particles,  under  the 
action  of  impulsive  forces,  is  resolved  into  a  motion  of  trans- 
lation or  the  centre  of  gravity,  and  of  rotation  about  an  axis 
passing  through  that  point,  the  motion  of  the  centre  of  gravity 
is  the  same  as  if  the  masses  of  all  the  particles  were  collected  at 
it,  and  all  the  impressed  momenta  were  applied  at  it  each  in  a 
line  parallel  tp  its  own  line  of  action ;  and  the  motion  of  rota- 
tion about  the  axis  passing  through  the  centre  of  gravity  is  the 
same  as  if  the  centre  of  gravity  were  a  fixed  point,  and  the  sys- 
tem rotated  about  an  a;us  passing  through  that  point  u&dar  the 
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(57) 


Digitized  by  VjOOQIC 


90 


TRANSLATION  OF  THE  CENTRE  OF  GRAVITY,    [55. 


action  of  the  impressed  momenta  which  are  actually  applied  to 
the  several  particles  of  the  system. 

And  the  centre  of  gravity  of  the  system  is  the  only  point 
which  has  this  property ;  for  there  is  no  other  point  for  which 

dx  dy  dz       ^ 

dt  dt  dt 

so  that  the  terms  omitted  in  (57)  should  disappear. 

55.]  Secondly^  let  us  take  equations  (37)  and  (38),  which 
D'Alemberfs  principle  gives  when  the  system  of  particles  is 
subject  to  finite  accelerating  forces ;  then,  differentiating  (55), 
we  have 


d*x      d*x      d'af 

d*y       d*y      d*y 

'      d*z 

d*'z      rfV 

dtf  -  dt*  ■*"  dt*' 

dt*  "  dt*  ■*"  di^ 

'"'     rf<«  = 

dt*   ^  dt* ' 

so  that  (37)  become 

d*x 
u  ^^,  =  a.mx. 

d*y 

► 

(58] 

d*z 

which  equations  have  the  same  form  as  those  of  the  motion  of  a 
material  particle  whose  mass  is  m.    Whence  it  appears  that 

If  the  whole  mass  of  a  material  system  is  collected  into  its 
centre  of  gravity,  and  the  several  impressed  momentum-incre- 
ments are  applied  at  it,  each  in  a  line  parallel  to  its  own  line  of 
action,  the  expressed  momentum-increment,  and  therefore  the 
motion  of  translation,  of  the  mass  thus  condensed  is  that  due  to 
all  the  impressed  momentum-increments  thereat  applied. 

Again  let  us  substitute  in  (38) ;  then  we  have 


2.m 


-)-(^-^('-s-^)h 


0; 


dt*       dt* 
and  this  when  expressed  at  length  becomes 

/      d*z\     _        dV  ./      dV\      d*z         , 

-Ja.m(T-0)+^a.m^-a.»»^(Y-^)  +  ga.my=O; 

and  therefore,  omitting  terms  which  vanish  by  reason  of  pre- 
ceding equations  and  conditions,  we  have 
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'■»k('-^)-^('-4^)h<" 

similarly  from  the  other  two  equations  of  (38)  we  have 
,.„|y(x-^)-4-^)}=0, 

But  these  are  evidently^  in  reference  to  the  system  of  coordinate 
axes  originating  at  the  centre  of  gravity^  the  three  equations  of 
the  couples  which  arise  from  the  excess  of  the  impressed  over 
the  expressed  momentum-increments ;  and  the  impressed  mo- 
mentum-increments are  at  each  point  the  same  as  in  the  original 
equations  (38) ;  whence  we  infer  that 

If  the  motion  of  a  system  of  material  particles^  under  the 
action  of  finite  accelerating  forces^  is  resolved  into  a  translation 
of  the  centre  of  gravity,  and  a  rotation  ahout  an  axis  passing 
through  that  pointy  the  motion  of  the  centre  of  gravity  is  the 
same  as  if  the  mass  of  all  the  particles  were  collected  at  it^  and 
all  the  impressed  momentum-increments  were  applied  at  it,  each 
in  a  line  parallel  to  its  own  line  of  action ;  and  the  motion  of 
rotation  about  an  axis  passing  through  the  centre  of  gravity  is 
the  same  as  if  that  centre  of  gravity  were  a  fixed  point,  and 
the  system  rotated  about  an  axis  passing  through  it  under  the 
action  of  the  impressed  momentum- increments  which  are  actually 
applied  to  the  several  particles  of  the  system. 

56.]  Thus,  when  a  body  is  projected  in  any  direction,  and 
moves  under  the  force  of  gravity,  which  acts  on  all  the  particles 
of  the  body,  the  centre  of  gravity  of  the  body  describes  a  para- 
bola in  a  vertical  plane.  Again,  if  a  shell  is  projected  and  the 
shell  bursts  before  it  meets  the  earth,  by  the  action  of  internal 
forces,  these  latter  forces,  being  related  in  equal  and  opposite 
pairs,  do  not  appear  in  the  right-hand  member  of  (58),  and  the 
centre  of  gravity  of  all  the  broken  parts  moves  in  the  same 
parabolic  path  as  before  the  explosion. 

This  theorem  is  also  true  of  the  solar  system  ;  because  it  is  a 
material  system  of  the  nature  explained  in  Art.  43  ;  so  that  if 
the  solar  system  has  a  proper  motion  in  space  by  the  action  of 
forces  external  to  it,  which  have  either  acted  once  for  all,  or 
are  finite  and  continuous,  that  proper  motion  will  be  shewn  in 
the  change  of  place  of  the  centre  of  gravity  of  the  system  ;  and 
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if  the  j)ath,  velocity,  &c.,  of  the  centre  of  gravity  ean  be  deter- 
mined by  observatidn,  the  force  to  which  it  is  due  may  also  be 
determined.  Now  as  the  mass  oi  the  sun  is  so  very  much  greater 
than  that  of  the  other  constituent  bodies  of  its  system,  and  as 
they  are  arranged  around  it,  we  may,  without  great  error,  as- 
sume the  centre  of  the  sun  to  be  the  centre  of  gravity  of  its 
system ;  and  this  being  so,  the  result  of  the  calculations  of  M.  F. 
G.W.  Struve,  founded  on  the  studies  of  Argelander,  O.  Strove, 
and  Peters,  is  that  the  sun  advances  annually  in  space  through 
154,185,000  miles  towards  a  point  in  the  heavens  situated  in  the 
constellation  Hercules*.  This  result  is  arrived  at  from  an  esti- 
mation of  the  proper  motion  of  the  stars :  but  our  knowledge  of 
these  motions  is  at  present  far  too  imperfect  for  us  to  decide 
how  far  the  assigned  velocity  and  direction  of  the  solar  motion 
deviates  from  exactness  ;  and  whether  it  continues  uniform,  or 
whether  it  shows  any  symptoms  of  deflection  from  rectilinearity. 
At  present,  says  sir  John  Herschel,  we  require  more  precise  and 
extensive  knowledge,  before  we  can  hold  out  a  prospect  of  being 
one  day  enabled  to  trace  out  an  arc  of  the  solar  orbit,  and  to  in- 
dicate the  direction  in  which  the  preponderant  gravitation  of  the 
sidereal  firmament  is  urging  the  central  body  of  our  system. 


Section  8. — Principles  of  the  conservation  of  the  motion  of  the 
centre  of  gravity ;  and  of  the  conservation  of  moments  and  of 
areas.    Laplac^s  invariable  plane. 

67.]  I  PROPOSE  now  to  consider  certain  theorems  which  arise 
out  of  equations  (87)  and  (88),  when  the  impressed  momentum- 
increments  are  of  certain  particular  forms ;  and,  firstly,  we  will 
take  equations  (87). 

Suppose  a  material  system  to  have  been  put  into  motion  by 
the  action  of  instantaneous  forces,  so  that  the  axial  components 
of  the  velocity  of  its  centre  of  gravity  are  those  given  in  equa- 
ions  (56) ;  and  let  us  suppose  the  forces  which  subsequently  act 
on  the  system  to  be  such  that 

5.WX  =  s.mY  =  2.WZ  =  0;  (60) 

the  meaning  of  which  condition  is,  that  either  the  system  is  free 
from  the  action  of  any  forces ;  or  the  forces  are  such  that  the 

*  See  Etudes  d'Astronomie  Stellaire.    St.  Petersburg,  1847. 
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viomentttDahiiioreiDents  impresaed  by  tiiem  mutually  destroy  each 
other,  when  all  are  transferred  to  the  centre  of  gravity  in  lines 
parallel  to  their  own  lines  of  action ;  then^  from  (58),  we  have 


dt*  -  "' 

dt*  -  ^' 

^  =  0;           (61) 

dx       3.mvg 

dt^        M       ' 

dy      3.WV, 
dt""      u     ' 

ft-—'-'     (62) 

M         ^ 

5-c=  ^•'"^'/;(68) 

.          «- 

-a  _   y— *  _ 

^-«    .                                ,RA^ 

w^a  = 


s.mv^r      :e.mvy      a.twv^ 

(a,  6,  c)  being  the  place  of  the  centre  of  gravity  of  the  system 
when  ^  =  0. 

As  (64)  are  the  equations  to  a  straight  line,  it  follows  that  the 
centre  of  gravity  moves  along  a  straight  line,  of  which  the  di- 
rection-cosines are  proportional  to  the  axial  components  of  its 
initial  velocity ;  and  its  velocity  is  given  in  Art.  54. 

If  the  centre  of  gravity  is  initially  at  rest,  so  that 

2.mv^  =  5.mVy  =  i,.mWg  =  0, 

it  remains  at  rest  during  the  whole  motion  of  the  system. 

This  theorem  is  called  the  principle  of  the  conservation  of  the 
motion  of  the  centre  of  gravity ;  and  by  virtue  of  it,  in  all  cases 
of  motion  of  a  free  system  of  particles,  and  of  a  system  which 
is  subject  to  forces  which  mutually  destroy  each  other,  the  cen- 
tre of  gravity  of  the  system  either  remains  at  rest  or  moves 
with  a  constant  velocity  along  a  determinate  straight  line. 

Thus  the  motion  of  the  centre  of  gravity  of  a  system  of  par- 
ticles is  not  altered  by  their  mutual  collision,  whatever  is  their 
degree  of  elasticity,  because  a  reaction  always  exists  equal  and 
opposite  to  the  action.  If  an  explosion  takes  place  in  a  moving 
body,  whereby  it  is  broken  into  pieces,  the  line  of  motion  and 
the  velocity  of  the  centre  of  gravity  of  the  body  are  not  changed 
by  the  explosion ;  thus  the  motion  of  the  centre  of  gravity  of 
the  earth  is  unaltered  by  earthquakes ;  volcanic  explosions  in  the 
moon  will  not  change  its  motion  in  space.  The  motion  of  the 
centre  of  gravity  of  the  solar  system  is  not  affected  by  the  mu- 
tual and  reciprocal  action  of  its  several  members;  it  is  only 
changed  by  the  action  offerees  external  to  the  system. 
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58.3  Next  let  D8  take  equations  (35),  and  put  them  into  the 

^°"°  /  dz        dyx 


dt     ~dt 

(do!        dz\ 

(  dy        dx\ 


(65) 


the  left-hand  members  of  which  equations  are  the  axial  com- 
ponents of  the  moments  of  the  couples  of  the  expressed  momenta 
of  all  the  particles  of  the  system.  And  as  the  right-hand  mem- 
bers are  the  similar  quantities  for  the  impressed  momenta,  the 
equality  of  the  two  is  asserted  in  the  equations.  If  therefore 
the  system  of  particles  moves  at  any  time  t  with  such  momenta 
that  the  left-hand  members  of  (65)  express  the  axial  components 
of  the  moments  of  the  couples  of  the  expressed  momenta  of  all 
the  particles,  then  s.mVx,  s.mVy,  s.mv^  are  the  momenta  which 
impressed  in  a  direction  contrary  to  that  of  the  motion  will 
destroy  the  rotation  of  the  system ;  and  moreover  if  5.m  v,,  3.m  v^, 
2.mv^  are  subject  to  the  relations  (34),  the  system  will  be  brought 
to  rest. 

Now  let  us  take  equations  (38)^  and  express  them  in  the  fol- 
lowing form 

/    d^z        d^y\ 


2.m 


d^ 
dt^ 


dt^l 
dt^ 


3.m(yz— ;?¥), 

^U^'^^'di^)'^^'^^^^'^^^^'   ^  ^^^^ 

/    d^y        d^x\ 

suppose  the  system  of  particles  to  have  been  put  into 

r  let  us  suppose  the  acting  forces  to  be  such  that  the 

[nomentum-increments  satisfy  the  equations^ 

—zy)  =  2.m(c?x— ^z)  =  2.m(^Y— yx)  =  0.   (67) 

case; 

m,  for  every  particle  of  the  system,  x  =  y  =  z  =  0 ; 

3n  the  system  is  free  of  the  action  of  all  continuous 

Iso  it  is  true  when  the  origin  is  a  fixed  point,  because 
es  which  it  bears  satisfy  this  equation. 
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(2)  When  the  members  of  the  system  are  subject  to  forces,  to 
each  of  which  an  equal  and  opposite  one  corresponds.  Thus, 
for  example,  suppose  w!  and  ni\  situated  at  (Xy  ^,  /)  and 
{p^\  jf\  ^")  respectively,  to  be  attracted  towards  each  other  by  a 
certain  force  p^  dependent  on  their  distance  (r)  from  each  other ; 
then 


m  r  =s p, 

r 

»  „         a?"—  x' 


mV  = 


-yV 


y-y 


m 


Y'=  - 


-P,     I7»   Z    =  — 


/'-y 


H68) 


*»'  (/ 1'  -  /  Y*)  +  m"{j/'z"-  /V) 


=  ^{y'(/'-^)-/(y"-  y)  -y"(/'-/)+/'(y"-y')} 

=  0; 
and  similar  resnlts  are  tme  for  every  other  pair  of  equal  and 
opposite  actions  and  reactions ;  and  also  for  the  other  couples. 

(3)  When  the  lines  of  action  of  the  forces  acting  on  the  se- 

Teral  particles  of  the  system  pass  through  the  origin ;  because 

in  this  case 

5  =  1  =  ^  (69) 

X      y       z 

(4)  When  the  forces  would  be  in  equilibrium^  were  the  system 
on  which  they  act  brought  suddenly  to  rest ;  because  in  that 

(67)  are  the  conditions  of  statical  equilibrium. 
In  all  these  cases  (67)  are  satisfied,  and  we  have 


/    d^z        d^y\       ^ 


s.m 


2.971 


dt" 


(70) 


•n  X  •  d  I   dz        dy\         d*z        d*y  ,_,. 

therefore,  observing  the  efiect  of  the  summatory  symbols,  we 
^«  /   dz        dy\      , 


dx        dz\ 


I   ax       az\      . 


s.ml 


(72) 
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where  A^,  Ag,  A,  are  certain  constants  of  integratioa ;  and,  as 
is  evident  from  (65),  are  the  axial  components  of  the  moments 
of  the  conples  of  momenta  of  all  the  particles  due  to  the  in« 
stantaneous  forces  hj  which  the  system  of  particles  is  origin- 
ally put  into  motion ;  or,  as  we  may  say,  they  are  the  axial 
components  of  the  sum  of  the  moments  of  all  the  momenta  at 
any  time.     Hence 

If  a  system  of  material  particles  is  put  into  motion  by  the 
action  of  instantaneous  or  other  forces,  and,  when  the  action 
of  these  forces  ceases,  is  acted  on  by  forces  which  satisfy  the 
conditions  (67),  then,  notwithstanding  the  alteration  in  the  ex- 
pressed momenta  of  individual  particles,  the  axial  components 
of  the  moments  of  the  couples  of  the  expressed  momenta  of  all 
the  particles,  at  any  time  /,  are  constant.  Also  the  moment-axis 
of  this  resultant  couple  of  all  the  expressed  momenta  is  conatwit, 
and  the  direction  of  the  rotation-axis  is  fixed ;  that  is,  these  are 
independent  of  the  time,  and  remain  the  same  throughout  the 
motion.  Thus,  if  A  is  the  moment-axis  of  the  resultant  couple, 
and  a,  /9,  y  are  the  direction-angles  of  the  rotation-axis, 

A«  =  V  +  V  +  V?  (78) 

cos  a         cos)3         cosy         1  ,^.^ 

-*r  =  ~Ar  =  '^~  =  A'         ^'^^^ 

This  theorem  is  called  the  principle  of  the  conservation  of  mo- 
ments, and  holds  good  when  the  equations  (67)  are  satisfied  ;  and 
the  cases  where  this  occurs  are  numerous  enough  to  make  the 
theorem  of  great  importance.  Thus,  it  is  true  when  a  collision 
takes  place  between  two  or  more  members  of  the  system,  because 
equal  and  opposite  actions  are  generated  thereby,  whatever  is  the 
degree  of  elasticity.  It  is  also  true  when  two  or  more  members 
become  suddenly  united  ;  when  parts  of  the  system  pass  from 
the  gaseous  to  the  fluid  state,  or  firom  the  fluid  to  the  solid  state ; 
provided  that  the  causes  by  which  such  a  transmutation  takes 
place  produce  equal  and  opposite  actions.  This  is  a  remarkable 
case,  because  the  forces  may  be  functions  of  the  time  explicitly, 
but,  as  they  disappear,  the  principle  is  true.  Thus  the  moment 
of  the  couple  of  all  the  momenta  of  the  earth,  as  well  as  the 
direction  of  its  rotation-axis,  would  remain  the  same,  supposing 
the  earth  to  be  cooled  down,  without  loss  of  gravitating  matter. 
And  the  principle  is  also  true  when  the  magnetic  or  electrical 
state  of  two  particles  or  of  two  members  of  the  system  is  altered, 
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if  the  change  is  accompanied  by  an  equal  and  opposite  action. 
Thus^  no  alteration  is  caused  either  in  the  length  of  the  day,  or 
in  the  position  of  the  earth^s  axis^  that  is,  in  the  place  of  the 
polar  star,  by  earthquakes,  yolcanic  explosions^  the  rolling  of  the 
sea  on  the  shore^  the  fall  of  avalanches,  the  continual  friction 
of  the  wind  'against  the  surface  of  the  earth,  &c. ;  because  all 
these  actions  are  accompanied  by  equal  and  opposite  reactions, 
and  therefore  satisfy  the  equations  (67). 

59.]  Equations  (72)  also  admit  of  further  interpretation.  From 
the  origin  let  radii  Tectores  be  drawn  to  each  of  the  particles  of 
the  system ;  as  the  system  moves,  then^  if  the  origin  is  assumed 
not  to  move  during  the  time  dt^  each  radius  describes  an  infi- 
nitesimal sectorial  area,  which  is  part  of  a  conical  surface ;  let 
these  sectorial  areas  be  projected  on  the  coordinate  planes ;  from 
(72)  we  shall  infer  that  the  aggregate  of  the  products  of  each 
particle,  and  the  projection  of  the  sectorial  area  described  by  its 
radios  vector  relatively  to  each  of  the  coordinates  planes,  varies 
as  the  time. 

Let  r  be  the  radius  vector,  drawn  from  the  origin  to  the  place 
of  m,  at  the  time  / ;  let  ^a  be  twice  the  infinitesimal  sectorial 
area  over  which  r  passes  in  the  time  dt ;  and  let  c/.a^,  d.A^,  d.Ag 
be  the  projections  of  dA  on  the  planes  of  (y,  z),  {z,  x\  (x,  y)  re- 
spectively ;  then,  as  in  Art.  307,  Vol.  Ill, 

d.A^  =  ydz  —  zdy,  -| 

rf.Ay  =  zdx  ^xdzy    I  (75) 

d,Kz  =  xdy  —  ydx',  J 

80  that  (72)  become 

x.md.As  =s  h^dt,  '\ 

2.mrf.A,  =  h^dt,    I  (76) 

s.mef.A,  =  h^dt.  J 
Now  as  these  equations  are  true  for  an  infinitesimal  time  dt, 
and  for  any  point  as  centre  of  areas,  provided  that  in  case  (3)  of 
Art.  58  that  point  is  the  source  of  the  central  forces ;  so  will 
they  be  true  for  a  finite  time,  if  the  centre  is  fixed,  or  if  the 
centre  moves  in  a  straight  Une ;  under  either  of  these  circum- 
stances we  may  integrate  (76),  and  we  have 

s.mAx  =  h^ty  -^ 

s.mAy  =  Aj^,    I  (77) 

^.mAz  =  Ag/;  J 
the  limits  of  integration  being  such  that  the  areas  and  the  time 

PRICE,  VOL.  IV.  o 
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begin  simultaneously.  Thus^  the  sum  of  the  products  of  the  mass 
of  every  particle,  and  the  projection  of  the  sectorial  area  described 
by  its  radius  vector  on  each  coordinate  plane,  varies  as  the  time ; 
and  for  an  unit  of  time  is  constant  throughout  the  motion. 

This  theorem  is  called  the  principle  of  the  conservation  of 
areas,  and  is  true  whenever  equations  (67)  are  satisfied. 

The  signs  of  the  areas  are  thus  far  determined  by  the  signs  of 
the  right-hand  members  of  (75)  ;  they  are  therefore  to  be  con- 
sidered positive  when  the  direction  of  rotation  is  positive  ac- 
cording to  the  principle  of  Art.  33.  Thus,  for  instance,  for  rota- 
tion about  the  axis  of  z,  if  the  projection  of  the  radius  vector  on 
the  plane  of  {a?,  y)  moves  from  the  axis  of  x  towards  the  axis  of  y, 
d.Ag  =  xdy—ydx'^  in  which  case  d,A^  is  positive;  and  the 
signs  of  the  other  projections  are  to  be  taken  on  an  analogous 
principle.  If  therefore  the  motion  is  retrograde,  the  areas  will 
have  negative  signs. 

60.]  As  the  sum  of  the  products  of  the  mass  of  each  particle, 
and  its  projected  sectorial  area,  varies  as  the  time,  or  is  constant 
for  an  unit  of  time,  for  each  of  the  coordinate  planes,  so  will  it 
be  also  for  every  plane ;  the  sum  however  of  these  products 
varies  as  the  position  of  the  plane  on  which  they  are  projected 
varies :  it  is  evident  that  there  is  an  infinite  number  of  planes, 
for  which  the  sum  vanishes ;  viz.  all  those  planes,  the  direction- 
cosines  of  whose  normals  are  /,  m,  n,  and  which  satisfy  the  con- 

^^^^^  Mi+mA^  +  nAj  =  0: 

hence  it  is  evident  that  all  these  planes  may  intersect  along  the 
same  straight  line.  And  the  plane  which  is  perpendicular  to 
this  straight  line  has  the  peculiarity  that  the  sum  of  the  pro- 
ducts of  the  masses,  and  of  the  projected  areas,  vanishes  for  all 
planes  perpendicular  to  it ;  and,  for  a  given  plane,  varies  as  the 
cosine  of  the  angle  at  which  the  planes  are  inclined  to  each 
other.  It  is  evident  then  that  for  this  plane  the  sum  is  a  maxi- 
mum ;  and  the  position  of  it  may  thus  be  found  : 

Let  /,  m,  n  be  the  direction-cosines  of  the  normal  of  the  re- 
quired plane ;  and  let  u  be  the  sum  of  the  products  of  each  mass 
and  its  sectorial  area  projected  on  the  required  plane ;  then  the 
theory  of  projections  of  areas  gives  us 

=  (/Ai  +  mAjj-hwAg)/;  (78) 

and  1  =  /*  -h  w*  +  «* ;  (79) 
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(80) 


therefore        du  =  0  =  h^dl-^  h^dm-h  k^dn, 
0  =  ldl-\-mdni-{-ndn; 
_/ ''*_*_^__     *. 

whereby  the  maximum  value  of  the  products  is  determined,  and 
also  the  direction-cosines  of  the  plane  for  which  the  sum  of  th« 
products  of  the  masses  and  the  projected  sectorial  areas  is  a 
maximum.  And,  if  that  plane  passes  through  the  origin,  its 
equation  is  A^  a?  +  A,y  +  A3  ^  =  0.  (83) 

Hence  it  appears  that  the  position  of  it  is  independent  of  / ;  and 
is  therefore  the  same  throughout  the  motion.  For  this  reason 
it  is  called  the  invariable  plane.  The  preceding  equation  shews 
that  if  at  any  time  the  masses  of  the  moving  particles,  their 
places  with  reference  to  a  centre  fulfilling  the  conditions  (67), 
and  their  velocities  are  known,  then  Aj,  h^  A3  may  be  calculated, 
and  the  position  of  the  invariable  plane  will  be  completely  deter- 
mined. 

This  plane  is  evidently  that  also  of  the  maximum  couple  of 
the  momenta  of  all  the  particles  at  any  time  t;  and  the  posi- 
tion therefore  of  the  plane  of  the  maximum  couple  is  constant 
throughout  the  motion.  And  whatever  is  true  of  the  invariable 
plane  and  its  normal,  is  true  also,  mutatis  mutandis,  of  the  plane 
of  the  maximum  couple  of  moments  and  its  normal. 

Hereafter  we  shall  meet  with  particular  cases  of  this  theorem ; 

(1)  when  one  point  of  a  body  or  of  a  system  of  particles  is  fixed ; 

(2)  when  two  points  are  fixed  so  that  the  system  rotates  about  a 
fixed  axis  passing  through  them. 

61.]  In  the  determination  of  the  places  and  motion  of  the  hea- 
venly bodies  astronomers  are  always  subject  to  the  difficulty  that 
they  have  no  fixed  planes  and  no  fixed  lines  to  which  they  can  re- 
fer them.  It  is  true  that  they  generally  take  the  sun  as  a  fixed 
centre  and  the  plane  of  the  ecliptic,  that  is,  the  plane  in  which 
the  centre  of  the  earth  always  is  in  its  motion  around  the  sun, 
to  be  a  fixed  plane.  The  proper  motion  of  the  stars  however 
renders  it  almost  more  than  probable,  that  their  motions  are  in 
a  great  measure  only  apparent,  and  are  due  to  a  true  proper 
motion  of  the  sun :  and  the  position  of  the  plane  of  the  ecliptic 

o  % 
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is  subject  to  small  variations  by  the  disturbing  effects  of  the  moon, 
planets^  and  perhaps  other  members  of  the  solar  system. 

Astronomers  therefore  are  referring  the  places  and  motions 
of  the  planets  to  the  sun^  which  is  not  a  fixed  centre^  and  to  the 
ecliptic,  which  is  a  moving  plane :  herein  lies  what  may  be  a 
fruitful  source  of  uncertainty  and  inaccuracy ;  inferences  from 
observations,  and  theory  built  upon  them,  are  carried  over  long 
ages ;  and  it  would  be  of  advantage  to  astronomy  if  a  fixed  point 
and  a  fixed  plane  could  be  determined,  to  which  all  observa- 
tions and  calculations  could  be  conveniently  referred ;  or  if,  the 
position  of  the  latter  being  given  in  direction,  the  motion,  recti- 
lineal or  other,  of  the  former  were  known.  Now  it  has  been 
before  observed  that  probably  the  sun  has  a  proper  motion  in 
space ;  and  that  this  is  rectilineal,  so  far  as  our  observations  at 
present  indicate,  and  with  a  known  velocity.  Thus  far  then,  if 
the  sun  is  taken  as  the  centre  of  areas,  the  principle  of  areas 
may  be  true  for  the  solar  system.  The  forces  which  act  on  the 
solar  system  are  (1)  chiefly  internal  forces  of  attraction  which 
will  disappear  in  the  aggregate  of  the  moving  masses  of  the 
system ;  and  (2)  the  external  forces  acting  on  the  sun  and  other 
members  of  the  system  from  stars  and  other  bodies,  some  of 
which  are  perhaps  not  visible  to  us.  As  the  mass  of  the  sun 
however  is  so  much  larger  than  the  masses  of  all  the  other  bodies 
of  the  solar  system,  we  may  assume  the  sun^s  centre  to  be  the 
centre  of  gravity  of  all  the  bodies  of  the  system,  and  the  ex- 
ternal forces  which  act  on  the  several  members  of  the  system  to 
be  applied  at  it^  in  accordance  with  the  principle  of  Art.  55. 
We  may  reasonably  suppose  that  these  forces  produce  the  sun's 
proper  motion  in  space,  and  do  not  produce  any  sensible  effect 
on  the  rotation  of  the  bodies  about  it ;  that  is,  we  shall  assume 
these  external  forces^  approximately  and  sensibly,  to  be  such  as 
satisfy  the  equations  (67). 

These  forces  therefore  are  such  that  the  theory  of  the  in- 
variable plane  is  applicable  to  the  solar  system;  and  as  its 
position  is  the  same  during  the  whole  motion,  being  independent 
of  the  time,  it  is  a  plane  to  which  the  places  and  motions  of 
the  members  of  the  system  may  be  advantageously  referred. 
The  determination  of  its  place  however  requires  a  knowledge 
of  the  masses  of  all  the  members  of  the  system,  and  of  the  ele- 
ments of  their  orbits.  Approximate  values  of  these  are  known 
for  the  planets  and  their  satellites,  but  of  the  masses  of  the 
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comets  we  are  in  total  ignorance.  As  the  mutual  attractions  and 
perturbations  of  the  several  planets  however  are  sufficient  for 
the  explanation  of  all  these  inequalities,  it  is  manifest  that  hi- 
therto at  least  the  action  of  the  comets  on  the  planetary  system 
is  insensible.  The  comet  of  1770  approached  so  near  to  the 
earth,  that  the  periodic  time  of  the  comet  is  calculated  to  have 
been  increased  by  2.046  days ;  and,  if  its  mass  had  been  equal 
to  that  of  the  earth,  it  would,  according  to  Laplace,  have  in- 
creased the  length  of  our  year  by  nearly  one  hour  and  fifty-six 
minutes ;  but  Laplace  adds,  that  if  an  increase  of  only  two  se- 
conds had  taken  place  in  the  length  of  the  year^  it  would  have 
been  detected ;  and  as  such  an  increase  has  not  been  detected, 

it  follows  that  the  mass  of  the  comet  must  be  less  than  =7^^;  dth 

5000 

part  of  the  mass  of  the  earth.  The  same  comet  passed  through 
the  satellites  of  Jupiter  in  the  years  1767  and  1779,  without 
producing  any  effect.  Thus,  though  comets  are  greatly  dis- 
turbed by  the  action  of  the  planets,  it  does  not  appear  that  they 
produce  any  sensible  effect  on  the  planets  by  their  action.  In 
the  determination  therefore  of  the  position  of  the  invariable  plane 
of  the  solar  system,  their  effect  is  insensible. 

If  therefore  A^,  ^,  A3  have  been  determined  for  the  plane  of 
the  ecliptic,  as  that  of  {x,  y),  by  observation,  and  0  is  the  inclina- 
tion of  the  invariable  plane  to  that  of  the  ecliptic,  and  yjf  is  the 
longitude  of  its  ascending  node,  from  Art.  4  we  have 

Aj  =  sin  ^  sin  ^,      Ag  =  —  cos  ^  sin  d,      A,  =  cos  0 ;      (84) 

.-.     cos^  =  A3,     tan^  =  —  j^;  (85) 

and  thus  the  position  of  the  invariable  plane  would  be  known. 

It  will  be  observed  that  A^,  Aj,  A3  are  in  (72)  the  axial  com- 
ponents of  the  moments  of  the  couples  of  the  expressed  momenta 
of  all  the  particles  due  to  an  unit  of  time ;  and,  in  {77)^  are  the 
sums  of  the  products  of  every  particle  and  the  projected  sectorial 
area  of  its  radius  vector  about  the  origin  in  an  unit  of  time.  In 
calculating  therefore  these  quantities  for  the  determination  of 
the  position  of  the  invariable  plane  of  the  solar  system,  since  the 
planets  and  satellites  rotate  about  their  own  axes,  and  the  satel- 
lites revolve  about  their  primaries,  we  cannot  estimate  their  mo- 
ments or  their  sectorial  areas,  as  if  they  were  single  particles ;  but 
the  required  quantities  must  be  calculated  separately  for  each 
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individaal  particle.  Thus^  as  the  sun  rotates,  the  sectorial  area 
corresponding  to  each  of  its  elements  has  to  be  estimated.  Aa 
satellites  revolve  about  their  primaries^  and  also  rotate  about 
their  own  axes,  these  have  to  be  estimated.  It  would  be  out 
of  place  here  to  enter  on  these  calculations,  although  they  are 
of  extreme  interest^  and  of  great  importance  in  the  calculations 
of  accurate  astronomy ;  I  can  do  no  more  than  refer  the  stu- 
dent to  places  where  the  mode  of  calculation  is  explained : 
(1)  Laplace,  Exposition  du  Systeme  dn  Monde,  5me  Ed.  Paris, 
1824,  p.  199,  lib.  IV,  ch.  II.  (2)  Poinsot,  fiquateur  du  Sys- 
teme Solaire ;  appended  to  the  Elements  de  Statique ;  8me  Ed. 
1842.  (3)  Poisson,  Traite  de  M^canique,  2nde  Ed.  1833,  Vol.  II, 
p.  469.  (4)  A  note,  "  Du  plan  invariable  du  Systeme  du 
Monde,'*  appended  to  the  3rd  Vol.  of  Pontecoulant,  "  Systeme 
du  Monde,*'  Paris,  1834.  The  real  djmamical  things  which  are 
invariable,  and  on  which  the  position  of  the  plane  depends,  are 
the  momentum-moments ;  the  products  of  the  masses  and  the 
sectorial  areas  are  geometrical  representatives  of  them ;  and  the 
theorem  has  been  stated  in  the  latter  form  probably  because 
Kepler's  Law  of  Areas  becomes  hereby  generalized. 

62.]  In  the  calculation  of  the  moments  of  the  momenta  of 
these  several  bodies,  and  systems  relative  to  particular  axes,  it  is 
convenient  to  calculate  the  moments  of  an  individual  body  or 
system  relative  to  parallel  axes  passing  through  the  centre  of 
gravity  of  that  body ;  and  then  to  increase  that  quantity  by  the 
moment  of  the  momentum  of  its  whole  mass  condensed  into  its 
centre  of  gravity.     The  following  process  proves  the  theorem  : 

Let  the  moment  of  the  momentum,  relative  to  the  axis  of  .r, 
be  taken  as  the  type  of  that  relative  to  each  of  the  other  coor- 
dinate axes,  and  indeed  to  any  other  axis.     Then,  taking  the 
equations  of  transformation  given  in  Art.  54,  we  have 
S    dz        dyl 

where  m  is  the  mass  of  the  body  or  system.  So  that  A^,  which 
is  the  sum  of  the  moments  of  the  momenta  of  all  the  particles 
of  M  relative  to  the  axis  of  x,  is  the  sum  of  the  moment  of  the 
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momentum  of  m  condensed  into  a  particle  at  its  centre  of  gravity, 
and  of  the  sum  of  the  moments  of  the  momenta  of  all  the  parti- 
cles, relative  to  an  axis  passing  through  the  centre  of  gravity, 
and  parallel  to  that  of  x.  Similar  values  are  of  course  true  for 
^2  and  A3,  and  consequently  for  every  axis. 


Section  4. — The  principle  of  vis  viva ;  Lagrange^s  principle  of 
least  action ;  Camofs  theorem. 
63.^  Thb  theorems  which  have  been  proved  in  the  preceding 
section  of  the  motion  of  a  material  system  are  only  true  when 
certain  relations  exist  between  the  acting  forces,  whether  internal 
or  external.  I  proceed  now  to  a  theorem  which  is  much  more 
generally  true,  and  which  gives  one  integral  of  the  equations  of 
motion.  Let  us  return  to  the  equation  (40)  of  Art.  50.  What- 
ever is  the  relative  disposition  of  the  several  particles  of  a  mate- 
rial system,  provided  that  the  relation  is  independent  of  the 
time,  that  is,  provided  that  the  equations  of  condition  Fj  =  0, 
Pj  =  0,  ...  F*  =  0,  do  not  contain  explicitly  the  variable  t,  it  is 
evident  that  we  can  always  replace  the  variations  bx,  by,  bz  by 
the  actual  spaces  dXy  dy,  dz,  which  the  point  of  application  of 
a  force  describes  in  the  time  dt.  For  suppose  f  =  0  to  be  an 
equation  of  condition ;  then,  for  the  geometrical  displacement, 
the  variation  of  this  is 

and  if  f  contained  t  explicitly,  there  would  be  no  variation  of  it 
in  this  equation,  because  the  shifting  of  the  system  is  a  virtual 
geometrical  displacement. 

But  if  the  changes  in  the  coordinates  of  the  points  of  applica- 
tion of  the  forces  are  due  to  the  dynamical  forces,  then  t  varies, 
and  we  have  for  the  total  variation  of  f  =  0,  if  it  contains  /  ex- 
plicitly, 

which  equation  cannot  consist  with  (87),  unless  (— -)  =  0;  that 

is,  unless  f  does  not  contain  the  time  explicitly. 

We  will  assume  that  in  the  general  equation  of  motion,  viz. 
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(40)  of  Art.  50,  we  can  replace  bw,  by,  bz  by  rfa?,  rfy,  dz ;  then 
the  equation  becomes 

,.,»{(x-g)...(v-g).,+  (.-g).4=0, 

which  may  be  put  into  the  form 
( d^x  d^v  d^z       ) 

and  if  v  is  the  velocity  of  the  particle  m  at  the  time  t,  this  gives 
rf.5.i»«*  =  2  2,m{xdx-{-Ydy'\-zdz);  (89) 

.-.     s.iwt;*— s.JWVo*  =  22,m  I  (xdsp-hYdy-^zdz); 

the  limits  of  the  integral  in  the  right-hand  member  correspond- 
ing to  those  in  the  left-hand  member. 

Let  us  consider  the  meaning  of  the  right-hand  member  :  let  f 
be  the  velocity-increment  impressed  on  i7»  in  an  unit  of  time 
along  the  line  da  in  which  m  moves  at  the  time  t,  so  that  mF  is 
the  impressed  momentum-increment  in  an  unit  of  time.  Let 
X,  Y,  z  be  the  axial  components  of  f  ;  then 

ndx  -\-Ydy  -{-zdz  =  f  d« ; 
and  (89)  becomes    ^.^.^^  =  ga.mFd,;  (90) 

that  is,  the  increment  of  the  vires  vivae  of  all  the  particles  of  the 
system,  or,  as  we  call  it,  of  the  vis  viva  of  the  system,  in  the  time 
dt,  is  equal  to  twice  the  sum  of  the  products  of  each  particle,  its 
impressed  velocity-increment,  and  the  space  through  which  it 
moves. 

This  latter  is  a  cumbrous  form  of  expression,  and  it  has  been 
found  convenient  to  introduce  a  new  term ;  mvds'i^  called  the 
work  or  the  labouring  force  of  m*,  or  the  impressed  quantity  of 
work  of  m,  and,  as  it  is  taken  for  an  infinitesimal  time  only,  it 
may  be  called  the  impressed  increment  of  work,  or  the  element 
of  impressed  work  due  to  the  labouring  force ;  so  that  fix>m 
(90)  we  have  the  following  theorem ; 

In  the  motion  of  a  system  of  particles  of  invariable  form  the 
infinitesimal  increment  of  the  vis  viva  of  the  system  is  equal  to 
twice  the  increment  of  the  impressed  work.  If  the  labouring 
force  acts  to  increase  the  vis  viva  of  the  system,  it  is  called  a 
motive  force ;  if  it  acts  to  diminish  the  vis  viva,  it  is  called  a  re- 

*  See  Traits  de  la  M^canique  des  corps  Solides  et  du  Calcul  de  I'effet  des 
Machines,  par  G.  Coriolis,  and  Ed.,  Paris,  1844,  page  37. 
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tarding  force.  As  we  intend  to  enter  on  this  subject  at  greater 
length  hereafter,  it  is  unnecessary  now  to  say  more  upon  it. 

It  must  be  observed,  that  in  the  motion  of  a  system  of  parti- 
cles, which  are  subject  to  the  action  of  internal  forces  as  well  as 
of  external  forces,  the  internal  forces  do  not  necessarily  disap- 
pear in  the  right-hand  member  of  (89),  even  if  they  enter  in 
pairs  of  equal  and  opposite  forces ;  for  suppose  an  internal  force, 
say  T,  to  act  mutually  on  m  and  m'  in  equal  intensity  and  in  op- 
posite directions  along  the  same  line  of  action  ;  the  virtual  ve- 
locity corresponding  to  t  will  not  disappear  in  (89),  unless  the 
displacement  of  m  is  exactly  equal  and  parallel  to  that  of  m : 
and  as  the  geometrical  displacements  are  the  actual  dynamical 
displacements,  the  displacements  of  these  two  particles  are  not 
necessarily  equal  and  opposite.  To  exemplify  this  fact,  in  any 
displacement  of  the  solar  system,  the  theorems  of  the  last  two 
sections  are  true ;  the  vis  viva  however  of  that  system  is  not 
always  the  same,  even  if  we  neglect  the  external  forces,  because 
a  change  of  it  arises  from  the  internal  forces  producing  an  al- 
teration in  the  form  of  the  system.  In  the  motion  of  a  rigid 
body,  and  of  a  system  of  particles  of  invariable  form,  the  inter- 
nal forces  will  cancel  each  other.  But  if  there  are  elastic  con- 
nections, or  springs,  and  if  expansions  or  contractions  arise  from 
such  forces,  these  may  not  disappear  in  the  equation  of  vis  viva. 

64.]  Let  us  suppose  ^,m(iidx -^y dy -^-z dz)  to  be  an  exact 
differential  of  a  function  of  x^,  y^,  Zi,  x^,  y^,  z^...  x^y  yn^  Zn ;  so  that 
5.  w  (X  rfa?  -h  Y  rfy  -f  z  rfa;)  =  d  ,f{x,  y,  z) ;  (91) 

where /(^,  y,  z)  is  a  function  of  some  or  all  of  the  coordinates  of 
the  several  particles  of  the  system :  then,  taking  the  definite 
integral  of  (89),  we  have 

3.i»t;«-.2.mV  =  2/(a?,y,;?)-2/(a?^yo.«^o);  (92) 
where  the  quantities  with  the  subscript  o  are  the  initial  values 
of  the  similar  quantities  without  the  subscript;  and  therefore 

The  increase  of  the  vires  vivse  of  all  the  particles  of  the  system, 
that  is^  of  the  vis  viva  of  the  whole  system,  in  passing  from  one 
position  to  another,  depends  on  only  the  two  positions  of  the 
system,  and  is  independent  of  the  path  described  by  each  par- 
ticle of  the  system.  This  is  called  the  principle  of  vis  viva  of  a 
system. 

Hence,  if  all  the  particles  resume  the  positions  which  they  ori- 
ginally had,  the  sum  of  the  vires  vi  vss  is  the  same  in  both  cases ; 

PRICB9  VOL.  IV.  p 
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and  consequently,  wheneyer  a  system  in  motion  resumes  a  posi- 
tion which  it  formerly  had,  the  yis  viva  of  the  system  is  the  same 
in  both  cases. 

If,  for  every  particle  of  the  qrstem, 

X  ss.  r  =  K  ^  0, 

and  the  snm  of  the  vires  vivse  is  the  same  throaghoat  the  mo- 
tion ',  this  theorem  is  called  the  principle  of  conservation  of  vires 
vivflB. 

If  all  the  particles  of  the  system  are  subject  to  the  action  of 
gravity  only,  then,  taking  the  plane  of  (a?,  y)  to  be  horizontal, 
X  =  Y  =  0,  z  =  ^,  and  therefore 

a.mr*  — a.wiro*  =  25.m^(«  — «o).  (93) 

But  Hzq  and  z  are  the  distances  firom  the  plane  of  (ar,  y)  to  the 
centre  of  gravity  of  the  system  at  the  times  0  and  t  respectively ; 
and  if  M  is  the  mass  of  the  particles, 

mZq  =r  ^.mz^  Mz  =  i.mz; 

.'.    s.mi;*  — a.wit?o*  =  2m^(5— 5o)j  (**) 

that  is^  the  increase  of  vis  viva  of  a  heavy  system  depends  only 
on  the  vertical  distance  over  which  the  centre  of  gravity  passes ; 
and  therefore  the  vis  viva  is  the  same  whenever  the  centre  of 
gravity  passes  through  a  given  horizontal  plane. 

Whenever  the  system  passes  through  a  position  in  which  it 
would  be  in  equilibrium  under  the  action  of  the  impressed  la- 
bouring force,  if  it  had  no  velocity  at  the  time,  then,  in  that 
position,  by  the  principle  of  virtual  velocities, 

s.m  (xdx-^Ydy  +  z  dz)  =  0.  (95) 

And  therefore  from  (89),  d.^.mi^  =  0 ;  so  that  the  vis  viva  is 
either  a  maximum  or  a  minimum,  or  is  constant ;  the  last  being 
the  case  when  no  forces  are  impressed,  and  when  therefore  every 
position  of  the  body  would  be  a  position  of  equilibrium,  if  there 
was  no  velocity.  And  therefore  conversely  the  sum  of  all  the 
vires  vivs  is  a  maximum  or  a  minimum  when  the  system  passes 
through  what  would  be  a  position  of  equilibrium  if  the  particles 
had  no  velocity.  And  the  vis  viva  of  the  system  is  a  maximum 
or  a  minimum  according  as  the  position  of  equilibrium  is  of 
stable  or  of  unstable  equilibrium. 

For  on  referring  to  the  notation  and  the  process  of  Art.  103 
and  104,  Vol.  Ill,  it  appears  that  half  the  vis  viva  of  the  system 
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is  the  quantity  which  is  therein  expressed  by  u,  and  is  called  the 
central  moment  of  the  system ;  for,  from  (373)  Art.  103,  we  have 
du  =  2.p(cos  adx-{-  cos  pdp  -{■  cos  y  dz) 

=  3.m(xrfa?  +  Trfy  +  zrf«)  =  -rf.5.»it;*;  (96) 

and  therefore,  as  the  equilibrium  of  a  system  of  forces  is  stable 
or  unstable,  according  as  the  c^itral  moment  is  a  maximum  or 
a  minimum,  so  the  vis  viya  of  the  system  is  a  maximum  or  a 
minimum,  according  as  the  equilibrium-state  through  which  the 
system  passes  is  a  state  of  stable  or  of  unstable  equilibrium. 
Thus,  it  appears  that  in  a  heavy  system  of  particles,  such  as  in 
machines  &c.,  the  vis  viva  of  the  system  is  the  greatest  when 
the  centre  of  gravity  has  its  lowest  position,  because  the  equili- 
brium in  that  case  is  stable :  and  the  vis  viva  is  the  least  when 
the  centre  of  gravity  has  the  highest  position  compatible  with 
the  constraints  of  the  machine.  This  also  may  be  deduced  di- 
rectly from  (94). 

65.]  Let  us  now  consider  under  what  circumstances 
i.i»  (x  rfa?  -f  Y  dy  -f  z  dz) 
is  an  exact  differential. 

It  is  to  be  observed,  that  this  cannot  be  the  case  if  x,  t,  or  z 
contains  t  explicitly.  Of  course  the  general  conditions  for  any 
one  particle  m  are  those  given  in  (15),  Art.  383,  Vol.  III.  It  is 
however  an  exact  differential  so  far  as  any  particle  m  is  acted 
on  by  a  central  force  whose  centre  is  fixed  at  (a,  b,  c) ;  and  which 
is  a  function  of  the  distance  r  between  the  centre  and  (<r,  y,  z) 
the  place  of  m.  Thus,  let  p  be  the  central  force  =  /(r),  say ; 
then  «,    ^  ^     h  -     >. 

x  =  ^/(r),     Y=^-^/(r),      z=l^V(r); 

r»  =  (4?-.a)»-|-(y-*)»  +  (;2;-c)«; 
.-.     rdr  =  (W'^a)dw-^{y^b)dy -\-(z  —  c)dz\ 

.'.     m  (X  rfa?  +  Y  rfy  -f  z  rfa?)  =  mf(r)  dr ;  (97) 

which  is  an  exact  differential,  and  the  change  of  vis  viva  due  to  it 

=  imj   f{r)dr. 

So  far  therefore  as  the  labouring  forces,  which  act  on  the  par- 
ticles of  the  system,  are  central  forces  with  fixed  centres,  the 
impressed  quantity  of  work  is  an  exact  differential.  And  if 
/(r)  is  positive,  so  that  the  force  is  repulsive,  and  if  dr  is  posi- 
tive, then  the  vis  viva  is  increased ;  and  if  the  particles  approach, 

joogle 
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in  which  case  dr  is  negative^  the  vis  viva  is  diminished ;  simi- 
larly, if  the  central  force  is  attractive,  the  vis  viva  is  increased 
or  diminished  according  as  the  attracted  particle  approaches  to 
or  recedes  from  the  centre  of  attraction. 

The  impressed  quantity  of  work  is  also  an  exact  differential, 
so  far  as  any  two  particles  of  the  system  are  attracted  towards 
or  repelled  from  each  other  by  a  force  which  varies  as  the  mass 
of  each,  and  is  a  function  of  the  distance  between  them.  Let 
the  two  particles  be  m  and  m\  and  let  their  places  at  the  time  t  be 
(a?,  y,  z)  {afy  y',  s!),  and  let  the  distance  between  them  be  r ;  let 
p  ^  fix)  be  the  attractive  or  repulsive  force  of  an  unit  particle 
acting  upon  them  from  one  to  the  other ;  then 

r  T  T 

Also  r^  =  (^-y)»+(y-y )»  +  («-/)»; 

.-.    rdr  =  {x-x)  (dx-daf)  \  (y-y')  {dy-dy)'^izsf)  (dz-^dzT) ;  (99) 

therefore  thus  far 
m  (x  rfo?  H-  Y  rfy  4-  z  dz)  4  m'{x'dx  +  Y^dy  H-  z'dsf) 

=  .^  {(x^x')  (dx^dx)  +  iy^y')  (dy^dy')-{-{z^z) {dz-dz')}f{r) 

=  m  m'f{r)  dr  ; 

which  is  an  exact  differential.  And  the  change  in  the  vis  viva 
due  to  this  impressed  labouring  force 

z=z2mni  r  f{r)dr.  (100) 

And  here,  as  in  the  former  case,  if  the  force  is  repulsive,  the  vis 
viva  of  the  particles  is  increased  or  diminished  according  as  the 
distance  between  them  is  increased  or  diminished ;  and  if  the 
force  is  attractive,  the  vis  viva  is  increased  or  diminished  accord- 
ing as  the  distance  is  diminished  or  increased. 

Thus,  if  a  system  of  particles,  gaseous  or  solid,  receives  an  in* 
crease  of  heat,  whereby  repulsive  forces  are  brought  into  action, 
the  particles  are  two  and  two  repelled  further  from  each  other, 
and  there  is  an  increase  of  vis  viva.  If,  on  the  other  hand,  heat 
is  withdrawn,  the  particles  are  drawn  nearer  together,  and  a  di- 
minution takes  place.  Hence  also  if  in  a  system  of  moving  parti- 
cles an  explosion  takes  place,  so  that  some  of  the  particles  are  re- 
moved farther  from  each  other,  an  increase  of  vis  viva  takes  place. 
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If  a  particle  is  constrained  to  move  on  a  smooth  sorface  whose 
equation  is  p  =  0^  no  change  of  vis  viva  is  due  to  the  reaction 
of  the  surface.  For  let  a  be  the  reaction  of  the  surface ;  and 
let  IT,  v,w,  be  the  a?—,  y— ,  «— ,  partial  differential  coefficients 
of  p ;  and  let  q*  =  u*  +  v^  -f  w*  ;  then,  so  far  as  the  reaction 
enters  into  the  impressed  quantity  of  work, 

j> 
m{xdx-^Ydy-^zdz)  =  —  {vdx  i-ydy  +  w  dz} 

=  0; 
so  that  the  vis  viva  is  not  changed  by  this  reaction.  If  however 
the  surface  on  which  m  is  constrained  to  move  is  rough,  so  that 
there  is  friction,  the  above  condition  is  not  satisfied,  and  a  loss 
of  vis  viva  takes  place.  Hence,  if  a  collision  or  a  sliding  occurs 
amongst  the  particles  of  a  moving  system,  a  loss  of  vis  viva 
ensues. 

Also,  if  a  particle  m  moves  freely  on  a  given  line,  and  x,  y,  z 
are  functions  of  the  coordinates  of  its  place  (x,  y,  z)  at  the  time  / ; 
so  far  X  e^o?  +  Y  ^y  H-  z  ^^  ia  an  exact  differential.  Because  x,  y,  z 
may  be  all  expressed  in  terms  of  one  variable  0,  as  in  the  equa- 
tions to  the  helix,  Art.  347,  Vol.  I,  2nd  Ed.,  and  thus,  if  p  ex- 
presses a  function  of  (^^ 

xdx-\-Ydy  -{-zdz  =  ¥d<f>; 
which  is  integrable. 

Also,  if  a  particle  m  moves  freely  on  a  given  surface,  and 
X,  T,  z  are  functions  of  the  coordinates  of  its  place  («r,  y,  z),  then 
idx  +  Ydy  -^zdz  will  be  an  exact  differential  if  one  condition 
is  satisfied,  viz.  that  which  is  given  in  (20),  Art.  383,  Vol.  III. 
This  however  may  more  shortly  be  obtained  as  follows :  Let 
d?,  y,  z  be  expressed  in  terms  of  two  variables  d  and  <^ ;  then,  if 
Pj  and  Pj  are  functions  of  6  and  <t>, 

xdx  +  Ydy  +  zdz  =  Vid6-^T^d<p; 
which  is  an  exact  differential,  if 

/dr^\  _  /rfPg\ 
\dipf  '^  \de)' 

66.]  The  vires  vivae  of  a  system  of  particles  may  also  be  con- 
veniently expressed  by  the  vis  viva  of  the  whole  mass  collected 
at  its  centre  of  gravity,  and  the  sum  of  the  vires  vivse  of  all 
the  particles  relatively  to  the  centre  of  gravity. 

Let  the  centre  of  gravity  be  (x,  y,  z),  and  let  the  place  of  m, 
relatively  to  a  system  of  coordinates  originating  at  the  centre  of 
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gravity  and  parallel  to  the  original  system,  be  (4/,  jj^  z').   So  that 

.  dx  _dx  dx'  dy  _dy  dy'  rf^  _  rf^  ,  ^^'  .|nn 
'•    TfTt^W    Tt-'di^'dr'    dfTt^  dt'  ^^  ^^ 

therefore,  if  m  =  the  mass  of  all  the  particles^  by  reason  of  (53)^ 

=  Mp  +  s.mt;'*,  (103) 

where  v  is  the  velocity  of  the  centre  of  gravity ;  that  is,  the  vis 
viva  of  a  system,  relatively  to  a  given  origin,  is  equal  to  the  sum 
of  the  vis  viva  of  the  whole  mass  collected  at  its  centre  of  gravity, 
and  the  vis  viva  of  the  system  relatively  to  the  centre  of  gravity. 
Hence  also,  if  the  element  of  the  quantity  of  work  can  be  ex- 
pressed in  the  form  of  an  exact  differential,  say  d  .f(x,  y,  z) ;  then 

2.mt;'*-xmt;o'*+M(t;>-V)  =  2/(«,y,«)-2/(^(pyo»«o)-  (10*) 
67.]  If  the  principle  of  vis  viva  is  true  of  a  system  of  parti- 
cles, so  that 

^.mixdx  +  Ydy  ^zdz)  =  'o.f{x^y,z)\ 
then  the  equations  of  motion  (37),  Art.  48,  are  such  that  xmjvds 

is  a  minimum  for  the  system  as  it  passes  from  one  position  to 
another ;  in  other  words,  the  principle  of  least  action,  which  haa 
been  proved  in  Art.  384,  Vol.  Ill,  to  be  true  of  a  single  particle 
m,  is  also  true  of  a  system  of  particles. 

Since  vds  =  t^dt^  2,m  I  v ds  ^  2, 1 mt^ dt ;  thus,  the  prin- 
ciple asserts  that  the  sum  of  the  vires  vivae  of  all  the  particles  of 
the  system  which  accumulates  during  the  time  occupied  by  the 
system  in  passing  from  one  position  to  another,  is  under  the  law 
of  connexion  of  the  impressed  and  expressed  momentum-incre- 
ments, given  in  (37)  Art.  48,  less  than  it  would  be  for  any  other 

law:   2.jmv^dt  is  called  the  action  of  the  system;  and  the 

theorem  is  called  the  principle  of  least  action,  and  in  this  ex- 
tended form  is  due  to  Lagrange. 

Let  the  limits  of  integration,  which  correspond  to  the  two 
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positions  of  the  system,  be  expressed  as  in  Vol.  II ;  then,  if  ti  is 
the  action  of  all  the  particles, 

u  =  2.m/   vds,  (105) 

Jo 

Let  d  be  the  symbol  of  variation ;   then,  by  the  calculas  of  va- 

riations,  ri 

bu  ^  2.m      {dsbv  +  vb.ds).  (106) 

Jq 

Now  «r  =  -da?  H-  -  «y  +  -  «a?,  (107) 

V  V  V 

and  b.ds  =z —b.dw-\- ^b.dy  +  ^b.dz',  (108) 

so  that 

hu^^MJ     |-^(xda?H-Y»y  +  z»^)  + J^(rf4?rf.»d?-f  rfyrf.ay  +  rfrrf.««)|  ;  (109) 

since  the  limits  of  the  integral  are  given  and  are  fixed,  the  first 
part  vanishes  of  itself.  And  the  second  also  vanishes  identically ; 

V  »  da  V  dt' 

=  0. 
Similarly,  each  of  the  other  terms  in  the  latter  part  of  (110) 
vanishes ;  therefore  di«  =  0 ;   and  u  is  either  a  maximum  or  a 
minimam,  or  is  constant.    Although  it  may  be  a  maximum  and 
a  constant  in  certain  cases,  yet  it  will  generally  be  a  minimum. 

Since  s.m  /   vds  =  2./   mt^dt,  and  this  quantity  is  a  mini- 

mum,  the  principle  will  be  more  correctly  called,  ^^  the  principle 
of  least  vis  viva :''  and  we  may  then  say,  that  under  the  existing 
laws  of  motion  as  expressed  by  the  equations  of  motion,  the  vis 
viva  acquired  by  the  system  during  the  time  of  its  passage  from 
one  position  to  another  is  less  than  it  would  be  under  any  other 
law  of  connexion  between  momenta  impressed  and  momenta  ex- 
pressed. It  is  necessary  that  the  first  and  last  positions  of  the 
system  should  be  given,  because  we  have  assumed  the  variations 
of  the  coordinates  which  correspond  to  them  to  vanish. 

This  principle  of  least  action  is  useless  as  a  method  of  so- 
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lutiou  of  dynamical  problems  ;  because,  assuming  it  to  be  true 
from  a  priori  or  other  reasoning,  it  gives  only  the  equations  of 
motion  (37),  Art.  48,  which  are  derived  more  satisfactorily  from 
D'Alembert's  principle ;  and  if  the  variations  of  x^  y,  and  z  had 
been  taken  in  their  most  general  forms,  which  are  (41),  Art.  50, 
being  due  to  not  only  a  motion  of  translation,  but  also  to  that  of 
rotation,  we  should  from  the  principle  infer  the  equations  (38) 
as  well  as  (37)  of  Art.  48.  It  is  merely  then  a  formula  which 
includes  them.  The  other  principles,  however,  which  we  have 
proved  in  the  preceding  Articles,  are  more  useful ;  under  certain 
circumstances,  they  give  us  actual  integrals  of  the  equations  of 
motion :  thus,  if  the  impressed  element  of  work  is  an  exact  dif- 
ferential, the  equation  of  vis  viva  is  a  first  integral,  and  that 
from  which  the  time  may  be  found  by  a  single  integration.  So, 
if  no  forces  act  on  the  system,  or  only  internal  forces  which  have 
equal  and  opposite  ones,  the  principles  of  conservation  of  the 
centre  of  gravity  and  of  the  conservation  of  moments  give  in- 
tegrals of  the  equations  of  motion. 

I  may  however  observe,  that  we  shall  generally  find  it  the  most 
convenient,  as  it  is  the  most  philosophical  method,  to  state  the 
equations  of  motion  in  their  general  forms,  and  to  integrate 
them  directly  with  the  introduction  of  those  limiting  values,  which 
are  given  by  the  conditions  of  the  problem. 

68.]  Let  us  next  consider  what  changes  the  vis  viva  of  a  sys- 
tem undergoes  under  the  action  of  impulsive  forces :  and  here 
we  are  arrested  by  a  difficulty.  D^Alembert's  principle  is  ap- 
plicable to  such  forces,  which  act  for  an  infinitesimal  time,  and 
in  that  time  impress  very  great  velocities,  because  the  points  of 
the  system  on  which  they  act  are  not  sensibly  displaced  rela- 
tively to  each  other ;  and  thus  the  principle  of  virtual  velocities 
is  applicable  also  to  the  momenta  lost ;  whence  we  have 

,.«{(v.-f),.+  (.,-§)„+(..-|),4  =0.    (Ill, 

If  the  type-particle  m  is  moving  with  a  velocity  whose  axial 
components  are  u,  v,  w  before  the  instantaneous  force  acted  on 

it ;  and  with  a  velocity  whose  axial  components  are  -jr  >  :^  >  -jr 

,       ,       ,  dt    at    at 

after  the  force  has  acted,  'Ji^jf^'^^^  (HI)  must  be  replaced  by 
dx  dy  dz 

Tt-""'        Tt-'''        Tt-""' 
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If  however  a  collision  takes  place  between  bodies  which  are  more 
or  less  elastic,  a  change  of  figure  takes  place ;  and  the  relative 
position  of  the  particles  is  changed ;  so  that  the  conditions  under 
which  the  preceding  equations  of  motion  have  been  found  are 
not  fulfilled.  The  space  however  through  which  a  particle  is 
displaced  is,  it  may  be  thought,  so  small  that  we  may  neglect  it 
when  taken  absolutely ;  but,  as  the  time  in  which  the  displace- 
ment takes  place  is  also  infinitesimal,  the  velocity  continuously 
varies,  and  the  change  of  it  cannot  be  neglected :  thus,  there 
will  be  a  difference  of  velocities  of  two  contiguous  particles ;  and 
this  is  inconsistent  with  the  immediate  application  of  D^Alem- 
bert's  principle.  If  however  the  bodies  are  hard  and  inelastic, 
so  that  no  compression  takes  place,  the  particles  move  with  the 
same  velocity,  and  are  at  relative  rest,  and  the  principle  applies : 
also,  in  the  case  of  elastic  or  imperfectly  elastic  bodies,  the  bodies 
move  with  the  same  velocity  when  the  compression  is  a  maxi- 
mum, and  before  the  restitution  of  the  figure  has  begun  to  take 
place.  At  this  instant  the  principle  of  D^Alembert  supplies  the 
equations  of  motion.  Again,  when  an  explosion  takes  place,  the 
particles  in  contact  move  with  the  same  velocity  when  the  ex- 
plosive forces  begin  to  act,  and  at  that  instant  again  the  princi- 
ple of  D'Alembert  gives  the  equations  of  motion. 

I  propose  then  to  investigate  the  following  problem :  A  sys- 
tem of  material  particles  is  in  motion,  and  is  subject  to  impul- 
sive forces,  either  amongst  each  other  or  against  fixed  obstacles, 
of  the  nature  of  collision  or  explosion  ;  what  change  of  vis  viva 
of  the  system  takes  place  by  virtue  of  the  action  of  these  in- 
stantaneous forces  ? 

Firstly,  let  us  take  the  case  of  impact  and  collision  of  the  mem- 
bers of  the  system  against  each  other  or  against  fixed  obstacles 
And  let  us  take  the  equation  of  motion  (111)  at  the  instant 
when  the  compression  is  a  maximum,  because  then  the  particles 
in  contact  are  at  relative  rest,  and  in  the  case  of  impact  against 
a  fixed  obstacle  are  at  absolute  rest.  In  these  cases  v,,  Vj^,  v. 
disappear  from  the  equation,  because  any  momentum  arising  from 
the  mutual  action  of  the  particles  of  the  system  is  always  accom- 

.   ,  ,  ,       ,  .  ^^      .     dw  dy  dz 

panied  by  an  equal  and  opposite  reaction.     ^^^"^  ^^^  ~J'4>  'Jj'  'J* 

be  the  axial  components  of  the  velocity  v  oi  m  before  collision 

takes  place;   and  --rr> —n-' -3^  the  axial  components  of  the 
at     at     at 

PRICE,  VOL.  IV.  Q 
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velocity  v'  of  m^  when  compression  is  a  maximum ;  also  let  the 
actaal  spaces  described  by  m  along  the  coordinate  axes,  at  the 
instant  when  the  compression  is  a  maximum,  be  the  particular 
values  of  the  virtual  velocities  Jar,  dy,  hz\  so  that  (111)  becomes 

=  a.«i»'».  (113) 

Also  we  have  identically 

therefore  (118)  becomes 

=  s.mtt^(say).  (115) 

Thus  the  loss  of  vis  viva  during  compression  is  the  vis  viva  of  all 
the  particles^  were  each  to  move  with  a  velocity  equal  to  the 
excess  of  that  at  the  beginning  of  collision  over  that  at  the  end 
of  compression:  this  quantity  we  have  expressed  by  s.m«^; 
and  as  it  is  a  positive  quantity  the  compression  causes  a  loss  of 
vis  viva. 

If  the  particles  of  the  system  are  either  inelastic  or  perfectly 
hard,  there  is  no  force  of  restitution  of  figure^  and  the  velocMy, 
at  the  instant  when  the  compression  is  a  maximum^  is  the  per- 
manent velocity  of  the  system  :  we  have 

^.wt/*  =  s.mt;*  — s.wti;*. 
This  is  Camot's  theorem,  having  been  given  by  him  first  in  his 
^^Essai  sur  les  Machines  en  g^n^ral/^  Baale,  1797.     See  also 
'^Principes  fondamentaux  de  TEquilibre  et  du  Mouvement/' 
Paris,  1803. 

Secondly,  let  us  suppose  the  instantaneous  forces,  by  which 
the  change  of  vis  viva  of  the  system  takes  place,  to  be  forces  of 
explosion ;  then,  using  the  same  notation  as  before,  the  virtual 
velocities  may  be  replaced  by  dx^  dy,  dz,  the  actual  displace- 
ments along  the  axes  of  the  place  of  m,  during  the  instant  dt, 
before  the  explosion  took  place ;  then,  (112)  becomes  in  this  case 
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and  following  the  same  process^  we  have 

:i.mv^  =  s.fwv^H-s.mtr*;  (116) 

that  is,  vis  viva  is  gained  by  the  explosion. 

It  is  indeed  evident,  that  if  the  particles  of  the  system  are  at 
rest  before  the  explosion,  the  separation  of  the  particles  must  be 
accompanied  with  an  increase  of  vis  viva. 

In  the  case  now  of  the  collision  of  bodies^  the  former  of  the 
two  cases  is  that  which  occurs  until  the  compression  is  a  maxi- 
mum^ and  the  latter  is  that  which  occurs  during  the  restitution 
of  the  figure.  Vis  viva  is  lost  during  compression,  and  is  gained 
daring  restitution.  If  the  bodies  are  perfectly  elastic,  so  that 
they  recover  the  same  form  that  they  had  before  collision,  the 
increase  of  vis  viva  during  the  restitution  will  be  doubtless  equal 
to  that  lost  during  compression ;  and  thus  the  vis  viva  of  the 
system  is  the  same  before  and  after  collision.  If  they  are  per- 
fectly inelastic  there  is  a  loss  during  compression,  and  there  is 
no  gain,  because  there  is  no  restitution.  And  if  the  bodies  are 
only  partially  elastic,  as  is  the  case  with  all  substances  we  are 
acqnainted  with,  the  recovery  of  vis  viva  during  the  restitution 
of  the  figure  is  not  as  large  as  the  loss  during  compression ;  and 
consequently  there  is  a  loss  of  vis  viva. 

We  have  supposed  the  bodies  to  be  smooth,  so  that  the  vis 
viva  is  not  affected  by  friction.  If  however  they  are  rough,  and 
the  impact  is  oblique  in  the  cases  pf  collision,  terms  will  enter 
into  equation  (111)  corresponding  to  friction,  and  our  results 
win  require  modification  accordingly. 


Section  5. — Gauss^  theorem  of  least  constraint. 

69.]  In  Art.  105,  Vol.  Ill,  a  statical  theorem  is  given  which 
is  there  deduced  from  the  principle  of  virtual  velocities.  It  is 
however  only  a  particular  form  of  a  very  general  theorem  which 
includes  all  dynamics.  It  is  useless  for  the  direct  solution  of 
dynamical  problems,  but  in  the  same  way  as  the  principle  of 
least  action  is  useless :  yet,  as  it  comprises  the  equations  of  mo- 
tion given  in  (37)  and  (38)  of  Art.  48,  and  gives  a  new  meaning 
to  them,  it  deserves  attention.     If  we  could  either  assume  its 

Q  2 
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truth,  or  prove  it  to  be  true  by  general  reasonings  we  might 
deduce  from  it  all  the  equations  of  motion :  but  it  is  better  to 
take  an  opposite  course ;  to  state  the  principle^  and  then  to  shew 
that  it  is  deducible  from  the  equations  of  motion. 

The  theorem  is  due  to  Gauss,  and  is  now  called  ^'  Gauss'  prin- 
ciple of  least  constraint :''  it  was  first  given  in  Grelle^s  Journal^ 
Vol,  IV,  1829;  and  a  French  translation  of  the  memoir  is  in- 
serted as  a  note  to  the  2nd  volume  of  the  Mecanique  Analytique 
of  Lagrange,  edited  by  M.  Bertrand,  Paris,  1855.  A  full  expla- 
nation of  it  with  examples  is  given  in  ''  Zeitschrift  fur  Mathe- 
matik  und  Physik  von  Schlomilch  und  Witzschel,^'  III.  Band, 
Leipzig,  1858,  by  Dr.  Hermann  Scheffler.  The  following  is  the 
enunciation  of  the  theorem :  If  a  system  of  material  particles  is 
in  motion,  under  the  action  of  given  finite  accelerating  forces, 
the  sum  of  the  products  of  each  particle  and  of  the  square  of  the 
distance  between  its  place  at  the  end  of  dt,  and  the  place  which 
it  would  have  under  the  action  of  the  given  forces,  and  in  the 
same  initial  circumstances,  if  it  were  free,  is  a  minimum. 

If  therefore  we  measure  constraint  by  the  square  of  the  dis- 
tance between  the  actual  place  of  m,  and  the  place  which  it 
would  have  if  it  were  under  the  action  of  the  same  forces  and 
were  a  single  unconstrained  particle,  then  the  theorem  is,  that 
the  sum  of  the  products  of  each  particle  and  its  constraint  is  a 
minimum. 

Let  the  particles  of  the  system  be,  as  heretofore,  mi,m^,...m^; 
of  which  let  m  be  the  type ;  at  the  time  /  let  (x,  y,  z)  be  its  place ; 
let  u,  V,  to  be  the  axial  components  of  the  velocity  of  m,  and  let 
X,  T,  2  be  the  axial  components  of  the  impressed  velocity-incre- 
ments. Then,  at  the  time  /  -f  dt,  the  coordinates  of  m  are  re- 
spectively 

^  +  «rf^  +  ~rf/»,  y-^vdi^—dfl,  z+wdt+l^^dfl;{ll7) 

but  if  m  were  unconstrained,  and  moved  with  the  lame  initial 
circumstances,  the  coordinates  of  its  place  would  be 

x-hudt-^  ^x dP, 


y  +  vdt+^Ydfl, 
z  -ifwdi^  ^zdfi; 


(118) 
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Let  us  suppose  («+f,  y +  »?,  «+  C)  to  be  any  other  place  which 
it  were  possible  for  m  to  take ;  and  let  v  be  the  sum  of  the  pro- 
docts  of  every  particle,  and  the  square  of  the  distance  between 
the  possible  place  and  the  place  which  the  particle  would  have 
if  it  were  unconstrained  ;  so  that 

u==s.»|tf-i«rf/-|rf/»)«  +  (i?-t;rf/-|rf/»)H(f-tt?rf/-|rf/vf.  (119) 

Then  Ghtuss^  theorem  consists  in  the  assertion  that  u  is  a  mini- 
mum when  the  possible  place  is  that  given  by  the  coordinates 

(117). 

Let  us  differentiate  (119) ;  then^  if  the  total  differential  va- 
nishes, 

DU=0=2xm(^-tt*-|d/»)rffH-22.m(i7-t?d/-gd/»)rfiy 

+2xm(f-w*-|d/«)rff;  (120) 

and  as  iff,  dii^  dC  are  independent  of  each  other,  the  coefficient 
of  each  must  separately  vanish ;  therefore 


46 


(121) 


But  by  the  equations  (87),  Art.  48^ 

d^x  du 

ai^  at 

d^y  dv  y,Aftv 

a.mY  =  2.W  .^;  =  a.m-zj,    >  (122) 

Of*  at 

d^z  dw 

so  that  (121)  become 

^.mU^udt^l  ^^dP)^0, 

2.m(rj^vdt  -l^  dfl)  =  0,    ).  (128) 

a.m(f-.trrf<-|^rf/«)  =  0; 
and  therefore  it  is  necessary  that  the  possible  place  should  coin- 
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cide  with  the  actual  place  of  which  the  coordinates  are  given 
in  (117). 

Since  u^  in  (119),  is  the  sam  of  a  series  of  positive  quantities^ 
it  is  evident  that  it  does  not  admit  of  a  maximum;  neither 
generally  is  it  a  constant :  it  must  therefore  be  a  minimum;  so 
that  the  sum  of  the  products  of  each  particle  and  its  constraint 
is  a  minimum. 

And  that  it  is  a  minimum,  we  may  also  thus  demonstrate. 
Differentiating  again  (120)  we  have^ 

D»u=  2s.mrf^  +  2s.in(f-ttrf/-|rf/«)rf»f  +  ...  +  ... 

by  reason  of  (121) ;  and  this  is  necessarily  a  positive  quantity ; 
so  that  u  is  a  minimum  for  the  particular  values  of  $,  rj,  C  given 
in  (128). 

The  minimum  value  of  u  is  evidently 

In  statics  m  has  no  velocity,  so  that  tf  =  t;  =  to  =  0 ;  and  the 
theorem  takes  the  following  form : 

If  a  system  of  particles  of  invariable  form  is  in  equilibrium 
under  the  action  of  given  pressures,  and  is  disturbed ;  the  sum 
of  the  products  of  each  particle  and  the  square  of  the  distance 
between  the  original  place,  and  the  place  which  it  would  have  in 
the  displacement,  if  it  had  been  free,  is  a  minimum. 

Let  us  apply  this  principle  to  the  foUowmg  example.  Two 
inelastic  particles,  m  and  m\  impinge  on  each  other ;  it  is  re- 
quired to  find  their  common  velocity  after  impact. 

Let  V  and  t/  be  the  velocities  of  m  and  m'  respectively  before 
impact ;  and  let  v  be  the  common  velocity  after  impact :  then, 
if  u  is  the  sum  of  the  products  of  each  mass  and  the  square  of 
the  distance  between  the  place  which  it  has  actually,  and  the 
place  which  it  would  have  if  it  were  unconstrained  at  the  end 

^^^^'  V  =  f»(t;-v)*rf?  +  m'(v-.t;')«rf/a; 

-  2m  (v-v)  dfi  +  2  m'(v-r')  dfl  =  0, 
if  m(t;— V)  =  m'(v— 1<) ; 

mv  -h  m'v' 
m-^m 
It  is  hardly  necessary  to  observe  the  close  analogy  which  exists 
between  the  principle  of  least  constraint  and  the  method  of  least 
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squares.  As  that  method  gives  the  most  likely  yalae  to  quanti* 
ties  determined  by  observation^  which  are  subject  to  small  aoci* 
dental  errors^  so,  if  we  apply  to  dynamics  similar  considerations^ 
this  theorem  of  least  constraint  would  assign  the  most  plausible 
position  to  a  system  of  constrained  particles.  We  have  how- 
ever deduced  this  theorem  from  the  ordinary  laws  of  motion^ 
and  from  D'Alemberfs  principle ;  from  laws  that  are  incon- 
testably  and  otherwise  true ;  so  that  the  places  which  would  be 
assigned  to  the  particles  as  the  most  plausible  by  the  method  of 
least  squares  are  proved  to  be  their  actual  places. 

Notwithstanding  the  disparaging  remarks  which  are  not  un- 
firequently  made  on  the  principle  of  least  action^  and  which  La- 
grange thought  it  worth  while  to  reply  to ;  and  although  similar 
remarks  may  be  made  on  this  theorem,  inasmuch  as  it  is,  like 
that  of  least  action^  the  expression  of  a  metaphysical  idea,  yet  it 
commends  itself  to  every  mathematician  on  account  of  its  ele* 
gance  and  its  comprehensiveness.  The  end  of  all  science  is  a 
knowledge  of  laws  which  govern  phsenomena :  and  therefore  a 
theorem  which  includes  all  mechanical  phaenomena^  and  gives  a 
new  meaning  to  them^  and  indicates  that  there  is  no  waste  of 
power,  is  not  to  be  discarded  as  useless.  In  the  solution  of 
particular  problems  we  may  indeed  apply  less  general  laws  :  but 
the  more  general  law  cannot  fail  of  exciting  curiosity  and  of 
creating  a  desire  to  know  the  details  which  it  contains. 


Section  6. — Newton^s  principle  of  mnilitude, 
70.]  As  in  the  present  chapter  we  are  investigating  tliose 
theorems  and  principles  which  follow  immediately  from  the  equa- 
tions of  motion  of  Art.  48,  and  which  will  be,  each  in  its  own 
degree^  applied  in  the  following  Chapters ;  so  shall  we  here  intro- 
duce a  principle  of  similitude  which  is  given  by  Newton  in  Book 
II,  Section  VII,  Prop,  xxxii,  of  the  Principia ;  and  of  which  a 
proof  and  some  applications  are  given  by  M.  Bertrand  in  Cahier 
XXXII  of  the  Journal  de  TEcole  Polytechnique,  Paris,  1848. 

The  problem  which  the  principle  of  similitude  solves  is  this  : 
A  system  of  material  particles  of  a  certain  form  is  in  motion 
under  the  action  of  certain  forces  ;  we  have  a  new  system  exactJy 
similar,  and  either  larger  or  smaller  :  in  what  proportions  are 
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the  masses,  their  expressed  velocities,  the  time  of  motion,  and 
the  impressed  momenta  or  the  acting  forces  to  be  changed,  that 
is,  either  increased  or  diminished,  so  that  the  motion  of  the  new 
system  may  be  simihir  to  that  of  the  old  system  ?  In  other  words^ 
a  machine  '^  works''  on  a  given  scale ;  in  what  proportion  are  ita 
parts  to  be  changed,  that  it  should  ''  work''  on  another  given 
scale  ?  A  model  succeeds ;  a  machine  made  after  the  model 
breaks  into  pieces :  what  is  the  cause  of  this  ?  Here  is  a  dis- 
tinguishing point  between  geometry  and  mechanics ;  whatever 
in  geometry  is  true  of  a  triangle  on  a  small  scale,  is  equally  true 
of  a  triangle  on  a  large  scale :  in  mechanics  it  is  not  so ;  If 
a  large  machine  is  made  with  all  its  parts  geometrically  propor- 
tional to  all  the  parts  of  a  small  one,  the  '^  working*"  of  the 
large  one  cannot  be  inferred  from  that  of  the  small  one.  Now 
the  proportion  in  which  the  parts  are  to  be  changed  is  rightly 
given  by  Newton  in  the  proposition  above  mentioned,  and  of 
which  the  enunciation  is ; 

Si  corporum  systemata  duo  similia  ex  aequali  particularum 
numero  constent  et  particulae  correspondentes  similes  sint  et 
proportionales,  singular  in  uno  systemate  singulis  in  altero,  et 
similiter  sitae  inter  se,  ac  datam  habeant  rationem  densitatis  ad 
invicem,  et  inter  se  temporibus  proportionalibus  similiter  moveri 
incipiant  (ea  inter  se  quae  in  uno  sunt  systemate,  et  ea  inter  se 
quae  sunt  in  altero),  et  si  non  tangant  se  mutuo  quae  in  eodem 
sunt  systemate,  nisi  in  momentis  reflexionum,  neque  attrahant, 
vel  fugent  se  mutuo  nisi  viribus  acceleratricibus  quae  sint  ut  par- 
ticularum oorrespondentium  diametri  inversi  et  quadrata  velo- 
citatum  directi,  dico  quod  systematum  particulae  illae  pergent 
inter  se  temporibus  proportionalibus  similiter  moveri. 

According  to  this  theorem,  to  any  system  of  particles  of  a 
certain  form,  the  number  of  similar  systems  is  infinite.  A  pro- 
portionality however  must  exist  between  five  elements  of  the 
two  systems,  each  to  each ;  the  lengths,  the  times,  the  velo- 
cities, the  acting  forces,  and  the  masses;  instead  of  between 
the  lengths  only,  as  the  principle  of  similitude  in  geometry  re- 
quires. 

Let  us  take  the  general  equation  of  motion  (40),  Art.  50,  as 
given  by  the  principle  of  virtual  velocities;  and  modify  it  so  far  as  to 
make  x,  y,  z  the  impressed  momentum-increments ;  then  we  have 
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and  this  equation^  as  we  have  shewu  in  that  Article^  includes  all 
possible  cases  of  motion.  Suppose  now  that  all  the  eircHm- 
stances  of  motion  of  the  system  are  deduced  from  this  equation 
and  that  the  place  of  every  particle  at  the  time  /  is  given  in  terms 
cf  /.  Also,  let  us  suppose  that  we  have  a  second  system  of  par^ 
tides  of  a  form  similar  to  the  first ;  so  that  when  the  motion 
begins,  the  position  of  the  particles  in  one  system  is  similar  and 
similarly  situated  to  that  of  those  in  the  other ;  and  let  both 
systems  be  subject  to  similar  constraints,  so  that  both  have 
similar  equations  of  condition ;  and  let  the  equation  of  motion 
which  applies  to  this  latter  system  be 

Let 


r  =  the  ratio  of  the  linear  similitude  in  the  two  systems, 
k  =  the  ratio  of  the  masses  of  corresponding  particles, 
p  =  the  ratio  of  the  corresponding  impressed  momenta, 
II  =  the  ratio  of  the  times  in  each, 
a  =  the  ratio  of  the  velocities  of  corresponding  particles  in  each ;  ^ 
so  that    ,  ,  ,  ,  m 

X   "    y    "^    z    ^      ~"da?~^ 


!^  (127) 


bz 


=  km^         (  =  nt^ 


dt 


ds 
=  ^37' 


>     (128) 


then  it  is  evident  that,  if  these  quantities  are  substituted  in 
(126),  the  result  is  identical  with  (125)  if 

P  =  'S>  (129) 

ft 

in  which  equation  any  three  quantities  being  given,  we  can  de- 
termine the  fourth.  Thus,  for  instance,  if  all  the  elements  of  a 
system  are  changed  in  the  ratios  given  in  (127),  the  time  varies 
directly  as  the  square  root  of  the  linear  distances,  directly  as 
the  square  root  of  the  masses,  and  inversely  as  the  square  root 
of  the  acting  force.  Newton^s  principle  of  similitude  consists  in 
equation  (129). 

__  d^M 
""  '~  di'  ds 

n        ^  k  ' 


Also 
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Thus,  in  all  qnestiona  of  Dynamicflj  if  the  motion  or  ^  working** 
of  any  system  is  to  be  inferred  from  that  of  a  similar  system :  if 
the  linear  distanees,  the  times,  and  the  masse*  are  increased 
in  the  ratios  r  :  l^  n  :  I,  k  :  1  respectiyely ;  then  the  Telocities, 
and  the  impressed  momenta  or  acting  forces,  mnst  be  increased 
in  the  ratios  respectively  of  r  :  »  and  of  kr  :  n^  Let  as  take 
the  following  case  of  this :  A  large  locomotiTC  works ;  what 
conditions  are  necessary  that  a  small  similar  locomotive  shonld 
also  work? 

Let  the  ratio  of  the  linear  dimensions  of  the  partsr  in  the  amall 
machine  be  to  that  in  the  larger  machine  as  r  ;  1^  where  r  is  a 
proper  fraction ;  then  the  ratio  of  the  masses  is  as  r'  :  1 ;  so  that 
k  =s  f^;  also,  since  gravity  acts  in  both  cases,  and  since  the 
ratio  of  the  wei^ts  of  the  several  parts  are  as  the  masses,,  thwe- 
fbre  the  ratio  of  the  forces  is  as  r'  :  1 ;  and  this  is  to  be  constant 
with  all  the  forces,  so  that  p  =  r*:  thus,,  from  (129>i  n  =^  r^; 
and,  from  (130),  a-  =1  r^  :  thus  the  timea  and  the  velocities  will 
both  be  in  the  ratio  r^  :  1.  Let  ns  consider  other  forces :  the 
pressure  of  steam  on  the  piston  will  be  diminished  in  the  ratio 
of  r'  :  1.  As  the  resistance  of  the  air  varies  as  the  square  of 
the  velocity  and  as  \he  area  of  the  surface,  it  is  diminished  in 
the  ratio  of  r*  :  1.  Sliding  frictions,  being  proportional  to  the 
pressures,  are  diminished  in  the  same  ratio.  Rolling  frictions, 
which  are  found  to  vary  directly  as  the  pressures,  and  inversely 
as  the  radn  of  the  rolling  wheels,  will  be  diminished  in  the  ratio 
of  r^  :  1.  Thus,  in  a  small  machine,  this  ratio  may  be  very 
great. 

I  subjoin  two  simple  examples  of  this  principle  of  similitude ; 
others  will  be  found  in  the  Memoir  of  M.  Bertrand^  which  haa 
already  been  alluded  to. 

Ex.  1.  Two  equal  particles  at  rest  are  attracted  towards  a 
centre  of  force,  which  varies  directly  as  the  distance;  to  prove 
that,  whatever  are  their  initial  distances,  they  arrive  at  the  centre 
simultaneously,  and  that  their  distances  at  any  instant  from  the 
centre  are  proportional  to  their  initial  distances. 

Let  Xf^  and  o^'q  be  the  initial  distances  of  the  particles  from  the 
centre  of  force ;  so  that  af^^  =  vxq  :  also,  if  fjLOf  i»  the  attractive 
force,  then  fix^Q  =  pixXq;  therefore  p  =  r ;  also  *  =  1 ;  so  that 
(129)  gives  n  =  1 J  therefore  the  times  are  equal  in  the  two 
cases  and  both  arrive  simultaneously  at  the  centre  of  force. 
And  as  the  systems  are  similar  at  first,  they  are  similar  through- 
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out  the  motion ;  and  thus^  if  x  and  a!  are  the  distancea  of  the 
particles  firom  the  centre  of  force  at  the  time  t^ 

which  is  the  second  part  of  the  theorem. 

Ex.  2.  Two  simple  pendulums,  with  equal  weights^  whose 
lengths  are  /  and  /'  respectively,  are  moved  from  their  vertical 
position  through  equal  angles,  and  are  under  the  action  of  the 
gravities  g  and  ^  respectively ;  it  is  required  to  conrpare  the 
times  of  oscillation. 

These  are  evidentiiy  two  similar  systems :  T  =  r/,  ^  =  p^,  *  =  1 . 

P       fff 
therefore,  if  t  and  t'  are  the  times  of  oscillation^ 

which  is  the  well  known  result 


R  9 
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CHAPTER    IV. 

THE  EQUATIONS  OP  MOTION  OF  A  RIGID  BODY  EXPRESSED 
IN  TERMS  OF  ANGULAR  VELOCITIES  AND  THEIR  INCRE- 
MENTS.     PRINCIPAL  AXES  AND  MOMENTS  OF  INERTIA. 

Section  1. — The  transformation  of  the  equations  of  motion. 

71.]  The  most  general  motion  of  a  system  of  material  parti- 
cles  of  invariable  form  may  be,  as  we  have  already  proved^  re- 
solved into  a  motion  of  translation  of  any  point,  and  a  motion 
of  rotation  about  an  axis  passing  through  that  point.  Generally 
the  position  and  direction  of  that  axis  undergoes  a  continual 
change,  and  the  axis  may  be  considered  to  be  constant  during 
only  an  infinitesimal  time-element  dt ;  for  it  is  only  in  a  few- 
cases  that  the  axis  is  fixed  during  the  whole  motion. 

From  the  nature  of  angular  velocities^  which  have  been  ex- 
plained in  Chapter  11^  it  is  evident  that  they  admit  of  increase 
and  decrease,  either  continuously  or  discontinuously ;  and,  in 
the  general  motion  of  a  body,  there  will  generally  be  a  continu- 
ous variation  of  angular  velocity,  whether  the  rotation-axis  is 
permanently  fixed,  or  has  the  same  position  for  only  an  infinitesi- 
mal time-element ;  and  the  angular  velocity  may  either  increase 
or  decrease.  Now  this  change  of  angular  velocity  cannot  take 
place  without  the  action  of  some  force  of  which  it  is  the  effect : 
a  rotating  body  can  no  more  increase  or  diminish  its  angular 
velocity,  than  a  material  particle  increase  or  diminish  its  linear 
velocity :  this  fact  is  involved  in  the  law  of  inertia  of  matter : 
whenever  a  change  takes  place,  some  force  acts  to  produce  that 
change ;  and  the  relation  between  the  change  of  angular  velo- 
city and  the  producing  forces  will  be  the  subject  of  our  inquiry 
in  the  present  Chapter.  We  shall  demonstrate  the  relation  in- 
directly at  first,  by  a  transformation  of  the  preceding  equations 
of  motion:  but  we  shall  introduce  direct  proofs  as  occasion 
arises  in  the  course  of  our  inquiry.  Thus,  while  the  process  of 
transformation  will  enable  us  to  conduct  our  treatise  in  a  syste- 
matic form,  the  direct  proofs  will  remove  all  intermediate  opera- 
tions, shew  the  close  dependence  of  our  results  on  first  principles, 
and  thus  enable  us  to  view  the  relations  as  they  are  in  them- 
selves.    Thus,  as  I  conceive,  we  have  the  advantage  of  both  the 
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analjrtical  and  the  synthetical  processes^  of  which  such  admirable 
examples  are  given  respectively  in  the  M&»niqtte  Analytique  of 
Lagrange^  and  the  Nouvelle  Th^orie  de  Rotation  of  Poinsot. 

72.]  As,  for  the  most  part^  we  consider  changes  of  angular 
velocities  during  an  infinitesimal  time  only^  the  position  of  the 
rotation-axis,  whether  in  the  body  or  in  space,  will  be  unchanged 
during  that  time ;  and,  if  the  rotation-axis  is  unchanged  during 
a  finite  time,  the  change  in  angular  velocity  will  be  found  by 
int^ration.  In  all  cases  therefore,  during  the  change  of  the 
angular  velocity,  we  shall  suppose  the  position  of  the  rotation- 
axis  to  be  fixed. 

If,  by  the  action  of  an  impulsive  force,  the  angular  velocity  of 
a  body  is  abruptly  changed,  or  if  a  body  at  rest  receives  a  finite 
angular  velocity,  we  consider  only  the  whole  velocity  which  is 
communicated  to  be  the  effect  of  the  force :  we  do  not  inquire 
into  the  law  of  communication,  which  would  assign  the  rate  at 
which,  in  successive  time-elements,  the  communication  took 
place,  but  as  the  whole  process  is  completed  in  an  infinitesimal 
time,  we  take  the  whole  at  once. 

If  however  a  finite  force  acts,  whereby  the  angular  velocity  of 
the  body  about  the  given  aids  continuously  varies,  then  there 
are  two  cases  to  be  considered,  according  as  equal  or  unequal 
angular  velocities  are  communicated  (or  abstracted)  in  equal 
time-elements ;  these  two  cases  corresponding  to  those  of  a  con- 
stant and  of  a  variable  force  in  the  linear  motion  of  material 
particles  respectively.  Let  us  first  take  the  case  in  which  equal 
angular  velocities  are  impressed  in  equal  times.  Let  4>  be  the 
angular  velocity  impressed  in  an  unit  of  time ;  and  let  a>  be  the 
angular  velocity  impressed  and  also  expressed  in  t  units  of  time : 
therefore  o)  =  */.  (1) 

As  equal  angular  velocities  are  impressed  in  equal  times,  and  as 
« is  the  measure  of  them,  *  is  called  a  constant  angular  force. 

If  the  body  moves  with  an  angular  velocity  n,  before  the  force 
*  acts,  and  if  »  is  its  angular  velocity,  when  «  has  acted  for  / 
units  of  time,  «  =  n  +  »/;  (2) 

and  if  «  acts  in  a  direction  contrary  to  that  of  n, 

«  =  n  — ♦/.  (8) 

Now  from  Art.  22,  equation  (4),  —  =  a> ;  so  that,  if  0  is  the 
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angle  throagh  which  the  body  rotates  in  the  time  t,  and  if  ^  =  0, 
when  ^  =  0,  then  generally  from  (2) 

do 

.-.     e^nt^^*fi;  (4) 

which  gives  the  angle  throagh  which  the  body  rotates  in  the 
time  t  under  the  action  of  a  constant  angular  force  «. 

Next  let  us  suppose  unequal  angular  velocities  to  be  impressed 
in  equal  time-elements ;  then  the  force  is  called  a  variable  an- 
gular force.  Let  us  however  suppose  it  to  be  such  at  the  time  t, 
that  an  angular  velocity  «  would  be  impressed  by  it  in  an  unit 
of  time^  if  the  force  were  constant  during  that  unit  of  time ; 
and  to  be  such  at  the  time  / + dt,  that  an  angular  velocity  «  +  tf « 
would  be  impressed  by  it  under  the  same  supposition  as  to  con- 
stancy ;  let  0)  be  the  angular  velocity  at  the  time  t^  and  u  -f-  tf  ca 
at  the  time  t-\-dt ;  then,  if  e  is  the  symbol  for  a  proper  fraction^ 
*^ed^  will  express  the  mean  or  average  value  of  the  impressed 
angular  velocity  due  to  an  unit  of  time  during  dt ;  that  is^  dur- 
ing dt,  « -f  ed*  is  the  mean  constant  angular  force ;  and  as  dan  is 
the  angular  velocity  expressed  in  dt,  we  have  from  (2) 

rfo)  =  (♦  +  €d^)dt; 
and  neglecting  d^  x  dt,  which  is  an  infinitesimal  of  the  second 
^'^«^'  rf»  =  *rf^;  (5) 

•"•    ^  ^  dt  -  dt  dt 

if  t  is  equicrescent ;  and  tins  supposition  we  shall  make  through- 
out the  treatise,  unless  it  is  expressly  stated  that  t  is  not  equi- 
•crescent. 

Hence,  if  «  is  given  in  terms  of  either  0  or  /,  we  can  deduce 
from  <6)  by  means  of  two  integrations  the  relation  between  $ 
and  t,  and  thus  determine  the  angle  through  which  the  body 
rotates  in  the  time  t. 

As  d^i  is  an  angular  velocity,  although  it  is  infinitesimal^  it  is 
capable  of  resolution  and  composition  according  to  the  lawa 
which  have  been  investigated  in  Chapter  II.  This  observation 
is  important. 

Let  thus  much  suffice  for  angular  velocity-increments ;  we  re- 
turn to  the  equations  for  rotatory  motion  which  have  been  found 
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in  Art.  48,  with  tbe  purpose  of  expressing  them  in  terms  of  an- 
gular Telodties,  and  angular  velocity-increments. 

73.3  Let  us  first  take  equations  (36)^  Art.  48 ;  and  replace  the 
linear  velocities  in  them  in  terms  of  the  angular  velocities  about 
the  three  coordinate  axes,  these  angular  velocities  being  due  to 
the  acting  forces. 

Let  us  take  any  point  of  the  body  for  the  origin ;  and  let  three 
rectangular  axes  fixed  in  space  originate  at  it :  the  origin  we 
may  consider  to  be  fixed,  while  we  calculate  the  rotation  about 
an  axis  through  it.  We  will  assume  the  body  to  be  initially  at 
rest.  Let  a,  j9,  y  be  the  direction-angles  of  the  rotation-axis ; 
let  a  be  the  angular  velocity  due  to  the  acting  forces ;  let 
A»9  ^9  ^2  ^^  ^^^  ^^i^l  components  of  n ;  then 

tix  =  a  cos  a,         fly  =  A  cos  fiy        a«  =  a  cos  y 
cfi  =  a  J  +  V  +  «**• 

Let  L,  M,  N  be  the  moments  of  the  axial  components  of  the 
couple  of  the  impressed  momenta ;  so  that 
L  =  i.«4yv,  —  zvy), 

M   = 


1 


(7) 


L  =  i.fw^yv, -zvy),  1 
M  =  i.m(rv,-a?T,>,    I 
N  =  2.m  (a?  Vy  —  yvx);  J 


(8) 


then  firom  (85),  Art.  48,  we  have 

/   dLr        dz\ 

""'"^VTi'^'dil^^' 

(9) 

,.^(^g_yg)=N. 

Now,  by  (72)  Art.  88,  we  have  the  following  values  for  the  axial 
components  of  the  linear  velocity  of  m,  which  is  due  to  the 
angular  velocity  0, 

dx                                                            1 
—  =  zcL^-ya^  =  n  («  cos  ;3-y  cosy), 

• 

dy 

-^  =  xa^  —  zsig  =  A(a^cosy  — jzrcosa), 

(10) 

dz 

—  =r  y  n^p— ^  Ay  =  A  (y  cos  a  —  arc 

?os/3) ; 

then  substituting  in  (9),  we  have 

n{  coeoa.jii(y*+2?*)— cos/32. i»a?y—co8ys.m^ar}  =  l, 
a{— cosaa.m^y  +  cos)92.m(«'-f  .r^)  — cosys.my^}  =  m, 
n{— cotaa.ma^dr«*co8)93.fiiyit; -f  C08y2.99i(a:'+y*)}  =  n; 


1 


(11) 
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Q,  COS  a,  cos)9,  cosy  having  being  placed  outside  the  summatory 
symbols,  because  they  are  the  same  for  all  particles  of  the  body. 
And  these  three  equations  are,  in  terms  of  the  resultant  angular 
velocity  and  the  direction-angles  of  the  rotation-axis^  the  equi- 
valents of  (35),  Art.  48 ;  and  by  these  the  angular  velocity  n 
and  the  position  of  the  instantaneous  rotation-axis  are  to  be 
determined. 

Let  us  multiply  them  severally  by  cos  a,  cos  jS,  cos  y,  and  add; 
then 

Q2.m  {(y^+s^)  (coso)*-|-(2»  +  a?»)  (cos i9)2  +  (a?2-|-y«) (cosy)* 
— 2y^cos)9coBy— 22rj?co8ycosa— 2a?ycosacos/9} 

=  L  cos  a  +  M  cos/9  -h  N  cos  y ;  (12) 
which  may  be  expressed  as  follows ; 
na.m{(;:?cos/3— ycosy)*-|-(a?cosy— 3;coso)*-|-(ycosa— a:cos)3)*} 

=  L  cos  a  -h  M  cos  /3  +  N  cos  y ;  (13) 
and  if  r  is  the  perpendicular  distance  from  (x,  y,  z),  the  place  of 
m^  to  the  rotation-axis^ 

r*  =  («cos/3— ycosy)'-|-(d?cosy— 2rco8a)*-f  (ycosa— a;cos)8)*;  (14) 
so  that  (13)  becomes 

a.^.my^  =  Lcosa-f  Meos/3  +  Ncosy ;  (15) 

__   LCOSa-hMCOSff-hNCOSy  -^ 

•      •  *1     —  a  t  \I-^/ 

which  gives  the  angular  velocity  about  the  instantaneous  axis. 

74.]  The  right-hand  member  of  this  equation  requires  ac- 
curate and  close  examination.  The  numerator  of  the  fraction 
is  the  moment  of  the  couple  of  the  impressed  momenta  of  all  the 
particles  about  the  rotation-axis ;  for  l^  m,  n  are  the  moments 
of  the  axial  components  of  the  couples  of  the  impressed  mo- 
menta^ and  the  numerator  is  the  sum  of  the  parts  of  those  axial 
components  which  are  effective  about  the  rotation-axis.  The 
denominator  is  the  sum  of  the  products  of  every  moving  particle 
and  the  square  of  its  distance  from  the  rotation-axis :  and  in 
the  case  of  a  continuous  body  it  becomes  the  integral  of  r^dm^ 
the  integration  extending  over  and  including  all  the  mass-ele- 
ments of  the  body.  This  quantity  is  called  the  moment  of  inertia 
of  the  body  or  of  the  moving  system^  relatively  to  the  particular 
rotation-axis,  and  the  geometrical  definition  of  it  is  that  just 
given.  It  appears  also  from  (15)  that  it  is  the  factor  by  which 
the  angular  velocity  n  is  multiplied,  and  thus  equated  to  the 
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moment  of  the  conple  of  the  impressed  momenta  about  the 
rotation-axis.     This  last  is  the  dynamical  definition  of  it. 

The  name  "  moment  of  inertia"  has  been  given  for  the  follow- 
ing reason.  Let  ns  compare  (15)  with  the  fundamental  theory 
of  Art.  210,  VoL  III,  of  the  motion  of  irmnslation  of  a  material 
particle  m,  which  is  acted  on  by  an  impulsive  force.  It  appears 
that  if  Y  is  the  expressed  velocity  of  m,  and  if  x  is  the  momentum 
impressed  by  the  instantaneous  force,  then 

«»v  =  x;  (17) 

so  that  m,  which  symbolises  the  mass,  is  the  factor  by  which  v  is 
multiplied,  and  so  equated  to  the  impressed  momentum  ;  and  as 
in  (15)  x.mr^  is  the  factor  by  which  o  is  multiplied,  and  thus 
equated  to  the  moment  of  the  impressed  momentum,  so  the  old 
mechanicians  compared  the  m  in  (17)  with  the  s.mr*  in  (15) ;  and 
as  they  were  wont  to  say  that  a  body^s  inertia  was  proportional 
to  or  identical  with  its  mass,  so,  by  an  analogy  somewhat  rough, 
did  they  call  x.mr^  the  moment  of  inertia.  It  seems  difScult  to 
demonstrate  the  correctness  of  the  term  ;  but  as  it  is  undesirable 
to  introduce  a  new  name,  except  by  urgent  necessity,  I  shall 
retain  the  old  one,  and  call  2.m7^  the  moment  of  inertia  of  the 
body  or  system  of  particles  relatively  to  the  rotation-axis.  The 
determination  of  this  quantity  is  evidently  the  first  step  in  the 
solution  of  a  problem  which  depends  on  the  equation  (16) ;  and 
is  otherwise  of  great  importance.  Hereafter  many  properties  of 
moments  of  inertia  will  be  investigated,  and  I  shall  calculate  the 
moments  of  inertia  of  bodies  and  moving  systems  in  many  par- 
ticular cases. 

Sometimes  the  moment  of  inertia  is  expressed  in  the  following 
manner:  Let  m  be  the  mass  of  the  moving  system,  and  let  us 
suppose  the  whole  system  to  be  condensed  into  a  particle  of  mass 
M^  at  a  distance  k  from  the  rotation-axis,  so  that  the  moment  of 
inertia  of  the  system  thus  condensed  may  be  the  same  relatively 
to  the  axis  as  that  of  the  moving  system :  then,  as  the  moment 
of  inertia  of  m  in  this  imaginary  and  condensed  state  is  m  k^^  so 
by  OBT  assamption,      ^  ^,  ^  ^^  ^^ .  ^18^ 

k  is  called  the  radius  of  gyration  of  the  body  relatively  to  the 
particular  rotation-axis. 

Hence,  if  a  continuous  body  is  referred  to  three  rectangular 
axes  in  space,  and  if  p  is  the  density  of  the  particle  at  {x,  y,  z), 
dm  =  pdxdydz,  (19) 
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and  the  moments  of  inertia  of  the  body  relatively  to  the  three 
coordinate  axes  of  x,  y^  and  z  are  severally 

the  integrals  being  definite^  and  including  all  the  elements  of  the 
body. 

75.]  As  (16)  is  the  fundamental  equation  of  rotation  of  a 
body  under  the  action  of  instantaneous  forces,  it  is  worth  while 
to  deduce  it  immediately  from  the  first  principles  of  motion. 

For  the  sake  of  simplicity,  let  us  take  the  rotation-axis  to  be 
the  coordinate  axis  of  z,  and  suppose  the  line  of  action  of  the 
impressed  momentum  to  be  in  a  plane  perpendicular  to  this 
axis.  Let  m  v  be  the  momentum  impressed  on  m  at  the  place 
(Xy  y,  z) ;  of  which  let  n  be  the  moment  of  the  couple  about  the 
axis  of  z }  let  r  be  the  distance  of  m  from  the  axis  of  z ;  and  let 
A  be  the  expressed  angular  velocity,  and  v  the  expressed  velocity 
due  to  the  instantaneous  force ;  so  that 

v  =  ^  =  ^o;  (20) 

ds 
hence  the  expressed  momentum  is  m-ij  =  mra,  of  which  the 

moment,  relatively  to  the  rotation-axis,  is  mr^ci;  so  that  the 
excess  of  the  moment  of  the  couple  of  the  impressed  momentum 
over  that  of  the  expressed  momentum  in  the  case  of  the  particle 

"»"  N-fnr»n; 

and  as  hj  D'Alembert's  principle  these  taken  throughout  the 

moving  mass  are  in  equilibrium,  we  have 

5.N  —  5.wr*n  =  0.  (21) 

As  A  is  the  same  for  all  mass-elements,  it  may  be  placed  outside 
the  sign  of  summation ;  also  let  o  be  the  moment  of  the  couple 
of  the  impressed  momenta  of  all  the  particles,  then  we  have 

n.s.mr*  =  o;  (22) 

which  is  the  same  equation  as  (16) ;  for  if  the  axis  of  z  is  the  ro- 
tation axis,  then  in  (16)  cos  a  =  cos  ^  =  0,  cos  y  =  1 ;  and  we  have 

A  =  — ^;  (24) 

where  n  is  the  moment  of  the  couple  of  the  impressed  momenta 
about  the  rotation-axis,  and  is  the  same  as  o  in  (28). 
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Equations  (11)  are  so  close  on  the  first  principles  of  motion, 
as  explained  in  Art.  38,  and  of  the  measure  of  couples^  that  fur- 
ther explanation  is  unnecessary. 

76.]  The  direction- cosines  of  the  instantaneous-axis  are  pro- 
portional to  n^,  a,y  fi, ;  and  these  latter  quantities  may  be  thus 
found; 

Let  us  once  for  all  make  the  following  abbreviations ;  let 

xm(y*4-«*)  =  A,     5.m(2i2-fa?*)  =  b,     xm(a!^-\-y^)  =  c ;  (25) 

2.mafl=zA',  5.«iy*  =  B',  2.m^  =  c';(26) 

^.myz  =  D,  2.mzx  =  e,  :z.mxy  =  p.    (27) 

These  nine  quantities  are  of  great  importance  in  the  following 

investigations,  and  the  substitutions  which  are  here  made  will 

be  continued  throughout  the  treatise. 

A,  B,  c  are  the  sums  of  the  products  of  each  particle  of  the 
moving  mass  and  the  square  of  its  distance  from  the  axes  of 
J?,  y,  z  respectively  :  in  other  words,  a,  b,  c  are  the  moments  of 
inertia  of  the  moving  system  relatively  to  the  axes  of  a?,  y,  z  re- 
spectively. 

a!,  Bj  c'  are  severally  the  sum  of  the  products  of  each  particle 
and  the  square  of  the  x-,  y-y  z-  coordinate  of  its  place. 

D,  £,  F  will  have  full  explanation  in  the  following  section,  al- 
though (27)  evidently  exhibit  their  meaning. 

I  may  observe,  that 

a  =  b'-|-c',  b  =  c'  +  a',  c  =  a'  +  b';         (28) 

,_    B  +  C-A                        C-hA~B                        A-hB~C 
A- 2 ,       B-   ^ ,       C-  g ,(29) 

whereby  a,  b,  c  are  severally  determined  in  terms  of  a',  b',  c'  ; 
and  A^  b',  c'  in  terms  of  a,  b,  c.     Also 

A  +  a'  =  B  -f  b'  =  c  +  c'  =  a'+  B'-h  c'.  (30) 

Now,  using  in  (11)  these  abbreviating  symbols,  we  have,  by 
means  of  (7), 


A  n^  —  p  fly  —  E  n^  =  L, 

—  p 

—  E 


whence 

n^  = 


n^  —  p  fly  —  E  n^  =  L,  1 

n,  -I-  B  fly  —  D  n,  =  M,    I  (31) 

Aff  — nn^-f  cn«  =  n;J 


n,  = 


L  (bC  —  D*)  —  M  (DB  -h  CP)  —  N  (dp  -f-  be) 
ABC  —  AD*  —  BE*  — CF*  —  2  DBF 

—  L(BD-I-CF)  -|-M(CA  — E*)  — N(EF-f  ad) 

ABC  —  AD*  —  BE*  —  CF*  —  2  DBF 

—  L(fD-I-BB)  —  M(PB  +  AD)-f  N(AB  — F*)  . 


(32) 


ABC  —  AD*  —  BE*  —  CF*  —  2  DEF 

S  2 
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from  which,  and  from  (7),  a,  p,  y  may  be  determined.    The 
equations  to  the  instantaneous-axis  are 

f  =  ^  =  --  (33) 

n,        Hy        n. 

We  shall  hereafter  have  geometrical  interpretations  of  these 
results. 

77.]  Next  let  ua  consider  equiUiions  (88),  Art.  48.  Let  any 
point  of  the  body  be  the  origin ;  and  at  it  let  three  rectangular 
coordinate  axes  fixed  in  space  originate ;  and  let  us  consider  the 
body  at  the  time  /,  and  during  dt,  so  that  the  rotation-axis  may 
be  considered  fixed  during  that  time.  Let  a,  p,  y  be  the  direc- 
tion-angles of  the  rotation-a&iS)  and  let  ca  be  the  angular  velocity 
about  it  at  the  time  t ;  of  which  let  ^^c,  «,,  »,  be  the  axial-com- 
ponents; so  that       ^^a  ^  ,.2  ^  ..  2  ^  ..2 .  (84) 

(35) 


=   0)/  +  V 


a>*  =  a>  cos  a. 


=  o)  cos  Pj         a>«  =  01  cos  y. 


Let  the  moments  of  the  axial-components  of  the  couples  of  the 
impressed  momentum-increments  at  the  time  t  be  l,.  m,  n  ;  sa 
that  from  (38)>  Art.  48,  we  have 

3.»i(y  z  — zy)  =  L, 

s.i»(^x  — a?z)  =  M, 

s.m(a?Y  — yx)  =  Nj 


} 


(36) 


and 


2.t» 


s.wf 


d^ 


dt*' 
IT*)  =  "' 


/    d^y        d^x\ 


(37) 


dt*      "  dt* 

Now,  by  (72),  Art.  38,  for  the  linear  velocity  of  tn  at  (^,  y,  z), 
which  is  due  to  the  angular  velocity  m,  we  have 
dx 


dt 

dy 


dt 
dz 
dt 


=  a>(s!C0S^— y  cos  y), 
=  w  (a?co8  y  —  «  cos  a), 


■TT  ss  «  (y  cos  a  —  XC09P); 


(38) 


and  therefore  for  the  increment  of  the  linear  velocity,  which  is 

due  to  the  increment  of  angular  velocity,  we  have 

d^x       d(a  ,  ^  ,  i        rydz  dy\     .^^^ 

^=  -^(«cosi3-yco8y)  +«(cos^^-co8y^];  (39) 
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-3^  =  -^(5fC08)3— yoo8y)-hw*cosa(a?co8o+yco8^-|-;?co8y>— (0*4?. 

Similarly, 

-3^  =  -^(arcosy— 2;cosa>  +  a)*C08^(a?co8o  +  ycos)3  +  ;jcosy)  — «*y,    ^ 

d^z       dm 

-j-^  =  -^(ycosa— a?co8j8)  +  a)*co8y(.rco8o+yco8j3+j8;co8y)  — a)*;2r. 

(too 
Therefore^  substituting  in  (37),  and  placing  »  and  -tt  outside 

the  sign  of  summation,  as  they,  as  well  as  the  direction-cosines 
of  the  rotation-axis^  are  the  same  for  all  the  particles,  we  have 

^  cos  a  2.m(j7*  +  y* -!■«*)  —  •^2.mir(^cosa+yco8^  +  ;ecosy) 

-f «*3.»»{(^cosa  +  ycosj8  +  «cosy){ycosy— ;»C08j9)}  =  l;  (41) 

d(o  diA 

-jjCosj32.m(^-f-y*+«*)  —  ^X«»y(;pco8o+yco8)3+^cosy) 

-f«*2.m{(a?co8o  +  ycosj3  +  i»cosy)(;5cosa— ^cosy)}  =  m;  (42) 

^C0By2.«i(d?*-|-y*+«*)  —  ^xmxr(;i?cosa4-ycos)3-|-;KCOSy) 

-|-to*xm{(d?co8a  +  ycos)8  +  «^co8y)(a?coSj9— ycoso)}  =  n.  (43) 
The  complete  solution  of  the  problem  requires  that  a>,  cos  a, 
cos)3,  cos  y  should  be  expressed  in  terms  of  ^;  l,  m,  and  n  being 
functions  of  these  five  quantities :  now,  as  a  relation  exists  be- 
tween a,  /3,  y,  the  preceding  equations  contain  only  three  inde- 
pendent quantities  which  are  to  be  expressed  in  terms  of  / ;  for 
this  purpose  the  number  of  the  equations  is  sufficient ;  but  aa 
they  generally  do  not  admit  of  integration,  we  can  apply  them 
only  to  particular  cases,  and  have  recourse  to  such  artifices  as 
a  particular  problem  suggests. 

78.]  Let  us  multiply  (41),  (42),  and  (43),  severally,  by  coso,. 
eos/9,  cos  y,  and  let  us  add  them  ;  then 

-jr  "X.m  {j?*+y*  +  ;5*  —  {x  cos  a  +  y  cos  /3  +  2?  cos  y)*} 

=  Leosa  +  MC08j9  +  NC08y;  (44> 
but  if  r  is  the  perpendicular  distance  from  (a?,  y,  z),  the  place  of 
m  at  the  time  t,  on  the  rotation-axis, 

r*  =:  a?*  +  y*-|-2J*— (a?co8a-fycosj9-f «cosy)*;  (45> 

so  that  (44)  becomes 

dm 

-t;  2.m  r*  =  L  cos  a  -f  M  cos  )9  +  N  cos  y ;  (46) 

at 
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d<a         LC08a  +  MCOS/9+NC08y 

•  •  rfj  = i:^r» '  ^^^^ 

which  gives  the  angular  velocity-increment  about  the  rotation- 
axis  which  is  due  to  the  impressed  momentum-increments. 

Now  this  equation^  like  (16),  requires  careful  attention ;  it  is 
that  from  which,  by  integration,  the  increase  or  diminution  of 
the  angular  velocity  in  a  finite  time  is  to  be  found.  The  nu- 
merator of  the  right-hand  member  is  the  moment  of  the  couple 
of  the  impressed  momentum-increments  of  all  the  particles  re- 
latively to  the  rotation-axis ;  for  l,  m,  n  are  the  axial  components 
of  the  moments  of  these  couples ;  and  l  cos  a  -f-  m  cos  /3  +  n  cos  y 
is  the  sum  of  the  parts  of  these  axial  components  which  are 
effective  about  the  rotation-axis.  The  denominator  is  the  miv 
ment  of  inertia  of  the  body  or  moving  mass  relatively  to  the 
rotation-axis ;  and  the  remarks  made  in  Art.  74  are  applicable 
equally  to  that  and  this  case. 

79.]  If  the  rotation-axis  of  the  body  has  the  same  position 
during  the  whole  motion,  either  because  two  or  more  points  in 
it  are  fixed,  or  because  it  bears  a  certain  relation  to  the  parti- 
cles of  the  moving  mass,  then  a,  j3,  y  are  constant,  and  are 
known,  and  the  numerator  of  (47)  is  given  at  the  time  t ;  and^ 
if  the  integration  can  be  performed,  the  angular  velocity  will 
be  determined.  If,  however,  the  position  of  the  rotation-axis 
changes  continuously  from  time  to  time,  so  that  it  can  be  con- 
sidered fixed  only  for  an  infinitesimal  time-element  dt^  then 
a,  )3,  y  are  functions  of  /,  and  equation  (47)  cannot  generally  be 
integrated  as  it  stands.  In  this  case  we  must  return  to  equations 
(41),  (42),  (43) ;  in  them  let  us  replace  u  cos  a,  a>  cos  j9,  <»  cos  y^ 
severally,  by  oi^^,  o>|^,  co,,  and  use  the  abbreviating  symbols  of 
Art.  76 ;  then, 

ddx  /  d(Om  \       I  d^M  \  n 

A-^+(C--B)(By»,-D(«ya-<tt.2)-E(-^-h»,ft)yj-P(-^-<ttx«*/^   l;  (48) 

B-^  -h  (a-c)  «,a),-E  (a)/-a>,2)  -  P  {-^  -f  cOyO)^)-  d(-^  -«y»x)  =  M;  (49) 

c-^ -h  (b-a)  a);,«y-F («,'- V)  -^("^  +  «*«*)-  B {-jf  —  «*»f)  =  n;  (50) 

from  which  three  equations  i»x}  <»p}  ^t  are  to  be  determined  in 
terms  of  / :  the  integration  however  is  beyond  our  power,  except 
in  a  very  few  special  cases,  which  we  shall  consider  hereafter. 

Digitized  by  VjOOQIC 


8l.]  ANALYSIS   OF   THE   EQUATIONS.  135 

80.]  As  these  last  are  the  fundamental  equations  of  rotation 
of  a  solid  body,  or  of  a  material  system  of  invariable  form,  and 
win  be  employed  in  all  our  subsequent  investigations^  they  re- 
quire close  examination.  We  have  arrived  at  them  by  trans- 
formations from  expressions  involving  velocities  of  translation 
into  those  involving  angular  velocities.  I  will  now  shew  that 
they  may  be  found  more  directly  by  D'Alembert's  principle: 
and,  in  the  course  of  the  inquiry^  we  shall  dissect  the  equations, 
and  shew  the  independent  origin  of  their  several  terms  ;  and  I 
shall  also  exhibit  other  properties  of  these  equations  of  rotating 
rigid  systems  besides  those  of  the  preceding  pages. 

As  the  particles  of  the  moving  system  are  in  a  state  of  rela- 
tive rest,  the  moments  of  the  forces  acting  on  them,  relatively  to 
every  and  any  axial  line,  satisfy  the  conditions  of  statical  equi- 
librium ;  and  thus,  by  D^Alembert^s  principle,  the  moments  of 
the  tensions  or  strains  which  arise  from  the  excess  of  the  im- 
pressed over  the  expressed  momentum-increments  must  satisfy 
the  laws  of  equilibrium  when  they  are  taken  throughout  the 
whole  system.  In  reference  to  any  axis  for  any  one  particle  m 
we  have  the  following  moments :  (1)  the  moment  of  the  im- 
pressed momentum-increments ;  (2)  the  moment  of  the  expressed 
momentum-increment ;  (3)  the  moment  of  the  centrifugal  force 
which  is  due  to  the  motion  of  the  body  about  the  instantaneous 
axis  at  the  time  / ;  and  the  moment  of  the  tension,  which  is 
effective  at  m,  is  the  excess  of  the  moment  of  the  impressed 
momentum-increment  and  of  the  centrifugal  force  over  the  mo- 
ment of  the  expressed  momentum-increment ;  and  the  moment 
of  all  these  tensions  vanishes  for  every  axis. 

Let  us  employ  the  same  notation  as  heretofore ;  m  is  the  type- 
particle  of  the  system ;  {x,  y,  z)  is  its  place  at  the  time  / ;  a>  is 
the  angular  velocity  at  the  time  t  about  the  instantaneous  axis, 
of  which  0)^,  a)y,  <Og  are  the  axial  components ;  a,  p,  y  are  the 
direction-angles  of  the  instantaneous  axis ;  r  is  the  perpendicular 
distance  from  (a?,  y^  z)  on  the  instantaneous  axis ;  l,  m,  n  are  the 
axial  components  of  the  moments  of  the  couples  of  the  impressed 
momentum-increments  on  all  the  particles  of  the  system. 

81.]  Let  x\  T^,  z'  be  the  axial  components  of  the  expressed  mo- 
mentum-increments of  all  the  particles  of  the  system  due  to  the 
increments  of  the  angular  velocities  at  the  time  / ;  and  let  p'  be 
the  resultant  of  these ;  then,  from  Art.  38,  we  have 
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nnd  P'*  =  x'HY'a  +  z'*. 

If  the  origin  moves,  p'  is  proportional  to  the  expressed  velocity- 
increment  of  it,  which  is  due  to  the  increments  of  the  angular 
velocities  at  the  time  t;  and  if  the  origin  is  absolutely  fixed,  it 
is  the  increment  of  pressure  on  it  during  the  time  dt. 

Let  j/j  u\  n'  be  the  axial  components  of  the  moments  of  the 
couples  which  arise  from  these  expressed  momentum-increments ; 
and  let  g'  be  the  resultant  moment  of  these ;  then,  as  the  axial 
components  of  the  expressed  momentum-increment  of  m  are 
severally, 

/  df^tf        d<iOjB\         (   ddig        d^x\ 

^^V-df-y-dt)'  ""^"W-'-dT 

SO  the  axial  components  of  the  moment  of  the  couple  of  this 
expressed-momentum  of  m  are  respectively 

dci)g 


1 


')■  -{'w-'w)-  <^'' 


dot. 


mxy 


dt 
dux 


mxz, 


-rfT »»<**  +  **)  --TT^y  -  -jT^^V' 


dt 


dt 


dt 


(54) 


and  taking  the  aggregates  of  these  for  all  the  particles  of  the 
system,  and  using  the  abridging  symbols  of  Art.  76,  we  have 


d(»x 

A.-^—  p 


dtOy 


—  D- 


dt 

da>y 

\ — - 

dt 


''-dt-''- 


—  E 


—  P 


dt 

d^x 
If 

d<a. 


=  L, 


1 


dt 

~dr 

d<ax 
W 

which  are  indeed  the  same  expressions  as  (31),  Art.  76,  and  give 
the  moment  of  the  couple  of  the  expressed  momentum-incre- 
ments of  the  system. 


■^w- 


(55) 


(56) 


Digitized  by  VjOOQIC 


82.]  CENTRIFUGAL   FORCES.  137 

82.]  Let  x",  y",  z"  be  the  axial  components  of  the  momentum- 
increments  of  all  the  particles  which  aritte  from  the  centrifugal 
forces ;  and  let  if'  be  their  resultant.  As  <0  is  the  angular  velo- 
city of  the  system  about  the  instantaneous  axis  at  the  time  /, 
and  as  r  is  the  perpendicular  distance  from  (x^  y^  z)  the  place  of 
m  on  that  axis,  m»'r  is  the  centrifugal  force  of  m,  the  line  of 
action  of  which  lies  along  r.  Now  as  r  is  drawn  from  (x,  y,  z) 
at  right  angles  to  {a,  /3,  y)  which  passes  through  the  origin,  the 
direction-cosines  of  r  are 

«— cosa(a?cosa  +  ycosj3  +  ^rcosy)    y  —  cos/3(^COsa  -f-  ycosj3  +  2^C08y) 
r  r 

2?— co8y(a?cosa  -f-  ^cosj3  +  zco%y)     ^ 

;  (57) 

r 

and  therefore  the  axial  components  of  the  momentum-increments 
of  m,  due  to  the  centrifugal  force^  are  respectively 
mw*  [x—  cos  a  (jjcosa  -|-  ycosfi  +  zcosy) },  ^ 
mca*{y— co8)8(a?cosa-f ycosj8  +  «cosy)},    >  (58) 

f»o)*{;2r— cosy(a?co8a-f  ycos)8  +  2?cosy)},  J 
the  tendency  of  these  forces  being  to  increase  x,  y,  z  ^  t  in- 
creases :  and^  taking  the  aggregate  of  these  for  all  the  particles 
of  the  system, 

l.m<»*{a?— coso(a?co8a  +  yco8j3-|-2rcosy)}  =  x",  T 
2.i»o>*{y— co8)8(a?coso-|-ycoB^-f  jgrcosy)}  =  y",    >-       (59) 
2.m»*{2r— cosy(a?cosa  +  ycosj8  +  rcosy)}  =  z"  ;  J 
and  p"»  =  x"«+y"2  +  z"2.  (60) 

If  the  origin  moves,  p"  is  proportional  to  the  impressed  velocity- 
increment  of  it,  which  is  due  to  the  centrifugal  forces  of  all  the 
particles ;  and  if  the  origin  is  absolutely  fixed,  r"  produces  a 
pressure  on  it. 

Let  l'',  m",  n"  be  the  axial  components  of  the  moments  of  the 
couples  which  arise  from  these  centrifugal  forces ;  and  let  o"  be 
the  moment  of  the  resultant  of  them ;  then  the  aiial  components 
of  the  moment  of  the  couple  which  arises  from  the  centrifugal 
force  of  m  are,  by  reason  of  (58), 

mo)*  {(a?coso+yco8i8-|-;2;cosy)(2?cos^— ycosy)},  -j 
»i«*{(a7COSa-|-ycos^-|-;?cosy)(a7COSy— ;ccosa)},    I        (61) 
«»6i»*{(a?co8a-|-yco8i8-f  ;2;co8y)(yco8a— ^cosjS)}  ;  J 
then  taking  the  aggregates  of  these  for  all  the  particles  of  the 
system,  and  using  the  abridging  symbols  of  Art.  76,  we  have 

PRICE,  VOL.  IV.  T 
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B(tt)**  — ««*)+ F»y«,  — D»y«)jr+(C— A)a),a»x  =  m",    V        (62) 

and  g"«  =  l"«  4-  m"»  -f  n"»  ;  (68) 

II1U8  (60)  gives  the  pressure  at  the  origin  which  is  due  to  the 
centrifugal  forces,  and  (63)  gives  the  moment  of  the  couple  which 
arises  from  them. 

In  reference  to  (59)  and  to  (62)  I  must  observe  that 

x"cosa-f  y"  cos /3  +  z"  cosy  =  0, 

L^'cosa  +  m"co8/3  -i-  Nacosy 
so  that  the  instantaneous  axis  of  rotation  is  perpendicular  to 
both  the  line  of  action  of  the  resultant  of  translation,  and  to  the 
axis  of  the  couple,  which  arise  from  the  centrifugal  forces  of  all 
the  particles. 

83.]  Now,  as  we  have  already  observed,  the  moment  of  the 
couple  of  the  expressed  momentum-increment  is  equal  to  the 
moment  of  the  couple  of  the  impressed  momentum-increment 
together  with  that  of  the  couple  which  arises  from  the  centri- 
iiigal  forces  :  and  this  equality  is  true  relatively  to  any  rotation- 
axis,  so  that  for  the  coordinate-axes  of  asy  y,  z  we  have  respec- 
tively l'=l  +  l",  m'=m  +  m",  n'=n  +  n";  (64) 
and  therefore  we  have 

®*       /  •  •  /  ^^*  \  /  ^^y  \ 

A-^  +  (C  — B)a)y«,  — D(«/--»,»)  — E^-^4-«*«yj— F^-^--ft),»,j==  L, 

dto^  td^x  \        /di»»  \ 

B-^  +  (A-C)<»,<0;,-E(a),a--»*«)-p(-^4-<tty<tt;r)-I>(-^~W,»^  ^(65) 

c-^+(B-A)a>,«y-p(a>^2-Wy«)-D(-^  +  »,o>,)-E(-^-«^ 

which  are  the  same  equations  as  (48),  (49)^  and  (50).  By  the 
preceding  process  therefore  they  are,  as  it  were^  dissected,  and 
the  meaning  and  origin  of  the  several  terms  are  traced  out ;  and 
those  which  arise  from  the  expressed  momentum-increments  are 
distinguished  from  those  which  arise  from  the  centrifugal  forces. 
If  the  system  is  at  rest  when  the  forces  begin  to  act,  then 
0)  =  0,  and  l"  =  m"  =  n"  =  0 ;  and  the  equations  are  reduced 

to  forms  identical  with  (31),  Art.  76,  where  however  -r:',  —,  -37 

at      at      at 

take  the  places  of  n^;,  Oj^,  n,. 

In  the  course  also  of  this  inquiry  we  have  arrived  at  a  more 
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complete  explanation  of  those  parts  of  the  equations  of  transla- 
tion of  the  origin  which  arise  from  the  angular  velocities.  The 
origin^  through  which  the  rotation-axis  passes^  is  considered  not 
to  change  its  place  during  the  time  dt,  so  that  the  velocity  and 
the  velocity-increment  of  m  are  due  to  the  rotation  only.  Now^ 
if  we  recall  to  mind  the  process  by  which  the  original  equations 
of  statical  equilibrium  are  formed^  it  will  be  found  that  terms 
are  introduced  at  the  origin  equal  to  and  having  the  same  line 
of  action  with  those  which  are  effective  at  m ;  and  that  these 
produce  a  pressure  of  translation  on  the  origin.  In  this  case 
they  produce  of  course  a  motion  of  translation  of  the  origin ; 
the  axial  components  of  the  expressed  velocity-increment  of 
which^  aa  due  to  these  angular  velocities^  are  given  in  (40).  Here 
we  have  these  expressions  dissected  into  three,  viz.  ^,  y',  tf  which 
correspond  to  the  expressed  angular  velocity-increments ;  and 
three^  vis.  x"y  y!'y  ^\  which  correspond  to  the  centrifugal  forces  : 

^'^^  x-x",         y'-y",         z'-z"  (66) 

are  the  axial  components  of  the  momentum-increments  of  the 
whole  mass  collected  at  the  origin^  due  to  the  angular  velocities 
of  all  the  particles :  and  replacing  x',  ^*  &c.  by  their  values^ 
we  have 

a.m  \^^Jf'^y'^f)  +«*3i  w»{cosa(xco8o-f  ycos/3-|-;ifCOSy)— a?}, 

%,m  (^-^  —  ^~yf)  4-»*s.»i  {cos/3  (xcosa4-ycos/3-fa;co8y)—y},    m67) 

*•***  x^^lF"^"^)  +«*xw{cosy(xcosa-f  ycosj8-f  2'C08y)— xr}  ; 

and  these  are  the  same  expressions  as  are  deducible  from  (40). 
They^  if  the  origin  is  fixed^  are  the  axial  components  of  the  in- 
crease of  the  pressure  on  the  origin  due  to  the  angular  velocity 
which  is  effective  during  the  time  dt. 

84.]  In  all  cases  the  equations  (31)  and  (65)  admit  of  great 
simplification.  It  will  have  been  observed  that  the  equations  of 
translation  of  a  system  of  material  particles^  viz.  (34)  and  (37)^ 
Art.  48^  are  much  simplified  if  the  centre  of  gravity  is  taken  for 
tiie  origin,  as  we  have  shewn  in  section  2  of  the  preceding 
chapter ;  equations  (56)  and  (58)  in  Arts.  54  and  55  are  more 
simple  than  (84)  and  (37)  of  Art.  48.  It  does  not  however  ap- 
pear thus  far  that  any  simplification  is  hereby  introduced  into 
the  forms  of  the  equations  of  motion  of  rotation ;  (57)  and  (59)^ 

T  a 
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in  Arts.  54  and  55^  are  exactly  the  same  in  form  as  (35)  and  (38) 
of  Art.  48.  Neither  does  it  appear  that  any  change  of  axes  will 
generally  introduce  a  further  simplification  into  the  equations  of 
motion  of  translation ;  it  may  do  so  in  a  particular  case,  because 
2.mx,  2.mY,  a.mz  may  then  take  simple  forms.  In  the  equa- 
tions of  rotation  however  it  is  otherwise.  Consider  the  equations 
(31)^  which  are  equivalent  to  (35),  and  equations  (48),  (49),  and 
(50),  which  are  equivalent  to  (38),  of  Art.  48 ;  they  contain  the 
quantities  ^.mx^,  ^-my^,  2,mz^,  %,myz,  :^.mzx,  ^.mxy\  and 
these  are  dependent  on  the  position  of  the  coordinate  axes  rela- 
tive to  and  in  the  body.  They  will  be  determined  by  the  or- 
dinary processes  of  summation,  and  of  integration  if  the  moving 
mass  is  a  continuous  body.  Now  thus  far  the  position  of  the 
coordinate  axes,  to  which  the  moving  system  is  referred,  has  not 
been  determined;  it  is  fixed  neither  in  the  body  nor  in. space. 
Henceforward  we  shall  suppose  a  system  to  be  fixed  in  the  body 
and  to  move  with  it,  and  to  have  a  particular  position  relatively 
to  the  body,  which  we  shall  determine  with  the  view  of  simpli- 
fying the  preceding  equations  (31),  (32),  and  (65).  By  this 
method  we  shall  investigate  the  angular  velocities  of  the  body 
about  three  axes  fixed  in  the  moving  body ;  and  we  can  thence 
determine  the  angular  velocities  about  three  axes  fixed  in  space 

by  means  of  the  equations  (87),  Art.  40 ;  and  -^  1  -^  1  -^  may 

be  determined  by  means  of  (103),  (104),  (105)  of  Art.  42.  By 
either  process  the  position  of  the  body  in  space  at  the  time  t  will 
be  determined. 

85.]  Let  us  examine  the  coefficients  in  (31)  and  in  (65)  of  the 
angular  velocities  and  of  their  Mifierentials ;  and  let  us  suppose 
the  moving  mass  to  have  v<dume  of  three  dimensions.  What- 
ever is  the  system  of  coordinate  axes,  it  is  evident  that  they 
cannot  be  such  that  generally  either  ^.mai^  =  0,  or  s.my^  =  0, 
or  %.mz^  =  0 ;  because  each  of  these  expressions  is  the  sum  of 
the  products  of  the  mass-element  and  of  a  quantity  which  is 
necessarily  positive.  Thus,  ▲,  b,  c,  a',  b',  c',  defined  as  they  are 
in  (25)  and  (26)  of  Art.  76,  are  always  positive  quantities  for 
masses  whose  volume  is  of  three  dimensions :  in  plates  of  infini- 
tesimal thickness,  if  the  surface  of  the  plate  is  taken  for  the  plane 
of  (a?,  y),  ;8r  =  0  for  every  element;  and  therefore  j.mjzr*  =  0: 
and  in  straight  wires  or  rods,  of  which  the  transverse  section  is 
an  infinitesimal  area,  if  the  axis  of  x  lies  along  the  rod,  y  =  z  :=  0 
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for  every  masa-element^  and  consequeDtly  xmy^  =  2.mz*  =  0 ; 
in  all  other  cases  a^  b^  c  and  a'^  b'^  c'  are  positive  quantities.  In 
reference  however  to  n,  e,  f,  which  are  the  symbols  for  xmyz, 
xmzssy  i.mxy  respectively^  the  coordinate-axes  may  have  a  po- 
sition such  that  2^y^  ^  5^^^  ^  :i,mxy  =  0,  (68) 

or  that  one  or  two  of  them  may  be  zero ;  because  in  the  series^ 
the  sums  of  which  are  represented  by  these  abridging  symbols^ 
some  of  the  terms  may  be  negative  and  others  may  be  positive^ 
so  that  the  result  of  the  whole  may  be  zero. 

Thus^  for  instance,  let  us  suppose  an  elliptical  plate  of  infini- 
tesimal thickness  to  be  referred  to  the  centre  as  origin,  and  to 
a  system  of  rectangular  coordinate-axes,  of  which  the  axes  of  x 
and  y  are  coincident  with  the  major  and  minor  axes  of  the 
ellipse,  and  that  of  z  is  perpendicular  to  the  plane  of  the  elliptic 
plate.'  Then,  as  2;  =  0  for  all  the  mass-elements  of  the  plate,  it 
is  evident  that  ^^y^  ^  ^^^^  ^  Q; 

and  since  for  an  element  of  the  plate  at  («,  y)  there  is  always 
an  equal  element  at  (—Xj  y),  it  is  plain  that  2.mxy  =  0. 

This  last  result  may  also  thus  be  found.  Let  y  =  -  (o*— a?*)», 
and  let  p  =  the  density,  r  =  the  thickness  of  the  plate ;  then 

t.mxy  -=  pr  \      /     xydydx 

=  0. 
We  will  now  prove  that  a  system  of  rectangular  coordinate- 
axes,  fulfilling  the  conditions  (68)  exists  at  every  point  of  a  body 
or  system  of  particles.  Such  a  system  is  called  a  system  of 
principal  axes  relatively  to  or  at  that  point.  The  geometrical 
definition  of  them  is,  that  they  satisfy  the  conditions  (68) :  in 
the  following  sections  however  several  mechanical  properties  of 
them  will  be  demonstrated. 


Section  2. — Principal  axes,  and  their  properties. 
86.]  Let  us  consider  a  body  or  a  mo\ing  mass  in  reference  to 
a  point  of  it  which  we  take  as  the  origin ;  and  at  it  let  two  sys- 
tems of  rectangular  coordinates  originate ;  one  of  which  (x,  y,  z) 
shall  be  fixed  absolutely  ;  and  the  other  of  ((,  rj,  C)  is  fixed  in  the 
body ;  and  the  position  of  which  is  to  be  determined,  if  it  is 
possible,  so  that 

S.fWTjf  =  0;     2,mC€  =  0;     2.m(rj  =  0.  (69) 
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Let  these  two  systeiiis  be  related  by  the  direction-cosmea  of  the 
scheme  (1)^  Art.  2.  Then,  aa  the  systems  are  rectangalar,  the 
nine  direction-cosines  are  subject  to  six  conditions  (4)  and  (6), 
or  (5)  and  (7)^  of  Art.  2 :  and  as  three  other  conditions  are  given 
in  (69),  we  have  sufficient  data  for  the  determination  of  the  nine 
direction-cosines. 

Substituting  in  (69)  the  values  of  f,  ij,  C  given  in  (3),  Art.  2, 
and  replacing  :e.m^,  a.my'^  i.mz^y  ^,fnyz,  ^.mza,  7,.mxy  hj 
their  symbols,  we  have 
a' Ai  q  +  B'ijCj  4- c' Ag  Cg 

-hDCc^Oj-f  Cga,)4-B(c3ai+Ciaj)4- F(Cia,+  c,ai)  =  0, 

4- D(aj68  +  «8*a)  +  «(«8*i  +  «i*s)  +  '(«i*a+«2*i)  =  ^5- 
Now  these  equations  are  in  form  identical  with  (34),  Art.  6, 
and  are  subject  to  the  same  conditions,  viz.  (5)  and  (7),  Art.  2, 
so  that  we  have 

«1  «2  «8  ' 

^  AV  +  BV-f  cV-f  2Dflafl8  +  ^Eg8^-i-2Pgig^ 

«l*  +  «2^  +  fl8* 

=  aV  +  b'o,* -h cV  +  200303 -I-  2Efl,Oi  +  2P0ia, ;  (72) 
=  5.m(Oi/p  +  03y +  0,^)* 

=  a"  (say).  (73) 

By  a  similar  process  we  may  obtain  the  following : 
Afti4Ffta  +  «*8  ^  Pfti  +  B^ftg  +  pftg  ^  Bft^-hPftg  +  c^fts  ^  , ,„^a  ^  B-  (gay) ;  (74) 

*1  *2  *S  * 

A^C,  +  FC34EC3   ^    PCi-hB^C3  +  D(?3   ^   BC^ +  DC3 +€^^3   ^  3,  ^  ^  ^  ^^  (oar)      (75) 
<?!  C,  C3 

As  these  last  three  equations  are  of  precisely  the  same  form,  let 
us,  as  in  Art.  6,  take  a  type-expression  of  all ;  and  assume  k  to 
be  the  type  of  a",  b",  c"  ;   so  that  the  discriminating  cubic  will 
take  the  forms 
(a'--k)(b'-k)(c'-.k)-d*(a'-.k)-b»(b'-.k)-p*(c'-k)  +  2dbf  =  0;  (76) 
and 
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each  of  which  equations  has  three  real  roots^  as  we  have  shewn 
in  Art.  7,  which  are  a",  b",  c"  ;  and  these  quantities  are  there- 
fore known  functions  of  a',  b'^  c\  d,  s^  f,  and  will  henceforth  be 
treated  as  such. 

Also  the  direction-cosines  of  the  three  principal  axes  of  f ,  ri,  { 
are  given  by  either  of  the  following  formulse :  Let  us  take  the 
axis  of  (,  say ;  and  let  c^^a^yO^  a"  correspond  to  it ;  then  equa- 
tions (51)  and  (54),  Art.  7,  give 

(b'-a")(c'-a")-d«'"  (c'-a")(a'-a")-b«""  (a'-a")(b'-a")-f»'  ^'^ 

and 
ai{EF-D(A'-A")}  =  fl,{Fn-.B(B'-A")}  =  Oj,  {db - f(c'- a")}  ;  (79) 
and  similar  forms  are  true  for  &|,  b^y  63,  and  for  c^  c^  c^,  in  terms 
of  b"  and  c"  respectively. 

It  appears  then  that  at  every  point  of  a  body,  and  of  a  system 
of  material  particles,  a  system  of  coordinate-axes  in  terms  of 
(,  17,  (exhtn^  so  that,  if  the  body  is  referred  to  it, 
a.fWiyf  =  S.mff  =  2.f»fT7  =  0; 

and  this  system  at  any  point  is  generally  unique,  and  is  called 
the  system  of  principal  axes  at  that  point.  Thus  the  term  Prin- 
cipal Axis  properly  belongs  to  an  axis  which  is  one  of  a  system  of 
three  axes.  But  we  find  it  convenient  to  apply  the  term  to  an 
axis  fulfilling  any  two  of  the  three  conditions  (69).  Thus,  if 
the  axis  of  jr  is  such  that  2.m:cy  =  t.mxz  =  0,  the  axis  of  x  is 
called  a  principal  axis ;  and  if  ^.mzx  =  ^x.mzy  =  0,  the  axis  of 
« is  a  principal  axis.  Hence,  if  any  two  of  the  rectangular  coor- 
dinate-axes are  principal,  the  third  is  also  principal.  Also  the 
three  planes  which  are  perpendicular  to  the  three  principal  axes 
are  called  principal  planes. 

87.3  Now  aU  these  results  admit  of  a  geometrical  interpretar- 
tion  by  means  of  the  ellipsoid.  From  (78),  which  we  will  take 
to  be  the  type  of  (74)  and  (75)  also,  since  the  form  is  the  same 
in  all,  we  have 

jLO^  +  jSkO^  -\-da^  -\-2iia^a^-{-2i&a^a^-\-2^aya^  =  a".     (80) 

Along  the  axis  (o^,  a^  a,),  which  is  the  axis  of  ^,  say,  take  a 
I         length  r,  and  let  its  extremity  be  {x^  y,  z) ;  so  that,  in  reference 
to  the  system  of  axes  fixed  in  space, 

±  =  iL  =  ±  =  r;  (81) 

Ol  «1  «i 

Digitized  by  VjOOQIC 


144  THB  ELLIPSOID   OP   PRINCIPAL   AXES.  [87. 

and  therefore,  from  (81),  we  have 

A'a?»  +  By-f  c'«>  +  2Dy«-|-2B2;^-f  2pary-AV  =  0.  (82) 
As  r  is  indeterminate  thus  far^  let  it  be  such  that  A't^  =  fi  ; 
where  fx  is  an  undetermined  constant^  wliich  we  may  assume  to 
be  unity^  if  such  an  assumption  is  convenient ;  then 

and  (82)  becomes 

AV-|-By4-cV4-2Dy2;4-2Ea;ar  +  2pa?y-/i'  =  0;  (88) 
which  is  the  equation  to  an  ellipsoid^  because  a',  b'^  c'  are  all 
positive  quantities,  of  which  the  origin  is  the  centre^  and  the 
radius  vector^  corresponding  to  the  direction-cosines  (a^,  a,,  o,)^ 
is  that  along  which  the  axis  of  $  lies ;  and  the  length  of  the 

corresponding  radius  vector  is  (-^)  ' 

By  a  similar  process  we  may  obtain  the  same  equation  of  an 
ellipsoid  from  (74)  and  (75),  if  we  take  the  lengths  of  the  central 
radii  vectores^  which  lie  along  the  axes  of  rj,  ^  respectively^  equal 

~)   and  (•^)   ;   so  that  (88)  represents  an  ellipsoid,  the 

B  C 

lengths  of  three  of  whose  central  radii  vectores,  which  are  at 
right  angles  to  each  other^  are  given :  this  ellipsoid  is  called  the 
ellipsoid  of  principal  axes. 

And  these  three  radii  are  the  geometrical  principal  axes  of  the 
ellipsoid ;  for  if  we  apply  to  (83)  the  processes  for  determining 
the  lengths  and  the  position  of  the  principal  axes  of  an  ellipsoid, 
which  have  been  developed  in  Arts.  6  and  7,  the  equations  for 
the  direction-cosines,  given  in  (51)  and  (54)  of  Art.  7,  are  the 
same  as  (78)  and  (79),  by  which  the  position  of  our  principal 
axes  is  determined ;  and  the  coefScients  of  ^,  ri^,  and  (^  in  the 
reduced  equation  are  a'',  b'\  and  c'%  which  are  determined  by 
(78),  (74),  (75) ;  so  that  the  equation  to  the  ellipsoid,  referred  to 
the  axes  of  f ,  1;,  (,  is 

A"f«-hB'V  +  c"r-M'  =  0.  (84) 

Hence  it  appears  that  at  every  point  of  a  body  or  system  of  par- 
ticles as  a  centre,  an  ellipsoid,  whose  equation  is  (88),  may  be 
described,  the  principal  axes  of  which  are  the  principal  axes  of 
the  body  relatively  to  that  point.  And  if  for  the  body,  relatively 
to  the  centre  and  the  principal  axes  of  the  ellipsoid, 

a"=  a.mf*,         b"=  2.mrj^,         c"  =  s.mC*, 
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the  principal  axes  of  the  ellipsoid  are  inversely  proportional  to 
the  square  roots  of  a!\  y!\  c"  respectively.  Thus  the  form  of 
the  ellipsoid^  as  well  as  the  position  of  its  principal  axes,  depends 
on  the  configuration  of  the  system  of  particles  relatively  to  the 
point  which  is  the  centre  of  the  ellipsoid. 

In  our  subsequent  investigations  in  this  subject  we  shall  assume 

that  is,  a">b':>c";  )  ^     ^ 

so  that  the  f  -  axis,  and  the  C-  ^s,  of  the  ellipsoid  are  respect- 
ively the  least  and  the  greatest  of  all  the  axes. 

88.]  Let  us  shortly  examine  the  particular  forms  which  the 
ellipsoid  (84)  and  the  position  of  the  principal  axes  take,  cor- 
responding to  singular  values  of  the  roots  of  the  cubic  (76)  or 
(77).  The  analytical  criteria  of  the  conditions  it  is  unnecessary 
to  specify,  as  they  are  precisely  the  same  as  those  which  have 
been  determined  in  Art.  10. 

(1)  Let  two  roots  be  equal;  say  a"=  h!' \  then  the  equation 
(84)  represents  a  prolate  spheroid  whose  axis  of  revolution  is 
the  coordinate-axis  of  {;  as  c"  is  definite,  Cj,  c^  c^  are  also  de- 
terminate, and  the  axis  of  f  is  a  principal  axis ;  the  direction- 
cosines  of  the  axes  of  £  and  17,  which  are  the  other  two  principal 
axes,  are  indeterminate,  and  any  pair  of  rectangular  axes  in  the 
plane  of  (f,  17)  is  a  pair  of  principal  axes,  and  with  the  axis  of  C 
completes  the  system.  If  b'^  =  c",  the  ellipsoid  becomes  an  oblate 
spheroid ;  the  axis  of  revolution  of  which  is  the  axis  of  f,  and  is 
the  determinate  principal  axis ;  and  any  two  axes  in  the  plane 
of  (17,  Of  which  are  perpendicular  to  each  other,  will  complete  the 
system  of  principal  axes. 

(2)  Let  all  the  roots  of  the  cubic  be  equal ;  then 

A  =  B  =  c  =  K,   say ; 
and  equation  (84)  represents  a  sphere  whose  equation  is 

f»  +  t;«  +  f«  =  -^;  (86) 

and  every  three  axes  passing  through  the  given  point  at  right 
angles  to  each  other  will  form  a  system  of  principal  axes.  In 
this  case 

s.m^  =  s.my^  =  a.w^i*  =  %.m^  =  %,mrf  =  s.mf*;   (87) 
and  all  the  nine  direction-cosines  are  indeterminate.  • 

Hence,  for  every  point  of  a  system  of  particles,  there  is  always 

PKICE,  VOL.  IV.  u 
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one  set  of  principal  axes ;  and^  for  certain  points  of  certain  bodies^ 
every  system  of  rectangular  axes  originating  thereat  may  be  a 
principal  system. 

The  ellipsoid  (84)  will  also  assume  particular  forms  if  one  or 
two  of  the  quantities  a!',  b'\  c"  vanish,  that  is,  if  the  body  is  a 
plate  or  a  straight  wire ;  but  these  cases  are  so  evident  that  it  is 
unnecessary  to  explain  them  at  length. 

89.]  Let  us  apply  the  preceding  ^processes  to  a  particular  ex- 
ample.  Let  us  take  a  cube^  each  of  whose  sides  =  a ;  and  let 
the  origin  be  at  one  of  the  angles  ;  and  let  the  axes  of  x,  y,  z  lie 
along  the  edges  of  the  cube  :  it  is  required  to  find  the  position 
of  the  principal  axes.     Let  p  be  the  density  of  the  cube ;  theu 

a'=  5. mo?*  :=.  I     j     I    pafidzdydx  =  ^^ 

•^0    -'0     •'0  ^ 

=  b'=c', 
as  the  symmetry  indicates. 

D  =  ^,myz  :=  I  I    pyzdzdydx  =  ^j- 

jQ    Jo    Jo  4 

=  E  =  P; 
so  that  the  cubic  equation  (76)  becomes 

the  roots  of  which  are  — ^ ,  -^ ,  -^ ;  two  therefore  are  equal; 
let  these  be  b",  c"  ;  so  that 

n_  5pa»  pa^ 

A    -   -^,  B    -   C    -    — . 

Hence  from  (78),  , 

«i*  =  «2*  =  fls*  =  3' 

Oj    —  »j    —  03    ""  0' 

8-2-2  ^. 

^1     —   ^2     —    ^8     ~   0' 

so  that  the  axis  of  f  is  the  diagonal  of  the  cube ;  and  the  position 
of  the  other  principal  axes  is  indeterminate ;  and  therefore  any 
two  lines  perpendicular  to  each  other^  and  in  the  plane  passing 
through  the  angle  of  the  cube  and  perpendicular  to  the  diagonal, 
will  complete  a  system  of  principal  axes. 
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Thus  the  equation  to  the  ellipsoid  (88)  is 

^  (a?* -f  y*  +  -8*)  -f  ^  (y«  +  «* -f  ary)-M  =  0, 

and  the  equation  to  the  reduced  ellipsoid  (84)  is 

which  represents  an  oblate  spheroid^  whose  axis  of  revolution  is 
the  axis  of  f . 

If  it  is  required  to  determine  the  position  of  the  principal  axes 
at  the  centre  of  the  cube ;  then^  if  2a  =  the  length  of  a  side  of 
the  cube,  o     , 

A  -  B   -  c    -  -^, 

D  =  E    =  F    =  0; 

a"=  b"=  c"=  ^; 
o 

therefore  the  position  of  each  axis  is  indeterminate ;  and  any 

rectangular  system  originating  at  the  centre  of  the  cube  is  a 

system  of  principal  axes ;  and  the  ellipsoid  (83)  becomes  a  sphere. 

90.]  It  is  evident  from  the  preceding  general  investigation 
that  the  position  of  the  principal  axes  of  a  body,  relatively  to  a 
given  point,  depends  on  the  values  of  the  definite  integrals  which 
are  expressed  by  the  symbols  a',  b',  c',  d,  b,  f  ;  and  therefore  on 
the  symmetry  of  the  body  relatively  to  the  origin  and  to  the 
axes  of  X,  y,  z:  thus,  for  a  solid  of  revolution  bounded  by  a 
plane  perpendicular  to  the  axis  of  revolution,  for  any  point  on 
the  axis  of  revolution  that  axis  is  evidently  one  of  the  principal 
axes,  and  the  other  two  are  indeterminate  in  the  plane  perpen- 
dicular to  the  axis  of  revolution.  Of  a  sphere,  relatively  to  the 
centre,  every  system  of  rectangular  axes  is  principal.  Of  an 
ellipsoid,  relatively  to  the  centre,  the  principal  system  is  unique ; 
and  the  principal  axes  coincide  with  the  geometrical  principal 
axes  of  the  solid.  Similarly  the  principal  system  can  often  be 
inferred  by  general  reasoning  from  the  symmetry  of  the  body  or 
system  of  particles. 

If  two  principal  axes  relatively  to  a  given  point  are  given,  the 
third  is  also  given.  If  however  one  principal  axis  is  given,  the 
other  two  are  at  right  angles  to  each  other  in  a  plane  perpendi- 
cular to  the  given  principal  axis,  and  may  be  determined  by  the 
following  process. 

u  2 
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Let  the  given  principal  axis  be  the  axis  of  « ;  so  that 

2.msz  =.  'X.myz  =  0.  (88) 

Let  the  new  axis  of  (^  which  is  to  be  principal^  be  inclined  at  an 
angle  ^  to  the  axis  of  d? ;  so  that 

f  =  y  sin  4>  +  ar  cos  4>,  )  .g^v 

1;  =  y  cos  <^  —  ;p  sin  ^ ; ) 
therefore 

xmf?7=  {(cos^)*— (8in^)*}xmay+sin4>cos^xm(y*— a^);  (90) 
and,  as  this  is  to  vanish^  we  have, 

tan2^  = .  o      «,  =  -7 ?;  (91) 

and  the  equations  to  the  two  principal  axes  are 

(f>-ij»):8.f»a?yH-fi,:8.m(y>-ir«)  =  0.  (92) 

As  by  this  process  z  is  unchanged, 

:8.mfC=  :8.m«(ysin4»4-«?8in4»)  =  0,  1 
2.mi;f  =  2.m2;(yco8^— a^cos^)  =  0;)  '     ^ 

which,  by  reason  of  (88),  are  true  for  all  values  of  ^ :  if  there- 
fore (88)  are  true  for  any  pair  of  rectangular  axes  in  the  plane 
of  {Xf  y),  they  are  true  for  every  pair  of  rectangular  axes  in  that 
plane ;  and  indeed  for  any  pair  of  lines  in  that  plane. 

91*3  The  following  are  examples  of  the  process  for  determin- 
ing the  position  of  two  principal  axes  at  a  given  point  when  the 
other  principal  axis  is  given. 

Ex.  1.  To  determine  the  principal  axes  of  a  rectangular  plate 
of  infinitesimal  thickness  relatively  to  the  point  of  intersection 
of  the  two  diagonals  of  the  plate. 

In  this  case,  as  in  all  problems  of  plane  plates  of  infinitesimal 
thickness,  an  axis  which  passes  through  the  origin  and  is  per- 
pendicular to  the  plate  is  one  of  the  principal  axes :  and  if  it  is 
taken  to  be  the  axis  of  z^  and  the  plate  to  be  the  plane  of  {x,  y), 
%,mxz  =  2.myz  =  0,  because  isr  s  0  for  all  the  elements  of 
the  plate. 

Let  2  a  and  26  be  the  sides  of  the  plate,  r  =  the  thickness, 
p  =  the  density ; 

s.m^y  =;=  /     /    pTxydydx  =  0; 
j.m(a:*— y*)  =  /     /    pr  {sfl —y^)  dy  dx 
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therefore  tan  2^  =  0;  and  ^  =  0^  ^=r9(f ;  so  that  the  other 
two  principal  axes  are  parallel  to  the  rides  of  the  plate.    If  the 

rectangle  ia  a  sqnarej  b  =  a;  in  which  case  tan 2^  =  ^ ;  and 4> 

is  indeterminate,  so  that  every  pair  of  rectangular  axes  in  the 
plane  of  the  plate,  together  with  the  given  axis,  constitates  a 
principal  system. 

Ex.  2.  To  determine  the  principal  axes  of  a  triangular  plate 
through  one  of  its  angles. 

Let  o,  an  angle  of  the  triangle,  be  the  origin ;  oa  =  a,  ob  =  6 ; 
and  let  the  axes  of  x  and  y  lie  along  these  sides ;  then  the  equa- 
tion to  the  base  is  x     y 

b 

let  T  =  -  (a—x) ;  and  let  a>  be  the  angle  of  the  triangle  at  o ; 


then  '  =  /     /    pr(a?+ycosM)y(sina>)'ciy££r 

Jo  Jo 

(a+26oos(»); 


Jo  Jo 
pr  (sin  »)*  al^ 


24 

a'— b'=/    /    pr{(j7-f ycostt)'— (y8intf)'}cfy(£rsinoD 
Jo  Jo 

prrin»a6  .  ,       ,  ...       ^    v 

=  - — Yo (a*-ffl*cos»+A*cos2«); 

.      fo^OA         ft8in«(a+2ftcos<ii)    , 

.'.       tan  2  0   =    -= r —=5 jr-   , 

^       a'  +  a6coscii+A*cos2<» 
if  6  =  a^  2^  =  01;  in  which  case  the  triangle  is  isosceles,  and  of 
the  principal  axes  in  its  plane  one  bisects  the  vertical  angle,  and 
the  other  is  perpendicular  to  the  bisecting  line. 

Ex.  8.  To  determine  the  position  of  the  principal  axes  in  the 
pkne  of  a  thin  elliptic  plate  relatively  to  a  point  whose  place, 
relatively  to  the  centre  and  principal  axes  of  the  ellipse,  is  (a,  j9). 

Let  the  equation  to  be  ellipse  ^^  nr  +  T2  ^  ^ '  ^^^  ^^^ 
T  =  —  (a*— a?*)* :  then  the  ellipse  is  referred  to  its  centre  of 
gravity  as  origin,  and  to  its  principal  axes  as  coordinate-axes ; 
^  **^*       a.ma?  =  0,    i.my  =  0 ;      a.m^y  =  0. 

Then  '  =  /     /    P'"  («— o)  {y—p)  dy  dx 

J^a  J—Y 

=  /     /     prafidydx 

s=>  irprabap. 
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=  /*  / ''pr{a?«-y«  +  a»-j8»}rfyrf^ 
=  itprab  I  +0*  — /3»>  ; 

whereby  we  have  the  position  of  the  two  principal  axes  in  the 
plane  of  the  plate,  and  these,  with  the  axis  perpendicular  to  the 
plate,  form  the  complete  system  of  principal  axes. 

92.]  Many  other  properties  of  principal  axes  will  arise  inci- 
dentally in  the  following  section,  and  will  be  there  demonstrated. 
We  may  therefore  now  return  to  the  equations  of  motion,  and 
make  those  simplifications  in  them  with  which  the  theory  of 
principal  axes  supplies  us. 

Let  the  rotation  of  the  body  or  system  of  particles  be  referred 
to  a  system  of  axes  fixed  in  the  body  and  moving  with  it;  and 
let  this  system  be  that  of  principal  axes,  so  that 

2.myz  =  :i,mzx  =  :i.mxy  =  0,     or    d  =  b  =  f  =  0. 

Firstly,  let  us  take  the  case  of  a  body,  originally  at  rest,  acted 
on  by  instantaneous  forces ;  and,  for  the  sake  of  distinctness,  let 
the  axial  components  of  the  expressed  angular  velocities,  due  to 
the  instantaneous  forces  about  the  principal  axes,  be  symbolized 
by  n^,  n,,  a, ;  and  let  us  reserve  n,,  xiy,  n,  for  the  axial  compo- 
nents of  the  expressed  angular  velocities  when  the  system  of 
axes  is  not  principal ;  then  equations  (32)^  Art.  76,  become 

where  a,  b,  c  are  the  moments  of  inertia  of  the  body  about  the 
principal  axes ;  and  l,  m,  n  are  the  moments  of  the  axial  com- 
ponents of  the  couples  of  the  impressed  momenta  about  the  cor- 
responding axes. 

Secondly,  let  us  take  the  case  of  a  body  rotating  under  the 
action  of  continuous  forces  ;  and  here  again  let  q>],  i»^  <a^  repre- 
sent the  axial  components  of  the  expressed  angular  velocity 
relatively  to  the  principal  axes ;  and  let  a>x»  (»>ffy  <i^z  be  the  axial 
components  of  the  expressed  angular  velocity  when  the  axes  are 
not  principal ;  then,  since  d  =  e  =  f  =  0,  equations  (65),  Art. 
83,  become 
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A-^+(C-B)»,«,   =   L, 

^  "5/    ■*■  ^^""^^  »3  «1  =  M,    ^  (95) 


dt 


c^H-(B-A)»i»a  =  n; 


which  are  evidently  much  simpler  than  (65)^  and  are  equally 
genertJ ;  they  were  investigated  first  by  Euler,  and  are  now 
commonly  called  Euler's  Equations  of  Rotation.  No  way  of  in* 
tegrating  them  in  the  form  in  which  they  stand  is  known  at 
present.  Particular  forms  of  them  will  be  discussed  in  the  fol- 
lowing Chapters ;  and  we  shall  then  employ  such  artifices  of 
abbreviation  and  of  interpretation  as  the  particular  problem 
TOggests. 

Aa  (95)  are  of  great  importance^  let  us  examine  the  origin  of 
the  several  terms :  let  us  take  the  first  of  the  three ;  for  what  is 
true  of  that  is  also  true^  mutatis  mutandis^  of  the  other  two. 

On  referring  to  Art.  81  it  will  be  seen  that  a  -t—  is  the  moment 

of  the  axial  component  of  the  couple  which  arises  from  the  ex- 
pressed momentum-increments  of  all  the  particles,  the  other 
terma  in  (55)  disappearing  because  the  coordinate  axes  are  prin- 
cipal. And  from  (62)  it  appears  that  (b—c)  fa^(a^  is  the  moment 
of  the  axial  component  of  all  the  couples  which  arise  from  the 
centrifugal  forces  of  the  system  ;  hence^  by  D'Alembert's  prin- 
ciple, the  three  equations  (95)  are  formed. 

If  (95)  could  be  integrated,  0)^,  ^^,  o,  would  be  expressed  in 
terms  of  / ;  and  thence  by  equations  (108),  (104),  (105),  Art.  42, 
6^  ^f  and  ^  could  be  determined  ;  and  the  position  of  the  prin- 
cipal axes,  and  therefore  the  position  of  the  body,  as  the  principal 
axes  are  fixed  in  it,  would  also  be  determined. 

93.3  Heretofore  the  point  at  which  the  coordinate  axes,  whe- 
ther principal  or  other,  originate,  has  been  arbitrary:  let  us 
consider  whether  any  simplification  will  be  introduced  into  the 
results  if  we  take  the  origin  to  be  the  centre  of  gravity  of  the 
moving  system  or  body;  that  is,  we  may  suppose  the  point 
which  has  motion  of  translation  to  be  the  centre  of  gravity,  and 
the  axis  of  rotation  to  pass  through  it ;  and  we  shall  also  sup- 
pose the  coordinate  axes  fixed  in  the  body,  and  originating  at 
the  centre  of  gravity,  to  be  principal  axes ;  and  these  axes  we 
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shall  henceforth  call  central  principal  axes.  The  geometrical 
definition  of  snch  an  origin  and  snch  axes  is, 

%.mx  =  2. my  =  :i.mz  =0,^ 

2.myg:sz  "Xjnzx  =  njmxy^z  0.  f 

Let  us  first  consider  the  axial  components  of  the  expressed 

momentum-increments  of  all  the  particles  which  arise  from  the 

angular  velocity-increments.     Then^  on  referring  to  Art  81 

wherein  the  effects  have  been  investigated^  from  (51)  and  (55) 

we  have  x'  =  y'  =  z'  =  0;  (96) 

.-.     P'=0. 
,'-A^         m'-b^         n'-c?^-  m\ 

^-^^W     "^"^lu'      '"'-''dt'        ^^^ 

so  that  the  momentum-increments  are  as  to  translation  in  equi« 
librium  at  the  centre  of  gravity,  neither  accelerating  its  motion 
if  it  is  moving,  nor  producing  a  pressure  if  it  is  fixed ;  and  the 
moments  of  the  axial  components  of  the  couple  arising  from 
these  expressed  angular  velocity-increments  are  given  in  (97), 
and  are  respectively  the  first  terms  of  (95). 

Next  let  us  take  the  axial  components  which  arise  from  the 
centrifugal  forces  which  are  discussed  in  Art.  82.  From  (59) 
we  have  x"=  y"=  z"=  0;  (98) 

.-.     P"=0; 
so  that  all  the  centrifugal  forces  as  to  translation  balance  at  the 
centre  of  gravity ;  and  from  (62) 

l"=   (B— C)»j|(ttj,      m"=   (C  — A)«j<»i,      n"=   (a  — B)»i<iOj.    (99) 

Thus  it  appears  that  relatively  to  the  centre  of  gravity  as  the 
origin^  the  forces  of  translation  which  are  due  to  the  angular  velo- 
city-increments and  to  the  centrifugal  forces  are  each  separately 
in  equilibrium ;  but  that  the  equations  of  rotation  are  the  same 
as  before. 

Suppose  however  that  the  axis  of  rotation  is  a  principal  axis^ 
say  the  axis  of  ^;  then  m,  =  0)3  =  0 ;  and 

L':=A^,  M'^0,  N'=0; 

l"=0,  m"=0,        n"=0; 

so  that  the  centrifugal  forces  balance  themselves  as  to  rotatory 
effects  on  the  body ;  producing  no  change  either  of  the  angular 
velocity  of  the  body  or  of  the  position  of  the  axis  of  rotation ; 
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and,  as  (98)  shew,  they  balance  each  other  as  to  effect  of  trans- 
lation. 

Hence  if  a  body  rotates  about  a  central  principal  axis,  the 
centrifugal  forces  which  are  thereby  generated  are  in  equilibrium. 
and  thus  do  not  cause  any  change  of  rotation  or  of  the  position 
of  the  rotation-axis. 

Hence  also^  if  no  force  acts  on  the  body,  its  equation  of  mo- 
tion is  , 

Mj  =  a  constant. 
Thus  the  anguhu*  velocity  is  constant,  and  the  position  of  the 
rotation-axis  is  the  same  throughout  the  motion.  For  this  rea- 
son the  central  principal  axes  are  called  the  permanent  axes  of 
the  body  or  of  the  system ;  they  are  also  sometimes  called  the 
natural  axes. 

It  is  evident  from  what  has  been  said  that  a  permanent  axis 
of  a  body  at  a  certain  point  may  be  defined  as  that  line  about 
which  if  the  body  revolves,  the  centrifugal  forces  generated  by 
the  rotation  are  either  in  equilibrium,  or  have  a  simple  resultant 
passing  through  the  point. 

94.]  The  central  principal  axes  are  the  only  axes  which  possess 
this  property,  that  the  centrifugal  forces  balance  each  other 
about  them  both  as  to  translation  and  as  to  rotation ;  for  this 
object  it  is  necessary  that,  see  Art.  82, 

X''=   Y^'rrr   z"=  0,  (100) 

l"=m"=n"=  0;  (101) 

from  these  last  three  we  have,  from  (62),  Art.  82,  remembering 
that  A  +  a'  =  B  +  b'  =  c  -h  c' ; 

(B  co8a+  DC08/3  +  c'cosy)  cos/3  —  (FC080+  b'cos)34-  D  cosy)cosy  =  0, 
(A^cosa  +  FCOSjS 4-  E cosy)  cos  y  —  (Ecosa  +  d  cos)3  +  c'cosy) coso  =  0,   ^  (102) 
(FCO8a  +  B'cos)8  +  i>cosy)c08a— (A'cosa  +  FCOs/3  +  ECO8y)cos/3  =  0;^ 
ao  that 
A'cosa  4  Feos/9  +  Ecosy     Foosa H-  b'cos/3  +  Dcosy     Ecosa  +  dcosjS  +  c'cosy 


,}■ 


cos  a  cos/3  cosy 

which  are  the  same  equations  as  (71)  by  which  the  principal  axes 
are  determined ;  the  principal  axes  therefore  are  permanent  axes 
so  far  as  the  conditions  (101)  indicate ;  that  is,  corresponding  to 
principal  axes  the  centrifugal  forces  either  are  in  equilibrium,  or 
have  a  single  resultant  passing  through  the  origin. 
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As  to  (100)  let  us  replace  w,y,z  in  (59)  by  ^ +^',  y + y',  ^  +^j 
wherein  the  centre  of  gravity  is  (le,  y,  z) ;  then,  since 

s.m^  =  3. my'  =  s.m/  =  0, 
(100)  become 

2— co8a(2co8a  +  yco8^4-rcosy)  =  0, 
y— cos^(^co8a  +  ycos/9  +  rcosy)  =  0,    [.  (104) 

^— -cosy  (dpcosd  +  y  cos  j9- 
and  therefore 


J+rcosy)  =  0,  -^ 
J  +  rcosy)  =  0,  L 
J  +  ^cosy)  =  0;  J 


-^=-^  =  ^-;  (105) 

cos  a  cos  )8  COS  y 
so  that  the  rotation-axis^  that  is,  the  principal  axis  at  the  point, 
must  pass  through  the  centre  of  gravity  of  the  body.  Thus 
(105)  are  to  be  true  for  each  principal  axis  at  the  point ;  that  is, 
for  each  of  three  different  values  of  (a,  fi,  y) ;  and  this  is  possible 
only  when  ^  =  y  =  ^  =  0 ;  only  when  the  point  is  the  centre 
of  gravity,  in  which  case  either  of  the  three  central  principal 
axes  is  a  permanent  axis.  If  however  a  principal  axis  at  a  point 
passes  through  the  centre  of  gravity,  that  axis  is  a  permanent 
axis  for  that  point. 

95.]  A  remarkable  application  of  this  theory  of  permanent 
axes  has  been  made  by  M.  Foucault  to  the  proof  of  the  rotation 
of  the  earth  about  its  polar  axis.  He  presented  it  to  the  Academy 
of  Sciences  in  Paris  in  the  month  of  September,  1S52.  He  has 
devised  a  machine  which  he  calls  a  Oyroscope,  and  of  which  a 
drawing  is  given  in  Fig.  21.  I  will  describe  it  as  it  is  originally  in 
its  position  of  rest,  ab  a'b'  is  a  metallic  ring  suspended  by  a  wire 
fi  A  from  a  point  s  which  is  fixed  to  the  earth  ;  and  at  a'  is  a  small 
pivot  working  in  a  small  hole,  by  which  the  motion  of  the  ring 
about  the  vertical  line  saa'  is  kept  steady  but  is  not  retarded :  bb' 
is  the  horizontal  diameter  of  the  vertical  ring ;  and  at  b  and  b' 
are  small  holes  capable  of  receiving  small  pivots  or  axles ;  bcb'  is 
a  horizontal  metallic  ritig,  of  which  bb'  is  the  diameter,  and  o  is 
the  centre,  at  b  and  b'  are  pivots  which  work  in  the  beforemen- 
tioned  small  holes,  so  that  bcb'  is  capable  of  rotating  about  the 
horizontal  diameter  bb'.  Across  the  horizontal  ring  bcb'  an- 
other axis  coc'  is  placed,  at  right  angles  to,  and  bisecting,  bob', 
and  capable  of  rotating  about  pivots  at  c  and  c' ;  on  this  axis  is 
fixed  a  heavy  metallic  disc  nn',  whose  centre  is  at  o,  and  which 
is  consequently  capable  of  rotation  about  the  axis  coc',  and  the 
greater  part  of  the  matter  of  the  disc  is  arranged  in  a  ring  as  near 
to  the  circumference  as  possible,  so  as  to  increase  the  centrifugal 
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force  of  the  disc.  This  is  the  arrangement  of  the  several  parts  of 
the  Gyroscope ;  and  it  is  evident  from  the  arrangement  that  the 
disc  is  capable  of  rotation  about  any  axis^  so  that  whatever  are 
the  forces  which  act  upon  it,  it  can  take  the  axis  which  they 
require,  and  is  indeed  in  construction  identical  with  Bohnen- 
berger's  machine,  except  that  the  central  mass  is  a  disc  instead 
of  a  sphere.  It  is  evident  also  that  the  centre  of  gravity  of  the 
whole  machine  is  at  o,  and  that  all  axes  of  rotation  pass  through 
o,  and  thus  gravity  does  not  produce  any  change  of  position  in 
the  rotation-axis  or  in  the  velocity  of  the  disc.  Adjustment- 
screws  are  placed  in  various  parts  of  the  machine^  so  that  the 
conditions  required  may  be  fulfilled  as  nearly  as  possible. 

Now  the  disc  dd'  is  taken  out  of  the  ring  bcb'^  and  has  a  very 

rapid  rotation  given  to  it  by  a  machine  properly  contrived  for 

that  purpose.    While  it  has  this  rapid  rotation  it  is  replaced  in 

the  horizontal  ring  bc  b'  ;  and  as  the  axis  coc'  is  manifestly  one 

of  the  principal  axes  of  the  ring  through  its  centre  of  gravity,  it 

is  a  permanent  axis,  and  as  the  disc  is  not  under  the  action  of 

any  forces,  whether  external  or  centrifugal^  whereby  its  velocity 

or  the  position  of  its  rotation-axis  may  be  changed,  its  axis  coc' 

keeps  an  invariable  position  in  space.    But  what  apparent  effect 

is  produced  by  this  invariable  position?     Let  us  suppose  the 

Gyroscope  to  be  at  the  north  pole :  then  the  earth  rotates  about 

the  axis  sab',  and  to  an  observer  the  axis  of  coc'  will  retain  its 

horizontal  position^  and  will  have  a  motion  in  azimuth^  in  the 

same  direction  as  the  fixed  stars  appear  to  have  in  passing 

through  360^  in  24  hours,  if  the  rotation  of  the  disc  can  be  kept 

up  as  long :  if  the  Gyroscope  is  at  the  equator,  no  such  apparent 

effect  will  take  place,  because  the  axis  will  have  only  a  parallel 

displacement  of  itself  in  space.     In  any  other  latitude  the  polar 

axis  of  the  earth  will  be  inclined  to  the  principal  axis  coc'  of  the 

disc ;  and  as  this,  being  a  permanent  axis,  retains  its  direction  in 

space,  it  has  an  apparent  motion  about  the  polar  axis;   the 

ring  bcb'  will  revolve  slowly  about  the  axis  bb',  and  the  ring  a  a' 

will  also  revolve  slowly  about  the  vertical  axis  aa'  ;  and  these 

rotations  may  be  observed  by  means  of  microscopes  properly 

placed  for  the  purpose.    Indeed  the  earth  truly  rotates  about  the 

line  coc'  which  has  an  invariable  position,  and  that  rotation  is 

shewn  by  the  apparent  motion  of  the  line.    We  shall  hereafter 

come  to  the  mathematical  calculation  of  these  quantities. 


X  2 
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Sbctxon  5. — Moments  of  inertia,  and  the  dittrtbution  in  tpace  of 
principal  axee. 

96.]  In  the  present  section  I  propose  to  examine  more  closely 
the  theory  and  properties  of  moments  of  inertia,  of  which  defini* 
tions  have  been  given  in  Art.  74. 

Moment  of  inertia  is  (geometrically)  the  sum  of  the  products 
of  every  particle  of  a  body  or  of  a  system  of  particles,  and  the 
square  of  its  distance  from  the  rotation-axis.  Thus,  if  m  is  a 
particle  of  a  moving  system,  and  r  is  the  perpendicular  distance 
from  the  place  of  m  on  the  rotation-axis,  s.mr*  is  the  moment 
of  inertia,  the  summation  including  all  the  moving  particles,  and 
becoming  integration  if  the  moving  system  is  a  continuous  body. 
We  shall  however  find  it  convenient  to  use  the  symbol  'X.mi* 
in  all  cases,  and  it  is  to  be  observed  that  this  symbol  includes 
intention  in  the  cases  wherein  the  moving  system  is  a  oontinu- 
ous  mass. 

Let  us  in  the  first  place  investigate  the  moment  of  inertia  in 
its  most  general  form.  Let  the  origin  be  taken  on  the  rotation- 
axis,  of  which  relatively  to  a  system  of  axes  fixed  in  the  body 
let  the  direction-angles  be  (a,  )3,  y) ;  let  (Xy  y,  z)  be  the  place  of 
m ;  and  let  r  be  the  perpendicular  distance  from  m  on  the  rota- 
tion-axis ;  so  that 

r*=(y  cosy— «cos^)*+  («cosa—flJC08y)*-f  (fl?cosj9— yoosa)*;  (106) 
2.wir» = 3.m  (y* + «*)(cos  a)*  -f  2.m  («* + «»)(cos^)* + a.m  (x^ + y*)(cos  y)* 

— 22.my;2rco8)8cosy— 2xm2;^cosyco8a— 22.mxycosaco8^.  (107) 
Let  H  be  the  general  symbol  for  the  moment  of  inertia ;   then, 
using  the  symbols  of  Art.  76, 
H  =  A(cosa)* -hB  (cos /3)*-fc  (cosy)* 

— 2DC08/9co8y— 2Ecosycosa— 2fcosacosj9;  (108) 
and  thus  if  a,  b,  c,  d,  b,  p  are  determined  for  any  body  and  for 
a  particular  system  of  rectangular  axes,  the'  moment  of  inertia 
of  the  body  for  any  axis  may  be  found  by  means  of  this  equation. 

If  the  system  of  axes  to  which  the  body  is  referred  is  a  prin- 
cipal  system  at  the  point,  then  d  =  e  =  f  =  0 ;  and  (108)  be- 
comes H  =  A  (cos  a)»  +  B  (cos/3)» + c  (cos  y)» ;  (109) 
where  a,  b,  c  are  the  moments  of  inertia  of  the  body  relatively 
to  the  three  principal  axes  of  x,  y,  z  respectively,  and  are  for  that 
reason  called  the  principal  moments  of  inertia. 

In  terms  of  a\  b',  c\  (109)  becomes 

H  =  A'(8ina)*-f  B'(8in^)«-hc'(8iny)a,  (110) 
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97.]  As  an  example  of  (108)  let  us  investigate  the  moment  of 
inertia  of  a  rectangular  parallelepipedon  about  an  axis  pasaiug 
through  one  of  its  angles. 

Let  the  sides  of  the  parallelepipedon,  which  meet  at  the  angle 
through  which  the  rotation-axis  passes,  he  a,  b,  c;  and  let  the 
coordinate  axes  lie  along  these  sides  respectively ;  let  p  be  the 
density  of  the  volume  element  at  (x,  y,  z) ;  so  that  the  mass- 
element  =  pdxdydz.    Then 

B    —     ^r .  C    ^ 


li  =z  I     I     I    pyzdzdydx  = 

•/0     Jq     Jq 


3  '  3 


«  -  —4-5  '-  —4—' 

and  the  moment  of  inertia  about  the  line  (a,  fi,  y) 

=  p  a*  c  I  —^  (cos  o)»  4-  — ^  (cos  i3)»  +  — ^—  (cos  y)* 

be       ^  ca  ab  ^) 

— ^  cosjS  cosy  — ^  cosy  cos  a  — ^  cosa  co%fi}  ; 

and  if  k  is  the  corresponding  radius  of  gyration, 

*»  =^  — ^—  (cosa)»  +  —^  (cosjS)*  4-  ~J—  (cosy)» 

be  ca  ab 

■^-5-cos)3cosy  — -^  cosycosa  — -^  cosacosjS. 

Similarly  the  moment  of  inertia  of  a  cube  about  a  diagonal 
=  ^^ ;  and  about  one  of  its  edges  =     ^    . 

D  O 

Other  examples  of  the  determination  of  moments  of  inertia 
will  be  given  in  the  following  section  of  this  chapter. 

98.]  The  following  process  gives  a  geometrical  interpretation 
of  (108),  and  consequently  of  (109). 

Along  the  rotation-axis  from  the  origin  let  a  length  p  be  taken, 
of  which  let  the  end  be  (a?,  y,  z) ;  then 

— ^  =  -^  =  — ^  =  9  \  (111) 

coso         cos/3  cosy 

and  (107)  becomes 

Ajj'-hBy'  +  c^— 2Dy«— 2B;2fa?— 2F;ry  =  p^:x.m7^\     (112) 

Let  p^:z,mf^  =  /x;     so  that  s.mr*  =  -^,  (113) 


Digitized  by  VjOOQ IC 


158  THE   MOMENTAL   ELLIPSOID.  [98, 

where  fi  is  a  constant  quantity  at  present  undetermined,  and 
may  be  unity  if  such  a  value  is  convenient ;  then  (112)  becomes 
Aa?*+By2-|-c«®— 3Dy«— 2e2?:i7— 2Fary— fi  =  0.  (114) 
By  the  assumption  made  in  (113)  it  will  be  observed  that  the 
moment  of  inertia  about  any  axis  p  varies  as  the  square  of  the 
reciprocal  of  p. 

As  A^  B^  c  are  quantities  necessarily  positive,  (114)  is  the  equa- 
tion to  an  ellipsoid^  whose  centre  is  at  the  origin,  and  of  which 
/)  is  a  central  radius  vector;  and  which  is  such  that  whatever 
radius  vector  is  the  rotation-axis,  the  moment  of  inertia  of  the 
body  relatively  to  that  axis  varies  as  the  square  of  the  reciprocal 
of  the  central  radius  vector.  For  this  reason  the  ellipsoid  is 
called  the  momental  ellipsoid.  As  fx  is  at  present  undetermined 
the  actual  size  of  the  ellipsoid  is  not  fixed :  however,  according 
as  fi  varies,  all  the  corresponding  ellipsoids  are  concentric  and 
are  similar,  and  that  corresponding  to  any  particular  value  of  [a 
will  suffice  for  our  present  purpose.  Let  us  imagine  therefore 
the  ellipsoid,  whose  equation  is  (114),  to  be  described  with  the 
given  point  as  centre ;  then  that  ellipsoid,  by  means  of  its  cen- 
tral radii  vectores,  indicates  the  law  of  variation  of  the  several 
moments  of  inertia  of  the  moving  system  which  correspond  to 
the  radii  vectores  as  rotation-axes,  the  moment  of  inertia  rela- 
tively to  any  one  being  proportional  to  the  square  of  the  reci- 
procal of  that  radius  vector. 

The  momental  ellipsoid  is  evidently  concentric  with  the  ellipsoid 
of  principal  axes,  equation  (83) ;  it  is  also  coaxal  with  it.  For, 
by  Art.  6,  the  equations  for  determining  the  principal  axes  of 
(114)  are 

AOi  — FOg— Egg  _    —  Pg^-f  Bgg  — PQ3  _    — Egi  — Dgg+Cgg 
gl  ""  a'^  ""  gj 

=    H,,  (115) 

if  Ha  is  the  moment  of  inertia  about  the  axis  (g,^,  a^  g,)  of  f,  so 
that  Ha  =  3.W  (ly*  +  f*).  Now  replacing  a,  b,  c  severally  by 
b'  -f  c',  c'  -I-  a',  a'  -f  b',  and  subtracting  each  term  of  the  equa- 
lities (115)  from  a'-h  B'-f  c',  we  have 

A'ai-j-rgg-hEgg  ^  Pg^  -f  B'gg  4-  DOj  _  Eg^-hDg^-fC^gg 

«1  ""  «2  "  «8 

=  A'-f  b'+  c'— Ha 
=  2.wf«;  (116) 

which  are  identical  with  (73),  whereby  the  principal  axes  of  the 
body  are  determined.    By  similar  processes  we  might  find  equa- 
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tions  identical  with  (74)  and  (75)  in  terms  of  H5  and  h«,  which 
are  the  moments  of  inertia  about  the  axes  of  17  and  C  respectively. 
Thus  the  geometrical  principal  axes  of  the  momental  ellipsoid 
lie  along  the  principal  axes  of  the  body  at  the  origin ;  let  it  be 
referred  to  these  as  axes ;  it  is  manifest  from  (115)  that  r^,  Rt,  h^ 
are  the  coefficients  of  ^,  y*,  z^  in  the  reduced  equation.  Let, 
however,  henceforth  a,  b,  c  represent  the  moments  of  inertia 
about  the  principal  axes ;  then  the  equation  to  the  momental 
ellipsoid,  referred  to  the  principal  axes  as  coordinate  axes  of 
(d?,  y, z),  is  Aa?»  +  By*  +  c;g^  =  /ui.  (117) 

This  result  might  have  been  inferred  directly  from  (114).  As 
the  position  of  the  coordinate  axes  is  undetermined,  let  the  sys- 
tem be  the  principal  system ;  then  d  =  e  =r  f  =  0,  and  (114) 
becomes  (117). 

This  is  another  instance  of  the  simplification  which  is  intro- 
duced into  the  equations  of  dynamics  by  the  use  of  principal 
axes.  The  form  of  the  equations  of  motion,  and  the  mathemar 
tical  values  of  the  moments  of  inertia  which  enter  into  those 
equations,  are  much  simplified. 

In  Art.  87  we  assumed  :i.ma^  >  2. my*  >  ^,mz^;  therefore 
38.m(y*+«*)  <  3.OT(2;*-fd?*)  <  3.m(«*+j(*); 
.*.     A  <  B  <  c; 
so  that  the  moments  of  inertia  are  respectively  the  greatest  and 
the  least  about  the  axes  of  z  and  a ;  and  the  maximum,  mean, 
and  minimum  axes  of  the  momental  ellipsoid  lie  along  the  axes 
of  ^y  Vt  ^  respectively,  and  correspond  to  the  minimum,  mean, 
and  maximum  axes  of  the  ellipsoid  of  principal  axes. 

One  word  as  to  the  meaning  of  fx ;  let  us  give  it  a  value  which 
will  make  the  equations  homogeneous ;  let  m  be  the  mass  of  the 
moving  body,  and  let  a,  b,  c  be  the  radii  of  gyration  about  the 
axes  of  x^  y,  z  respectively ;  so  that 

A  =  Ma*,        B  =  m6*,        c  =  Mc*;  (118) 

let  therefore  /m  =  My*;  (119) 

we  shall  hereafter  determine  the  meaning  of  g ;  then  (117)  be- 
comes a*af*  +  l^y^  +  c*;8*  =  y* ;  (120) 
so  that  the  maximum,  mean,  and  minimum  axes  of  the  momen- 
tal ellipsoid  are  respectively  ^  ,  ^ »  —  *  »^^  (^^0)  ^*  homoge- 
neous. Notwithstanding,  however,  we  shall  still  find  it  conve- 
nient to  employ  /m. 
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99.]  Since  the  moment  of  inertia  of  the  body  about  any  axis 
is  proportional  to  the  square  of  the  reciprocal  of  the  radius  vec- 
tor of  the  momental  ellipsoid  which  coincides  with  that  axis,  it 
follows  that  the  moments  of  inertia  and  the  radii  vectores  have 
simultaneously  critical  values.  Thus,  as  the  x-,  the  y-y  the  pr- 
axes of  the  ellipsoid  (117)  are  respectively  the  greatest,  the 
mean,  and  the  least  of  all  axes  of  the  ellipsoid,  so  of  all  ro- 
tation-axes passing  through  the  centre  of  the  ellipsoid,  those 
of  x,y,z  hre  the  rotation-axes  relatively  to  which  the  moments 
of  inertia  are  the  least,  the  mean,  and  the  greatest.  That  is, 
according  to  our  assumptions,  a  is  the  least,  b  is  the  mean,  and  c 
is  the  greatest  of  all  moments  of  inertia  relatively  to  the  given 
origin.     And  these  are  the  principal  moments. 

Whereas  then  we  have  defined  principal  axes  as  those  in  refer- 
ence to  which  :z.myz  =  t.mzx  =  ^^mxy  =  0,  they  might  have 
been  defined  as  those  axes  for  which  the  moments  of  inertia  have 
critical  values.  The  former  conception  of  them  arose  first,  in 
the  simplification  of  the  equations  of  the  motion,  and  therefore 
we  pursued  it.  It  is  however  to  be  observed  that  whatever  is 
true  of  the  axes  of  principal  moments  of  inertia  is  also  true  of 
the  principal  axes  and  of  the  principal  planes ;  and  several  pro- 
perties which  are  true  of  principal  planes  as  defined  in  the  last 
section,  and  which  might  have  been  there  demonstrated,  will  be 
proved  in  the  course  of  the  present  section.  Henceforth  then 
we  shall  treat  principal  axes,  and  the  geometrical  principal  axes 
of  the  momental  ellipsoid,  as  identical. 

And  all  other  moments  of  inertia  relatively  to  the  given  point 
are  evidently  intermediate  to  c  and  a  ;  that  is,  are  less  than  c, 
and  are  greater  than  a.     From  (109) 

H  =  A(cosa)*-f-B(cos/3)*-f-c(cosy)*; 
which  may  be  expressed  in  either  of  the  following  forms  ; 

H  =  A  -h  (B  -  A)  (cos  i3)«  -h  (c  -  A)  (cos  y)» ;  (121) 

H  =  c  —  (c  -  A)  (cos  a)»  -  (c  -  B)  (co8i3)» ;  (122) 

and  as  B— A,  c— A,  c  —  B,  are  positive  quantities,  c  is  the  greatest 
and  A  is  the  least  of  all  moments  of  inertia. 

If  two  principal  moments  are  equal,  the  momental  ellipsoid 
becomes  a  spheroid ;  if  b  =  c,  the  spheroid  is  prolate  and  the 
moments  for  all  axes  lying  in  the  plane  of  (y,  z)  are  equal  to  one 
another  and  to  c  )  and  other  moments  are  less  than  c  :  if  a  =  b, 
the  momental  ellipsoid  becomes  an  oblate  spheroid,  and  the  mo- 
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menta  for  all  axes  lying  in  the  plane  of  {x,  y)  are  equal  to  one  an- 
other and  to  A,  and  the  moments  for  all  other  axes  are  greater 
than  A.  In  the  former  case  the  ellipsoid  of  principal  axes  be- 
comes an  oblate  spheroid;  and  in  the  latter  case  a  prolate 
spheroid. 

If  the  three  principal  moments  are  equals  a  =  b  =  c,  and  the 
momenta!  ellipsoid  becomes  a  sphere^  and  the  moments  of  inertia 
for  all  axes  are  equal  to  one  another.  In  this  case  also  the 
ellipsoid  of  principal  axes  becomes  a  sphere. 

100.3  ^^  ^^^  rotation-axes  passing  through  a  given  point,  for 
which  the  moments  of  inertia  are  equal  to  each  other,  lie  on  a 
cone  of  the  second  degree,  whose  vertex  is  the  origin. 

Let  H  be  the  moment  of  inertia  to  which  all  are  to  be  equal ; 
then,  since  p*  =  a?*+y*-|-«*,  from  (112)  we  have 

Ad?*  +  By*-|-c«*— 2Dy2;— 2Ej8a?— 2pafy  =  H(a?*-hy*-ha;*) ; 
.-.  (H— A)«>-h(H— B)y>  +  (H— c)£f»4-2Dy3?+2Ea?ar-f2pa?y  =  0;  (123) 
which  is  the  equation  to  a  cone  of  the  second  degree  whose 
vertex  is  at  the  origin ;  and  the  principal  axes  are  evidently  co- 
incident with  those  of  the  momental  ellipsoid.  All  rotation-axes 
therefore  lying  on  the  surface  of  this  cone  are  axes  of  equal  mo- 
ment, and  the  cone  is  consequently  called  equimomental. 

If  the  coordinate  axes  are  principal  axes  at  the  origin, 
D  =  E  =  F  =  0, 
and  the  equation  to  the  equimomental  cone  is 

(H-A)d?»  +  (H-B)y»  +  (H-C);2;*  =  0,  (124) 

where  a,  b,  c  are  the  principal  moments  of  inertia.  As  we  have 
proved  that  c  is  the  greatest  and  a  is  the  least  of  the  moments 
of  inertia  for  axes  passing  through  the  origin,  h  must  be  in- 
termediate to  c  and  a  ;  so  that  necessarily  one  of  the  coeffi- 
cients in  (124)  is  negative;  and  not  more  than  two  can  be 
negative. 

Let  H  be  greater  thauB ;  then  h— a  and  h— b  are  positive, 
and  H— c  is  negative ;  in  which  case  the  axis  of  z  is  the  internal 
principal  axis,  and  the  axes  of  x  and  y  are  the  external  principal 
axes.  See  Art.  11.  And  all  plane  sections  parallel  to  the  plane 
of  (^3  y)  ^6  ellipses. 

Let  H  =  B ;  then 

(B-.A)*j?  =  ±  (c-B)*;»;  (125 

which  are  the  equations  to  two  planes ;   these  are  indeed,  see 
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(105),  Art.  13^  the  cyclic  planet  of  the  momental  ellipsoid.  Thus 
all  the  rotation-axes  at  any  point  for  which  the  moments  of  inertia 
are  equal  to  the  mean  moment  of  inertia  lie  in  two  planes  equally 
inclined  to  the  axis  of  greatest  moment. 

Let  H  be  less  than  b  ;  then  h—b  and  h— c  are  negative,  and 
H— A  is  positive,  so  that  the  axis  of  x  is  the  internal  principal 
axis  of  the  cone,  and  the  axes  of  y  and  z  are  the  external  prin- 
cipal axes ;  and  all  plane  sections  perpendicular  to  the  axis  of  r 
are  ellipses. 

Thus,  according  to  the  configuration  which  we  have  chosen, 
all  axes  lying  within  the  planes  (125)  towards  the  axes  ofz  are 
rotation-axes  of  greater  moment  than  the  mean ;  all  those  lying 
in  the  planes  (125)  are  rotation-axes  of  moment  equal  to  the 
mean ;  and  all  those  lying  without  the  planes  towards  the  axis 
of  X  are  rotation-axes  of  moment  less  than  the  mean.  See  Fig.  2, 
in  which  the  cyclic  planes  are  delineated ;  all  axes  within  the 
angles  uou'  and  vov'  are  of  the  former  kind,  and  all  those  within 
the  angles  uov  and  v'oV  are  of  the  latter  kind. 

Also  the  cyclic  planes  of  the  equimomental  cone  (124)  are  the 
cyclic  planes  of  the  momental  ellipsoid ;  for,  by  reason  of  (96), 
Art.  12,  the  equations  to  the  cyclic  planes  of  (124)  are 

{h  — B  — (h— A)}*a?  =  ±  {h— c  — (H— B)}*jzr; 

(B-A)*jr  =  ±  (c-B)*2r;  (126) 

which  are  the  same  equations  as  (125). 

If  two  principal  moments  are  equal,  so  that  the  momental 
ellipsoid  becomes  a  spheroid,  the  equimomental  cones  become 
cones  of  revolution. 

If  the  three  principal  moments  are  equal,  the  equimomental 
cone  degenerates  into  a  rotation  axis. 

101.]  I  propose  now  to  consider  the  moments  of  inertia  and 
the  momental  ellipsoid  relatively  to  any  point  of  a  body,  with 
reference  to  the  moments  of  inertia  and  the  momental  ellipsoid 
relatively  to  the  centre  of  gravity.  We  shall  hereby  be  led  to 
general  theorems  which  will  clear  up  many  obscurities  as  to  the 
distribution  of  principal  axes  in  space,  and  will  indicate  remark- 
able symmetry  as  to  their  arrangement. 

The  following  theorem  must  be  demonstrated  in  the  first  place. 

The  moment  of  inertia  of  a  body,  or  of  a  system  of  particles, 
about  any  axis  is  equal  to  the  sum  of  the  moment  of  inertia 
about  a  parallel  axis  passing  through  the  centre  of  gravity,  and  of 
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the  product  of  the  mass  and  the  sqaare  of  the  distance  between 
the  axes. 

Let  H  be  the  moment  of  inertia  aboat  the  given  rotation-axis^ 
and  h'  the  moment  of  inertia  about  a  parallel  axis  passing 
through  the  centre  of  gravity ;  let  h  be  the  perpendicular  distance 
between  these  two  axes.  Let  r  and  /  be  the  distances  of  m 
from  the  axes  of  h  and  h'  respectively,  and  let  ^  be  the  angle  at 
which  /  is  inclined  to  A  ;  so  that 

r»  =  /»-2/Acos^  +  A»; 
.-.  ^.mr^  =  s.m/»-2A2.m/cos4>  +  A*3.w;  (127) 
but  r'  cos  <f>  is  the  perpendicular  distance  from  m  on  the  plane 
which  passes  through  the  centre  of  gravity  and  is  perpendicular 
to  A ;  so  that  s.m/cos^  =  0.  Let  the  mass  of  the  body  or 
system  of  particles  =  ii ;  then,  since  i^.mi^  =  n,  3.i»/*  =  h', 
(127)  becomes  h  =  h'  -f  m  A» ;  (128) 

which  is  the  mathematical  expression  of  the  theorem. 

Hence,  if  A  is  the  radius  of  gyration  relatively  to  the  rotation- 
axis,  and  k  is  the  radius  of  gyration  relatively  to  the  parallel 
axis  through  the  centre  of  gravity, 

A»  =  V^  +  hK  (129) 

Hence  also  it  follows,  that  if  a  line  is  drawn  through  the  centre 
of  gravity  of  a  body  or  system,  the  moments  of  inertia  are  equal 
for  all  parallel  rotation-axes  at  equal  distances  from  this  line ; 
or,  in  other  words,  all  axes  lying  on  the  surface  of  a  right  cir- 
cular cylinder  whose  axis  passes  through  the  centre  of  gravity  of 
a  body  or  system  are  rotation-axes  of  equal  moment. 

Hence  too  of  all  parallel  rotation-axes  the  moment  of  inertia 
is  the  least  for  that  which  passes  through  the  centre  of  gravity 
of  the  body. 

102.]  As  we  shall  often  have  occasion  to  refer  to  the  momen- 
tal  ellipsoid  at  the  centre  of  gravity,  it  is  convenient  to  give  it  a 
distinctive  name ;  I  shall  call  it  the  Central  Ellipsoid  ;  and  the 
principal  axes  and  the  principal  planes  which  refer  to  the  centre 
of  gravity  will  be  called  the  central  principal  axes  and  the  cen- 
tral principal  planes :  and  the  principal  moments  of  inertia  at 
the  centre  of  gravity  will  be  called  the  principal  central  mo- 
ments. 

Let  the  centre  of  gravity  be  the  origin ;  and  let  the  equation 
to  the  central  ellipsoid  be 

Aa?«-f.By2  +  c«2  =  ^;  (130) 

Y  3 
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fjL  being  an  arbitrary  constant  which  we  shall  hereafter  determine ; 
and  where  a^  b,  c  are  the  principal  central  moments  of  inertia, 
arranged  in  order  of  magnitude  as  heretofore ;  viz.  a  <  b  <  c. 
Let  also  a',  b',  q'  teSBT  to  the  central  ellipsoid  ;  where 
a'=  ^.ma^y  b'=  2. my*,  c'=  a.mz*. 
Let  ((,  y\y  C)  be  the  point  at  which  the  principal  moments  and 
the  position  of  the  principal  axes  are  to  be  determined ;  and  let 
(of,  y'y  z)  be  the  place  of  m  relatively  to  that  origin,  the  coor- 
dinate axes  being  parallel  to  the  central  principal  axes ;  so  that 

^'=^-f,      y'=y-'].      ^=z-C;        (i3i) 

and  let  m  be  the  mass  of  the  body  or  system  of  particles.     Now 
the  equation  to  the  momental  ellipsoid  whose  centre  is  at  (£,  17, 0 
is  that  given  in  (114),  Art.  98,  and  in  this  case  is 
3.m(y'2+i»'2)^4-a.w(^^+af'2)y*  +  J.m(y»H-y'«);&a 

— ZxwyVy-zr— 2xf»2;Va;j?— 22.ma?y  a?y— fjt  =  0.  (132) 
Let  us  calculate  the  coefficients  of  this  equation  relatively  to  the 
centre  of  gravity  as  origin.     Here,  by  (131), 

2.w(y'«4-^«)  =  3.m{(y-i,)«  +  (i?-0'} 

=  s.w(y2+«>)— 2ty5.my— 2Cxmi8;+();>  +  C*)2.m 

as  is  evident  also  by  reason  of  the  last  Article. 

Let  f*  +  r;^+f*  =  p»;  (133) 

then  xm  (y'»  +  /«)  -.  ^  ^  ^p*  -  nf » ;  "j 

similarly       xm(z'^  +  x'^)  =  b  +  m p*  _  m  t;*,  |-  (134) 

xm  (^H  y'*)  =  c  4-  Mp2 - mC*.  J 
Also        xmy'i^  =  5.m(y— iy)(«— f) 

=  2,myz—'qxmz—C^.my'^riCxm; 
.\    x.wy'/=  MTjCn 
similarly  a.f»ya?'=  Mff,  I  (135) 

3.wa/y'=  Mfry.  J 
Thus  the  equation  to  the  momental  ellipsoid,  whose  centre  is  at 
(&  ^f  ()>  which  is  the  origin  of  x,  y,  z,  is 

(A  +  M/52-Mf2)^  +  (B  +  Mpa-Hr?«)y«  +  (C4-Mp«-Mn-8f» 

-2M?;fy;?-2Mff;2faf-2Mf?;a?y-^  =  0.  (186) 
The  equations  for  determining  the  position  of  the  principal 
axes  of  this  ellipsoid  are  given  in  Art.  6 ;  and  for  that  principal 
axis  which  corresponds  to  a^,  a^^  a^  we  have 
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a, 


8 


(187) 


=  Ho,  (138) 

by  reason  of  (108)^  if  Ha  is  the  moment  of  inertia  of  the  body 
about  the  axis  (a^^  a^  a^)  at  the  given  point.  We  have  also 
analogous  equations  in  terms  of  b^,  b^^  b^,  h^,  and  c^,  c^  c,,  h^  ; 
and  from  these  equations  the  direction-cosines  of  the  principal 
axes  may  be  determined  as  in  Arts.  6  and  7.  Let  t^,  t^  t^  be 
the  direction-cosines  of  a  principal  axis,  and  let  h  be  the  type  of 
Ua,  H»^  He;  SO  that  from  (187)  we  have 


e  V  C 

-  ^  ^2  f»  .  (1*1) 


(140) 


A  +  Mp*— H        B  +  Mp*— H        C  +  Uffi—B 

whence  we  have 


(148) 


A  +  Mp*  — H         B  +  Mp*  — H         C  +  Mp*  — H  M 

»id  ^ = i = ^ .  (148) 

A+M/5^  — H  B  +  M/)*— H         C  +  Mp^  — H 

(142)  is  a  cubic  equation  in  h,  whose  roots  are  h^^  h^^  h^  ;  that 
is^  are  the  three  principal  moments  at  the  point  (f,  tj,  ().  And 
these  three  roots  are  respectively  less  than  a  +  Mp^^  greater  than 
A+Mp^  and  less  than  b  4-Mp^  and  greater  than  b  +  Mp'  and  less 
than  c  +  Mp^ ;  for  if  we  arrange  (140)  in  descending  powers  of  h^ 

the  result  is  +▼»,  if  h  =  c  +  Mp^  ;  "j 

-ve,ifH  =  B+Mp»:   I  ^j^^ 


-▼«,  if  H  =  A  +  Mp*;  I 
•^,  if  H  =  —  00  .      J 
thus  the  roots  of  (142)  are  real,  and  limits  of  them  are  assigned ; 
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and  as  all  the  other  quantities  in  (142)  are  given  in  terms  of  the 
principal  central  moments^  the  mass  of  the  moving  system,  and 
the  coordinates  of  the  given  pointy  we  shall  henceforth  consider 
Ba,  H5,  He  to  be  known  quantities. 

If  these  several  values  of  h  are  substituted  successively  in 
(143),  we  have  three  different  sets  of  direction-cosines,  which 
correspond  to  the  three  principal  axes  at  {$,  rj,  (). 

103.]  These  equations  (142)  and  (143)  admit  of  the  following 
interpretation.     The  equation 

5 +  ^j h 5 =  —  (146) 

A-fMp*  — H         B-fMp*  — H         C  +  Mp*  — H  M 

represents  three  oonfocal  surfaces  of  the  second  degree ;  which 
are  an  ellipsoid^  an  hyperboloid  of  one  sheet,  and  an  hyperboloid 
of  two  sheets ;  because,  according  to  (144)^  the  coefi&cients  of 
^9  y^  ^*  (1)  <^6  &U  positive ;  (2)  that  of  a^  is  negative  and  the 
other  two  are  positive ;  (3)  those  of  afl  and  y^  are  negative^  and 
that  of  z^  is  positive ;  and  according  to  our  assumption  of  the 
order  of  magnitude  of  a,  b,  c^  in  the  ellipsoid  the  ^-,  y-,  and 
Z'  axes,  are  respectively  the  greatest,  the  mean,  and  the  least 

Thus  (142)  shews  that  the  point  (^,  tj,  ()  is  at  the  point  of  in- 
tersection of  these  three  confocal  surfaces  of  the  second  degree. 
And  since  the  direction-cosines  of  the  normal  of  either  of  these 
surfaces  at  the  common  point  are  proportional  to 

T2 >  "^ '         ^ >        (14^) 

A  +  Mp*  — H  B-f-Mp^  — H  C+Mp*  — H 

(143)  shew  that  the  principal  axes  of  the  body  at  the  point 
($f  Vt  0  Uc  along  the  normals  to  the  three  confocal  surfaces  of 
the  second  degree  which  intersect  orthogonally  at  it.  Or  if  we 
take  one  surface  only,  the  three  principal  axes  are  respectively 
normal  to  it,  and  touch  the  lines  of  curvature  of  the  surface  at 
the  point. 

As  we  pass  from  one  point  of  a  body  or  system  of  particles  to 
another,  p^  and  h  vary ,-  so  that  in  the  denominators  of  the  left- 
hand  member  of  (145)  Mp'— h  varies  according  as  the  point 
changes  at  which  the  principal  moments  are  to  be  determined  ; 
and  thus  the  ellipsoid,  with  which  all  the  surfaces  of  the  second 
degree  represented  by  (145)  are  confocal,  is  that  whose  equation  is 

^  +  i^  +  fi  =  l.  (147) 

A  B  C  M 
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Let  a,  by  c  be  the  principal  radii  of  gyration^  so  that 

A  =  Mfl^         B  =  mA*,         c  =  MC*;  (148) 

then  (147)  becomes 

4?*       t/*       z^ 

^  +  1^  +  ^  =  1;  (149) 

which  ellipsoid  is  called  the  central  ellipsoid  of  gyration^  as  its 
principal  axes  are  the  radii  of  the  body  relative  severally  to 
them.  Hence  we  have  the  following  construction  for  the  position 
of  the  principal  axes  at  any  point  in  space.  Through  the  given 
point  let  three  surfaces  of  the  second  degree  be  drawn  which  are 
confocal  witb  the  central  ellipsoid  of  gyration,  the  tangents  to 
the  three  lines  of  intersection  of  these  surfaces  are  the  principal 
axes  at  the  point ;  and  the  principal  moments  at  the  point  are 
the  three  roots  of  the  cubic  equation  (142). 

Again,  let  us  multiply  the  numerators  and  denominators  of 
the  three  last  terms  of  (140)  severally  by 

(B-c)/,/8,         (c-A)/8^i,         (A-B)^i/a; 
and  let  us  add  the  numerators  and  the  denominators  respect- 
ively ;  as  the  sum  of  the  numerators  vanishes^  so  must  also  the 
sum  of  the  denominators ;  and  therefore 

(B-C)f  V3  -f  (C-A)l,/3^i  +  (A-B)f^l^a  =  0, 

Now  as  t^y  t^  ^3  are  the  direction-cosines  of  one  of  the  principal 
axes  at  the  point  ((,  ri,  C)  referred  to  central  principal  azes^  let 
us  replace  them  by  ap,y,z;  whence  we  have 

(B-c)fya?+(c-A)?;2;^  +  (A~B)fa?y  =  0;  (150) 

which  is  the  equation  to  a  cone  of  the  second  degree ;  on  the 
surface  of  which  therefore  are  all  the  principal  axes  at  the  point 
(f>  V>  0,  this  being  the  vertex  of  the  cone.  Since  (150)  is  satis- 
fied when  X,  y,  z  are  proportional  to  f,  t;,  Cit  follows  that  the  line 
drawn  from  (f,  ry,  0  ^o  ^^  centre  of  gravity  lies  on  the  cone.  It 
is  evident  also  that  the  three  axes  of  x^  y^  z  lie  in  the  surface  of 
the  cone.    Hence  we  have  the  following  geometrical  theorem  : 

The  three  principal  axes  at  any  point  of  a  body,  the  three 
lines  drawn  through  that  point  parallel  to  the  central  principal 
axes,  and  the  line  drawn  from  the  point  to  the  centre  of  gravity 
dl  lie  in  the  surface  of  a  cone  of  the  second  degree. 

104.]  The  ellipsoid  of  gyration  is  the  sphero-polar  reciprocal 
of  the  central  ellipsoid  with  reference  to  the  sphere 
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The  equation  to  the  central  ellipsoid  (120)  is 

a«P  +  ft«7;»  +  c*C*=^;  (152) 

and  the  polar  plane  of  (151),  relatively  to  (f,  17,  0  a«  the  pole,  is 

therefore  we  have 

wdi  +  ydti-^zdC  =  0, 
aHdi  +  t'ridri  +  c'CdC 
^^^^^^  a^^  +  yiy'  +  c^f 
'  '       a?  y  ir  a?£+y»>  +  ^f 

and,  substituting  in  (152),  we  have 

which  is  the  central  ellipsoid  of  gyration;  and  therefore  the 
polar  reciprocal  of  the  central  ellipsoid  with  respect  to  the  sphere 
(151)  is  an  ellipsoid  confocal  with  which  are  those  surfaces  of 
the  second  degree  which  intersect  orthogonally  at  any  point  of 
a  rigid  body  along  the  principal  axes  at  that  point.  Of  this 
ellipsoid  of  gyration,  see  Art.  20,  the  momental  ellipsoid  is  the 
sphero-reciprocal  polar. 

If  j9  is  the  perpendicular  from  the  origin  on  the  tangent  plane 
of  (153), 

and  the  direction-cosines  of  the  perpendicular  are  severally 
^T »  ^" '  ^^ '  *^  ^^^^  *^®  moment  of  inertia  of  the  body  about 

=  yip^;  (155) 

so  that  p  is  the  radius  of  gyration  of  the  body  about  the  axis 
which  coincides  with  p.    Hence  we  have  the  following  theorem  ; 

If  the  central  ellipsoid  of  gyration  is  described,  and  on  a  tan- 
gent plane  drawn  to  any  point  of  it  a  perpendicular  is  let  fall 
from  the  centre,  the  length  of  that  perpendicular  is  the  radius 
of  gyration  of  the  body  relatively  to  it  as  the  rotation-axis. 

The  locus-surface  of  the  extremity  ofp  is 

(^+y*+«V  =  a^x^-\-b^y^+(^z^;  (156) 

of  this  surface  any  radius  vector  is  the  radius  of  gyration  of 
the  body  rotating  about  it. 
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This  result  also  follows  directly  from  (109).  For  if  r  is  the 
radius  of  gyration  about  the  rotation-axis  (a,  fi,  y),  then  its  mo- 
ment of  inertia  is  Mr*,  and  we  have 

Mr*  =  Ma*(cosa)*  +  MA>(co8j3)*  +  Mc*(cosy)*; 

and  thus,  if  we  choose  to  begin  with  this  equation^  the  theorems 
already  proved  may  be  deduced  by  an  inversion  of  the  processes 
of  the  preceding  Article.  The  advantage  of  the  method  would 
be  that  we  should  be  rid  of  the  undetermined  constant  g  until 
it  was  introduced  as  the  radius  of  the  sphere^  relatively  to  which 
the  sphero-polar  reciprocal  of  the  central  ellipsoid  of  gyration 
would  be  the  central  momental  ellipsoid. 

105.]  Now  the  three  surfaces  of  the  second  degree^  which 
equation  (145)  represents,  and  which  are  confocal  with  the  cen- 
tral ellipsoid  of  gyration,  intersect  orthogonally  at  not  only 
{€9  V9  O9  but  at  seven  other  points  which  are  situated  symmetri- 
cally in  the  other  octants,  and  which  correspond  to  the  several 
combinations  of  the  double  signs  of  ^,  ?;,  and  C  l^e  equation 
(142)  is  the  same  whatever  are  the  signs  of  £,  77,  and  C;  ^o  that 
the  principal  moments  are  the  same  at  each  of  the  eight  points, 
which  are  the  angles  of  a  rectangular  parallelepipedon  whose 
centre  is  at  the  centre  of  gravity,  and  whose  sides  are  parallel  to 
the  central  principal  axes :  and  as  the  equations  for  determining 
the  position  of  the  principal  axes  (143)  are  the  same  when  the 
signs  of  i,  rj,  f  are  all  changed,  so  the  principal  axes  at  (f,  77,  f ) 
are  parallel  to  those  at  (— £,  —77,  —  0  ;  ^^^  similarly  the  prin- 
cipal axes  at  the  other  six  points  of  symmetry  are  arranged  in 
pairs  corresponding  to  the  ends  of  a  diameter. 

Thus  the  body  or  system  of  particles  is  symmetrically  arranged 
as  to  principal  axes,  principal  moments,  and  all  moments  of  in- 
ertia, relative  to  the  centre  of  gravity,  the  central  axes,  and  the 
central  principal  planes.  And  as  space  is  divided  by  the  principal 
central  planes  into  eight  portions,  so  to  a  point  in  any  octant  a 
point  of  symmetry  corresponds  in  each  of  the  other  seven  octants, 
at  which  the  principal  moments  are  equal,  and  the  momental 
ellipsoid  is  similarly  situated  with  respect  to  the  centre  and  the 
principal  central  axes.  Therefore  whatever  is  the  form  of  the  mov- 
ing system,  be  it  a  continuous  body  or  a  system  of  disconnected 
particles,  however  various  the  distribution  of  its  parts,  however 
unsymmetrical  its  bounding  surface,  yet  it  has  a  centre  of  gravity, 
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central  axes^  and  a  central  momental  ellipsoid ;  and  the  arrange- 
ment of  all  other  moments  and  axes  is  symmetrical  relatively 
to  that  point.  In  discussing  therefore  the  rotation  of  an  ir- 
regular mass  about  an  axis  passing  through  a  fixed  pointy  we 
may  dismiss  from  our  minds  all  the  irregularities  of  the  mass^ 
and  consider  in  its  stead  either  the  regular  and  symmetrical 
central  ellipsoid^  or,  as  the  late  Professor  Maccullagh  taught  in 
his  lectures^  the  central  ellipsoid  of  gyration ;  for  the  properties 
of  either  of  these  surfaces  will  express  all  the  possible  circum- 
stances of  motion  of  the  system. 

106.]  I  must  also  mention  another  construction  whereby  the 
position  of  the  principal  axes  at  a  given  point  may  be  deter- 
mined. 

From  the  point  as  a  vertex  let  a  cone  be  described  enveloping 
the  central  ellipsoid  of  gyration  (149) ;  then,  as  we  have  shewn 
in  Art.  19,  the  principal  axes  of  the  cone  at  its  vertex  are  the 
normals  to  the  three  surfaces  of  the  second  degree  which  inter- 
sect at  it  and  are  confocal  with  the  enveloped  ellipsoid ;  and  as 
the  principal  axes  lie  along  these  three  normals,  so  they  also 
coincide  with  the  principal  axes  of  the  cone  at  the  point. 

The  cone  which  is  reciprocal  to  this  enveloping  cone  is  an 
equimomental  cone :  this  might  be  demonstrated  directly  from 
the  equation  to  the  enveloping  cone  which  is  given  in  (134), 
Art.  19 ;  for  if  we  determined  the  equation  to  its  reciprocal  cone, 
it  would  be  identical  with  (123),  Art.  100.  The  following  proof 
however  is  more  concise.  Through  the  given  point  let  a  tangent 
plane  be  drawn  to  the  ellipsoid  of  gyration ;  this  plane  being 
evidently  a  tangent  plane  to  the  enveloping  cone.  To  it  let  per- 
pendiculars be  drawn  from  the  centre  of  the  ellipsoid  and  from 
the  given  point :  let  the  distance  between  these  perpendiculars 
be  Qf  say ;  then,  since  by  (155)  the  moment  of  inertia  of  the 
body  about  the  former  line  =  upl^,  therefore  the  moment  of 
inertia  about  the  latter  line,  by  reason  of  Art.  101,  is 

Mp^  -f  Mg*  =  Mr*, 
if  r  is  the  distance  of  the  given  point  from  the  centre  of  gravity : 
but  this  latter  line  is  a  generating  line  of  the  reciprocal  cone, 
and  r*  is  the  same  for  all  generating  lines  of  the  cone ;  and 
therefore  the  moment  of  inertia  is  the  same  for  aU  generating 
lines  of  the  reciprocal  cone ;  and  consequently  the  reciprocal 
cone  is  equimomental. 
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Thus  also  may  a  series  of  equimomental  cones  be  described ; 
for  the  nmnber  of  surfaces  of  the  second  degree  confocal  with 
the  central  ellipsoid  of  gyration  is  unlimited  :  and  as  to  each  of 
these  an  enveloping  cone  may  be  drawn,  so  may  the  reciprocal 
cone  of  each  be  described^  and  thus  will  there  be  a  series  of  equi- 
momental cones. 

The  focal  conies  are  particular  and  degenerate  forms  of  sur- 
faces of  the  second  degree  which  are  confocal  with  the  central 
dUpsoid  of  gyration.  Their  equations  have  been  found  in  Art.  1 7 ; 
and  are  ^2  ^s  *> 


and  as  by  our  hypothesis  c  >  6  >  a,  so  are  these  curves  re- 
spectively an  ellipse  in  the  plane  of  yz^  an  hyperbola  in  the 
plane  of  zx^  and  an  imaginary  conic  in  the  plane  of  xy.  These 
carves  then  in  their  several  planes  may  be  taken  to  be  directors 
of  the  cones  whose  geometrical  principal  axes  are  the  principal 
axes  of  the  body  at  the  vertex  of  the  cone. 

If  the  surface  of  the  second  order,  confocal  with  the  ellipse  of 
gyration^  passes  through  the  point  at  which  the  principal  axes 
are  to  be  constructed^  the  enveloping  cones  degenerate  into  tan- 
gent planes ;  and  the  reciprocal  cones  become  normals  to  these 
planes :  thus  the  two  constructions,  by  means  of  the  three  con- 
focal conies,  and  by  the  axes  of  the  enveloping  cone,  become 
identical. 

107.]  I  propose  in  the  next  place  to  inquire  into  the  locus- 
8ur&ce  of  those  points  (£,  77,  f)  at  which  one  of  the  principal  mo- 
ments has  a  constant  value.  Let  k  be  the  radius  of  gyration 
corresponding  to  this  given  value  of,  the  principal  moment  of 
inertia ;  so  that  if  h  is  the  principal  moment,  h  =  m  ^ :  also 
let  a,  A,  c  be  the  principal  central  radii  of  gyration  ;  so  that 

A  =  Ma^         B  =  mA*,         c  =  MC^; 

and  thus  (145)  becomes 

afl  y*  z^ 

where  r«  =  a?*  -f  y«  +  ;&»  ; 

z  % 

Digitized  by  VjOOQIC 


172  THE  BQUIMOMBNTAL  SURFACE.  ['O?- 

and  if  we  replace  1  in  the  right-hand  member  by ^ ,  we 

have         ^(a«-A2)      y2(y^^)      ;g«(c«~^)       ^ 

r>  +  a«-.*«  ■*"  r»  +  A»-*«  "^  ra+c«-iP  ~  "'  ^^^^^ 

The  surfaces  which  these  equations  represent  have  been  named 
by  Professor  William  Thomson  Equimomental  Surfaces.  As  ge- 
nerally at  every  point  k  has  three  different  values^  so  will  three 
equimomental  surfaces  pass  through  every  point. 

By  giving  different  values  to  k  we  have  different  equimomental 
surfaces.  According  to  our  hypothesis  a  is  the  least  radius  of 
gyration  for  all  axes  passing  through  the  centre  of  gravity ;  it  is 
therefore  absolutely  the  least  of  all  radii  of  gyration,  but  they 
have  no  superior  limit ;  so  that  k  may  have  all  values  from  a  to 
•f  00 .  l<]ow  (159)  will  express  surfaces  different  in  form  ac- 
cording as  A:  is  greater  than  c ;  lies  between  c  and  b ;  is  equal  to 
b  \  and  lies  between  b  and  a.  If  k  is  greater  than  e,  the  equi- 
momental surface  is  the  same  as  the  wave  surface  in  biaxal 
crystals'!^. 

The  principal  axis  at  a  given  point  {x^  y,  z)  of  the  equimo- 
mental surface  lies  in  the  tangent  plane  at  that  point ;  and 
passes  through  the  point  where  a  perpendicular  from  the  origin 
on  the  tangent  plane  meets  it. 

Let  us  replace  a^  b,  c,  h  in  (143)^  severally  by  uafl,  ul^,  uc^, 
mA'  ;  then  the  direction-cosines  at  the  point  (x,  y^  z)  are  re- 
spectively proportional  to 

Now  let  l^  m,  n  be  the  direction-cosines  of  the  line  drawn  through 
{x,  y,  z)  to  the  point  of  intersection  of  the  tangent  plane  of 
(158)  with  the  perpendicular  on  it  from  the  centre.  Then^  if 
r(x,y,z)  =  0  is  the  equation  to  the  surface^  the  direction-cosines 
of  this  line  are  easily  shewn  to  be  proportional  to 

*  A  full  discussion  of  this  surface  will  be  found  in  a  Th^  de  M^canique, 
by  M.  Peslin.    Mallet-BacfaeUer>  Paris,  1858. 
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ai^  y^  ^ 

then  from  (158)       ,  ^^ 


(-)  = 


/rfF\  %z 


■3y8, 


80  that  /^  m,  n  are  proportional  to 

ya+a2_ia'       ya^ft2«A«'        ra+c«-*»'  ^     ^ 

which  are  the  same  as  (160) :  and  thus  the  theorem  as  enunciated 
is  proved. 

108.]  I  must  also  explain  another  process  by  which  the  equi- 
momental  surface  is  found.  It  occurred  to  Professor  Maccullagh 
to  draw  through  a  fixed  point  a  series  of  planes  intersecting  a 
given  surface^  and  at  the  point  to  draw  perpendiculars  to  the 
several  planes  of  lengths  equal  to  the  apsidal  radii  vectores  of  the 
section  of  the  surface  by  the  plane ;  one  or  more  surfaces  would 
be  the  locus  of  the  extremities  of  these  perpendiculars^  and  these 
he  called  the  apsidals  or  apsidal  surfaces. 

Let  this  process  be  performed  on  a  central  surface  of  the 
second  degree  at  its  centre ;  and  let  the  equation  to  the  surface 

i*$*^-U  068) 

let  any  plane  of  section  be 

to  +  my  +  »;5=:0;  (164) 

and  let  the  apsidal  radius  vector  in  this  plane  be  r ;  so  that 

r"  =  a?«-|-y«  +  «>;  (165) 

let  (£y  f7,  0  b^  ^^  ^^^  o^  ^^  perpendicular ;  then,  as  the  per- 
pendicular is  to  be  equal  to  r,  and  to  be  perpendicular  to  the 
plane  (164)^  we  have 

I  =  -^  =  -  =  r.  (166) 

I        m       n  ^      ' 

Differentiating  (168),  (164),  and  (165),  and  puttmg  nr  =r  0,  as 

r  is  an  apsidal  radius  vector  of  the  section  of  (168),  we  have 

■5rf*  +  ^-rfy  +  ^rf^  =  0; 

ldX'\-mdy'\-ndz  =  0; 
xdx-\'ydy  '\-zdz  =  0: 


Digitized  by  VjOOQIC 


174 


THB  BQUIMOMBNTAL  3UBFACE. 


[io8. 


moItiplTing  the  first  of  these  bj  X,  and  the  second  hj  ft,  adding, 
and  equating  to  xero  the  coefficients  of  ebe,  dy,  dz,  we  have 

A^  :,»/  +  *  =  0, 

K-ji  --n*  )z  =  0; 

multiplTing  these  severaUy  by  »,  y,  z,  and  adding,  we  have 

X;  r»  =  0; 


r(l-^)+M«=0; 


=  0, 


y+'^ZI^iT^' 


z-{- 


=  0; 


>    (167) 


and  multiplying  these  last  severally  by  I,  m,  n,  and  adding. 


«»_r» 
and  from  (166) 


=  0; 


(168) 


(169) 


and  adding  to  both  sides  r*,  which  is  equal  to  f'+ij'+f', 

which  is  the  same  equation  as  (158)  if 

a»  =  *«-a«,         )9«=:^-A«,         yi  =  jp-c».        (170) 
and  therefore  the  equimomental  surface  is  the  apsidal  of  the  sur- 
face of  the  second  order  (163) ;  which  is  an  ellipsoid,  an  hyper- 
boloid  of  one  sheet,  or  an  hyperboloid  of  two  sheets,  according  as 
**  is  >  c«,  is  >  *»  <  c\  is  >  a2  <  ^ 

109.]  We  must  not  continue  the  discussion  of  the  properties 
of  the  equimomental  surface ;  let  us  however  investigate  the 
positions  of  those  points  at  which  (1)  two  of  the  three  principal 
moments,  (2)  all  three  principal  moments,  are  equal. 

If  (f>  *?,  O  is  a  point  at  which  two  principal  moments  of  inertia 
are  equal,  two  of  the  three  values  of  h  in  (142)  are  equal  to  one 
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another ;  and  consequently  (14>2)  and  its  H-differential  are  simul- 
taneously true.  Now  the  H-di£Ferential  may  be  put  into  the 
form  ^ 

^ I !? L  ^ 0 .  (171) 

(A-fMp2-H)2^(B-f  M/>»-H)2^(C  +  Mp»-H)a"        '^    '     ^ 

or  ^(B  +  Mp«  — H)«(C  + Mp2-H)*-h  172(0 -hMp*  —  H)«(A  +  Mp«-H)« 

+  CV  +  Mpa-H)«(B  +  Mp«-H)2  =  0.    (172) 

All  the  roots  of  this  equation  as  it  stands  are  imaginary ;  and 
as  the  reality  of  the  roots  of  (142)  has  been  demonstrated^  (172) 
must  be  satisfied  identically :  this  may  be  done  as  follows : 

(1)  Let  f  =  0,  and  h  =  a  +  Mp^ ;  in  which  case  (142)  becomes 

-J^  +  JL^L;  (173) 

B  — A         C  — A  M 

and  since  a  =  Ma*,  b  =  mA*,  c  =  mc*,  this  becomes 

and,  according  to  our  assumption,  c  >  b  >  a;  thus  (174)  repre- 
sents an  ellipse  in  the  plane  of  (yi,  C)>  ^^^  ^^  ^^  ^^^^  plane  the  focal 
conic  of  the  ellipsoid  of  gyration.  Two  of  the  principal  moments 
of  inertia  =  A  +  Mp*;  and  the  third  =  b  +  c— a. 

(2)  Let  17  =  0,  and  h  =  b  -f  Mp* ;  in  which  case  (142)  becomes 

which  represents  an  hyperbola  in  the  plane  of  {C  i)}  whose  real 
and  imaginary  axes  lie  respectively  along  the  axes  of  C  ^^^  6 
and  is  another  focal  conic  of  the  ellipsoid  of  gyration.  Two  of 
the  principal  moments  of  inertia  =  b  -f  Mp* ;  and  the  third  prin- 
cipal moment  =  c  -f  a  —  b. 

(3)  Let  C  =  0 ;  and  h  =  c  -h  Mp*  ;  then  (142)  becomes 

^  "^       =  1 ;  (176) 


which  is  the  other  focal  conic  of  the  ellipsoid  of  gyration,  and  is 
imaginary.  At  all  points  therefore  of  the  real  focal  conies  of  the 
ellipsoid  of  gyration,  two  roots  of  (142)  are  equal ;  and  two 
principal  moments  are  equal :  the  tangent  line  to  the  focal  conic 
18  the  axis  of  the  unequal  principal  moment,  and  the  normal  plane 
to  the  focal  conic  is  the  plane  which  contains  the  axes  of  equal 
moments.  All  axes  therefore  in  this  plane  which  pass  through 
the  point  of  contact  are  axes  of  equal  moment :  so  that  the  num- 
ber of  axes  of  equal  moment  is  infinite.     Indeed  the  other  two 
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surfaces  of  the  second  degree,  which  with  the  focal  conic  are 
confocal  with  the  ellipsoid  of  gyration,  become  flat,  and  infi- 
nitesimally  thin ;  so  that  any  plane  which  passes  through  the 
tangent  of  the  focal  conic  is  a  tangent  plane  to  one  of  these  sur- 
faces, and  the  perpendiculars  to  these  planes  at  the  point  of 
contact  are  principal  axes. 

This  result  is  also  evident  from  the  construction  of  principal 
axes  which  is  given  by  the  enveloping  cone  of  the  ellipsoid  of 
gyration  :  the  enveloping  conic  is  a  cone  of  revolution  if  its  ver- 
tex is  on  a  focal  conic ;  the  tangent  of  the  conic  is  the  internal 
axis  of  the  cene ;  and  any  two  lines  in  the  plane  through  the 
vertex  of  the  cone,  which  is  perpendicular  to  the  internal  axis, 
are  external  axes.  In  this  construction  however  it  is  to  be  ob- 
served that  the  enveloping  cones  may  be  imaginary. 

Hence  we  have  two  distinct  curves  of  the  second  degree  in  the 
planes  of  (??,  0  and  of  (f,  £),  which  are  respectively  an  ellipse  and 
hyperbola,  at  every  point  of  which  the  position  of  one  principal 
axis  of  the  body  is  determinate ;  but  as  the  moments  correspond- 
ing to  the  other  two  principal  axes  are  equal,  the  position  of  such 
axes  is  indeterminate. 

At  every  point  on  a  focal  conic,  the  momental  ellipsoid  be- 
comes a  spheroid,  whose  axis  of  revolution  is  the  tangent  to  the 
focal  conic. 

110.]  If  (f,  97,  0  is  a  point  at  which  all  the  principal  moments 
are  equal,  the  three  roots  of  (142)  are  equal ;  and  (136)  repre- 
sents a  sphere ;  so  that 

r;C=Cf=fT,  =  0;  (177) 

A-fM(i,«  +  (:«)  =  B4M(<:«  +  n  =  C4-M(^2_^T,a).  (178) 

From  (177)  it  follows  that  of  the  three  quantities  ^,  ly,  C  two 
must  be  equal  to  zero;  and  as  c  is  >  b  >  a,  the  only  possible 
supposition  is  c  ^  „  ^  q  . 

therefore  A  +  Mf*  =  B  +  Mf*  =  c; 

.-.     a  =  b;  (179) 

C=  ±  C-^f;  (180) 

therefore  two  of  the  central  principal  moments,  viz.  the  mean 
and  the  least,  must  be  equal  to  each  other ;  and  thus  the  cen- 
tral ellipsoid  must  be  a  prolate  spheroid ;  in  which  case,  on  the 
axis  of  greatest  central  moment  there  are  two  points,  viz.  the  foci 
of  the  spheroid  of  gyration,  equally  distant  from  the  centre  of 
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gravity,  at  which  all  the  principal  moments  are  eqnal^  and  there- 
fore all  axes  are  principal  axes*  At  each  of  these  points  the 
momental  ellipsoid  becomes  a  sphere. 

If  c  =  A,  that  is,  if  all  the  central  principal  moments  are 
equals  from~(180)^  C^O;  and  at  no  other  point  in  the  body, but 
the  centre  of  gravity^  are  all  the  principal  moments  equal. 

Now  these  results  might  have  been  arrived  at  from  considera- 
tions founded  on  the  properties  of  the  focal  conies :  the  three 
principal  moments  can  be  equal  only  when  the  focal  conies  of 
the  ellipsoid  of  gyration  have  a  common  point;  and  as  (174) 
and  (175)  can  have  a  common  point  only  on  the  central  axis 
of  £  f  =  t;  =  0 ;  in  which  case 

C=  +(c«-a>)*=  ±(c*-A«)*; 
a  =i  b,    or    A  =  B ; 

and  f=±r-^)*- 

The  results  of  this  and  the  preceding  Articles  are  important  in 
reference  to  principal  axes,  and  to  their  properties  as  permanent 
fixes :  the  couple  of  the  centrifugal  forces  vanishes  whenever  the 
rotation-axis  is  a  principal  axis ;  and  if  it  is  a  central  principal 
axis,  baring  its  origin  at  the  centre  of  grarity,  the  pressure  at 
the  origin,  which  is  due  to  the  centrifugal  forces,  also  vanishes : 
at  the  centre  of  grarity  therefore  there  are  three,  and  generally 
only  three,  permanent  axes,  which  are  the  principal  central 
axes ;  unless  two  of  the  three  quantities  a,  b,  c  are  equal,  in 
which  case  all  axes  perpendicular  to  the  unequal  principal  axis 
are  permanent  axes.  And  if  a  =  b  =  c,  every  axis  through  the 
centre  of  gravity  is  a  permanent  axis. 

For  all  points  on  the  focal  conies  the  position  of  one  principal 
axis  is  determinate,  and  every  axis  which  is  perpendicular  to 
that  axis  is  a  permanent  axis ;  so  that  the  number  of  permanent 
axes  is  infinite ;  in  this  case  however  the  resultant  pressure  of 
the  centrifugal  forces  does  not  vanish ;  and  the  axes  do  not 
generally  pass  through  the  centre  of  grarity ;  in  fact  a  perma^ 
nent  axis  passes  through  the  centre  of  grarity  only  when  the 
origin  is  at  a  vertex  of  a  focal  conic. 

At  the  two  points  on  the  central  axis  of  greatest  moment, 
given  by  (180),  all  axes  are  principal,  and  therefore  permanent 
axes ;  and  of  course  only  one  axis  at  each  point  passes  through 
the  centre  of  grarity. 

PRICE,  VOL.  IV.  A  a 
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Ill,]  The  investigations  of  the  preceding  Articles,  and  the 
methods  given  for  the  construction  of  principal  axes,  shew  that 
an  axis  taken  arbitrarily  on  a  body  may  not  be  a  principal  axis 
at  atiy  point  on  it ;  because  those  axes  alone  are  principal  which 
are  normal  to  some  surface  of  the  second  degree  which  is  con- 
focal  with  the  ellipsoid  of  gyration. 

K  an  axis  of  a  body  is  a  principal  axis,  let  us  call  that  point 
at  which  it  is  principal,  its  principal  point ;  and  let  us  call  the 
plane  which  is  perpendicular  to  it  at  its  principal  point,  and 
which  contains  the  other  two  principal  axes,  its  principal  plane ; 
so  that  a  principal  plane  of  an  axis  is  a  plane  tangent  to  a  surface 
of  the  second  degree,  confocal  with  the  central  ellipsoid  of  gyra- 
tion at  the  point  where  its  axis  cuts  that  surface. 

In  considering  therefore  the  axes  of  a  body,  we  may  dis- 
tinguish (1)  those  which  are  principal  at  every  point  along  them ; 
(2)  those  which  are  principal  at  one  point ;  (3)  those  which  are 
not  principal  at  all.     Let  us  consider  them  in  order. 

The  three  principal  central  axes  cut  at  right  angles  all  the 
surfaces  of  the  second  degree  which  are  confocal  with  the  central 
ellipsoid  of  gyration  ;  and  as  the  number  of  such  surfaces  is  in- 
finite, so  every  point  on  a  central  principal  axis  is  principal ; 
and  as  the  other  two  confocal  surfaces  at  these  points  degenerate 
into  the  coordinate  planes,  the  other  two  principal  axes  are  always 
parallel  to  the  central  principal  axes. 

The  three  central  principal  axes  are  the  only  lines  which  have 
the  property  of  being  principal  at  every  point  on  them  :  in  this 
respect  then,  as  in  others,  they  form  an  unique  system. 

Some  special  cases  of  axes  which  are  principal  at  a  particular 
point  deserve  consideration. 

The  sphere  whose  centre  is  at  the  centre  of  gravity,  and  whose 
radius  is  infinitely  great,  is  a  surface  confocal  with  the  central 
ellipsoid  of  gyration ;  and  as  all  lines  drawn  through  the  centre 
of  gravity  are  normal  to  this  sphere  at  the  infinity  point,  so  is 
every  line  drawn  through  the  centre  of  gravity  a  principal  axis 
at  a  point  which  is  at  an  infinite  distance  along  it. 

If  three  confocal  surfaces  of  the  second  order  pass  through  a 
point  in  one  of  the  central  principal  planes,  one  of  the  confocal 
surfaces  becomes  fiat,  and  the  normal  to  this  surface  is  a  per- 
pendicular to  the  central  plane ;  so  that  one  of  the  principal 
axes  at  that  point  is  always  normal  to  the  principal  central 
plane ;   and  thus  all  axes  parallel  to  a  central  principal  axis  are 
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principal  at  the  points  where  they  intersect  a  central  principal 
plane :  the  other  two  principal  axes  are  the  tangent  and  the 
normal  respectively  to  a  line  passing  through  the  pointy  and 
which  is  confocal  with  the  trace  of  the  central  ellipsoid  of  gyra- 
tion in  that  plane. 

112.]  Let  ns  however  determine  the  general  conditions  which 
are  to  be  satisfied  when  a  line  is  a  principal  axis  at  one  of  its 
points  j  and  let  us  find  its  principal  pointy  and  the  equation  to 
its  principal  plane. 

Let  the  centre  of  gravity  be  the  origin,  and  let  the  central  prin- 
cipal axes  be  the  coordinate  axes ;  let  the  equations  to  a  certain 

and  let  the  equation  to  a  plane  perpendicular  to  it  be 

Ix  +  my-^  nz  —p  =  0.  (182) 

Now  if  (181)  is  a  principal  axis^  and  (182)  is  its  principal  plane, 
(181)  is  the  normal  to,  and  (182)  is  the  tangent  plane  at  the 
same  point  to,  a  surface  of  the  second  degree  which  is  confocal 
with  the  central  ellipsoid  of  gyration. 

Let  the  equation  to  this  confocal  surface  be 

^  +  ^  +  4^  =  1'  (i««> 

as  (181)  is  to  be  normal  to  this  surface  we  have 

^  y  z 


Ha*  +  6)       m{6*  +  e)  ~  n(c»  +  fl) ' 


(184) 


...     *!^.^^%^£!^..0;  (185) 

which  is  a  condition  to  be  satisfied  by  the  coordinates  of  the 
point  on  (183)^  at  which  the  given  line  pierces  the  surface. 
Also,  since  from  (181), 

-1-  =  ^+,,      !■  =  §+*,      f  =  $  +  »,         (186) 
11  mm  n         n 

(185)  becomes 

A3_c«         c»-a«         a«-A« 

or  m»(A«-c«)a?o-f«/(c«-a2)yo  +  ^'»(a'-**)«o  =  0;  (187) 
which  is  a  relation  between  the  elements  of  the  line  (181)  and 
the  central  principal  radii  of  gyration,  which  must  be  satisfied, 
when  (181)  is  a  principal  axis  at  one  of  its  points. 

A  a  2 
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Now  (187)  denerves  consideration^  as  it  expresses  geometrical 
theorems  of  great  importance.  It  is  the  equation  to  a  plane  in 
terms  of  Xq,  y^i  ^o,  if  h  ^}  ^  i^>^  constant ;  therefore  all  parallel 
straight  lines,  which  are  principal  axes  at  some  one  point  on 
them^  are  in  the  same  plane. 

Also  this  plane  contains  the  central  radius  vector  of  the  cen- 
tral ellipsoid  which  is  parallel  to  the  system  of  lines^  and  the 
normal  to  the  ellipsoid  at  the  point  where  the  radius  vector 
meets  the  vector ;  because  (187)  is  the  condition  of  the  coexist- 
ence of  the  three  equations 

La»/-|-Mi»m-fNC«n  =  0,    )■  (188) 


./-fMm  +  Nn    =0;J 


which  express  a  plane  fulfilling  the  above  stated  conditions. 

Hence  also  if  a  straight  line  is  a  principal  axis^  it  is  parallel 
to  that  central  radius  vector  of  the  central  ellipsoid  which  is 
drawn  to  the  point  at  which  the  normal  to  the  ellipsoid  meets 
the  given  straight  line. 

Again,  let  us  consider  (187)  when  x^,  y^,  Zq  are  constant,  and 
I,  m,  n  vary ;  let  us  take  the  point  {Xq^  y^*  ^o)  ^^  ^^  <^  origin, 
and  on  the  line  ((,  m,  n)  passing  through  it  let  us  take  a  point 
(^»y>«);  80  that  we  may  replace  /,m,nin  (187)  generally  hjXjff,z; 
then  (187)  becomes 

(b^-(^)XQyz  +  (c«-a*)yo«a?  +  (a*-ft*)2fo«y  =  0 ;  (18») 
which  is  the  equation  of  a  cone  of  the  second  degree.  This 
shews  that  all  principal  axes  which  pass  through  the  point 
(^09  Vo'*  ^o)  lie  on  a  cone  of  the  second  degree.  It  is  also  evi- 
dent from  the  equation  (189)  that  the  three  lines  parallel  to  the 
central  principal  axes,  and  the  line  drawn  from  the  centre  of 
gravity  to  the  given  point,  lie  on  the  surface  of  this  cone.  This 
is  an  extension  of  the  theorem  given  by  (150). 

It  is  hence  evident  that  all  straight  lines  passing  through  the 
centre  of  gravity  are  principal  axes  at  some  point  on  them. 

Now  the  principal- point  of  (181)  is  its  point  of  section  with 
the  surface  (188)^  at  which  point  also  (182)  touches  the  surface ; 
but,  if  (182)  is  the  equation  to  a  tangent  plane  of  (183),  we  have 

X y z        _  1 

/(a«  +  d)  ~  m(fta  +  ^)  ""  n(?T^  ""  p 

_        Ix^my  +  nz p  , 
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therefore  a«P+6»fii»  +  c*n»-f  ^  =  j^ ; 

and  6:=zp^^  (a«/»  +  A»m»  +  e^tfi). 

Also  substituting  in  (190)  the  values  of  jf,  y^  z,  given  in  (186), 

and  eliminating  9  and  By  we  have 

mn(y-<^)  ^  n/(c«->fl«)  ^  /m(g«~y) 
nyo-m«o  IzQ—nx^  fnxQ—lyQ  ' 

whereby  jp  is  given ;   and  thus  6  is  determined ;  and  therefore 
the  confocal  surface  of  the  second  degree  is  determined. 
And  from  (190)  we  have 

P  P 


(192) 


which  are  the  coordinates  of  the  principal  point  of  the  line  (181). 
ks  p  \%  given  in  (191)^  the  equation  to  the  plane  which  is 
principal  to  (181)  is 

l^^^y^r^z  =  ^^i<g^>  =  ^^^^  =  '^ ^^-^) .  (193) 

If  a  =  ft  =  Cy  this  principal  plane  passes  through  the  centre  of 
gravity  of  the  system ;  and  the  principal  point  on  the  axis  is 
that  where  the  perpendicular  from  the  origin  falls  on  it. 

Now  of  all  principal  axes  passing  through  the  point  {x^,  y^,  Zq) 
and  lying  on  the  cone  (189),  the  principal  points  are  the  points 
of  intersection  of  (193)  with  the  axis  (181)^  so  that  if  we  re- 
place I,  f»,  n,  in  (198)  by  their  proportionals  x^-Xq,  y — yo>  «— af^, 
which  are  given  in  (181)^  we  have  the  equation  of  a  surface  on 
which  these  principal  points  are :  this  process  gives 

a?(ar— d?o)+y(y— yo)+^(«— *o)  = — — — 

^yo'-y*o 

_  (g?-g?o)(ar-a^o)(c»~a«) 

XZq  —  ZXq 

,(^-^o)(y-yo)(^'-y). 
y^o-^yo 

which  are  three  surfSeu^es  of  the  third  degree ;  any  two  of  which 
along  their  line  of  intersection  give  the  principal  points  of  all 
axes  passing  through  (Xq,  y^,  Zq)  ;  or  any  one  of  which^  together 
with  the  cone  (189)^  determines  these  points. 
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The  lines  of  the  principal  points  of  the  system  of  parallel 
principal  axes,  which  lie  in  the  plane  (187),  is  an  equilateral 
hyperbola,  which  may  thus  be  found :  Let  the  axis  of  x  lie  along 
the  radius  vector  of  the  central  ellipsoid  so  that  p  ^  x\  and  let 
the  centre  of  gravity  be  the  origin  ;  then 

then  from  (191)  we  have 

xy  =  {(6»-c«)«m«n2  +  (c«-aa)2««i»  +  (a2-A*)'/*m*}i; 
which  is  the  equation  to  an  equilateral  hyperbola,  of  which  axes 
of  X  and  y  are  the  asymptotes.    Hence  it  appears  that  the  prin- 
cipal points  of  lines  passing  through  the  centre  of  gravity  of  a 
body  are  at  an  infinite  distance. 

As  the  relation  (187)  must  be  satisfied  by  the  elements  of 
a  line  capable  of  being  a  principal  axis  at  some  one  of  its  points, 
it  is  evident  that  a  line  taken  arbitrarily  may  not  be  a  principal 
axis  at  any  point. 

113.]  AU  lines  which  lie  in  a  central  principal  plane  are  prin- 
cipal axes  at  some  point.  This  is  evident,  because  the  condi* 
tions  (187)  will  be  satisfied  in  these  cases.  Thus,  let  the  line  be 
in  the  plane  of  (Xy  y),  «  =  0,  and  Zq  =  0;  and  similarly  for  the 
other  central  principal  planes. 

It  may  however  be  proved,  independently  of  the  preceding 
Article,  by  the  following  process.  Whatever  is  the  position  of 
the  line  in  the  plane  (say)  of  (x,  y),  a  conic,  confocd  with  the 
conic  ^       ^8 

^  +  42^  =  1> 

can  always  be  drawn  to  which  this  line  shall  be  a  normal 
Thus,  let  the  equation  to  the  line  be 

/a?  +  my  =  ^,  (194) 

where  P  +  w*  =  1.     And  let  the  equation  to  the  conic,  confocal 
with  the  conic  of  gyration,  be 

^+^=1:  (195) 

where  0  is  to  be  determined  so  that  (194)  may  be  a  normal  to 
(195) ;  whence  we  have 

_if ^y_  _      P     ■  noR^ 
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therefore  6  =  -^  {a^--b')^^a^m^^l^P ;  (197) 

and  therefore  from  (196) 

a?  =  i-  {a^m'^-b'mUp^} ;  (198) 

p 

y  ^  ^HL  {a^P-^i^P^p^} ;  (199) 

which  determine  the  principal  point  in  the  line  (194) ;  and  shew 
that  whatever  that  line  is,  it  is  always  a  principal  axis,  and  has 
consequently  a  principal  point. 

If  ^  =  0,  4?  =  y  =  oo  ;  that  is,  if  a  line  in  a  principal  central 
plane  passes  through  the  centre  of  gravity,  the  principal  point  of 
that  line  is  at  an  infinite  distance ;  a  theorem  which  has  been 

stated  before.     If />  =  0,  and  /=0,  ^  =  g,  y  =  0;  thus  on  the 

central  axis  of  a  every  point  is  a  principal  point.  A  similar 
theorem  is  true  of  the  axis  of  y.  * 

Also^  since  through  the  point  (^,  y\  as  defined  by  (198)  and 
(199),  two  confocal  conies  can  be  drawn  which  intersect  it  at 
right  angles,  the  given  line  (194)  will  be  a  normal  to  one  conic,  and 
a  tangent  to  the  other  confocal  conic.  The  other  principal  axis  is 
perpendicular  to  the  central  plane.  It  is  easy  therefore  to  con- 
struct the  principal  axes  at  a  point  in  a  central  principal  plane ; 
through  it  describe  the  two  conies  which  are  confocal  with  the 
focal  conic  in  that  plane,  the  tangents  and  the  normals  to  these 
two  confocal  cones  are  the  principal  axes. 

It  is  unnecessary  to  say  more  as  to  lines  in  space  which  may 
not  be  principal  axes  at  all ;  the  criterion  of  such  lines  is,  that 
their  equations  do  not  satisfy  the  condition  (187).  I  will  how- 
ever again  observe  that  this  fact  is  evident  from  this  considera- 
tion. Let  the  given  straight  line  be  produced  to  meet  one  of  the 
principal  central  planes,  and  let  the  polar  of  that  point  be  drawn 
relatively  to  the  focal  conic  in  that  plane  ;  it  is  evident  that  the 
trace  of  a  plane  perpendicular  to  the  given  line  need  not  be 
parallel  with  that  line.  If  it  is  parallel,  the  original  line  has  a 
principal  point,  and  is  a  principal  axis.  The  condition  of  pa- 
rallelism is  expressed  by  (187). 

114.3  Although  a  line  in  space  may  not  be  a  principal  axis  at 
all,  yet  every  plane  is  a  principal  plane  for  some  point  in  it,  be- 
cause, whatever  is  the  position  of  the  plane,  it  is  a  tangent  plane 
to  some  surface  of  the  second  degree  which  is  confocal  with  the 
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central  ellipsoid  of  gyration.  And  the  principal  axia  may  be 
found  in  the  following  way.  Let  us  consider  the  trace  of  the 
plane  on  one  of  these  central  principal  planes  in  which  the  focal 
conic  is  real ;  and  let  this  trace  be  considered  a  polar  relatively 
to  that  conic;  let  the  corresponding  pole  be  then  determined^  and 
from  it  let  a  perpendicular  be  drawn  to  the  given  plane ;  that 
perpendicular  is  evidently  the  principal  axis  of  the  plane^  and 
the  point  of  intersection  of  it  with  the  plane  is  the  principal 
point  of  the  plane.  But  we  may  investigate  these  results  ma- 
thematically^ by  the  process  which  we  have  followed  in  Art.  112. 
Let  the  equation  to  the  plane  be 

lx-\-my^m^p,  (200) 

where  P  -1-  m*  4  n*  =  1 ;   and  let  (f ,  tf,  f )  be  the  point  where  this 
plane  touches  the  surface 

^  +  ^  +  ^  =  1'  <201) 

of  which  the  tangent  plane  at  ((,  rj,  ()  is 

and  as  (200)  and  (202)  are  identical^  we  have 

—^^--—  =  —^^p  (203) 

=  {P(a»  +  ^)+m«(A«  +  d)+««(c«  +  d)}*;(204) 
.-.     0  =:p^'-{a^P-\-il^m*  +  c^n^);  (205) 


P 

f  =  -  {/?2^-c»-(a«/«-h**m«  +  c*«2)}  ; 
P 


(206) 


so  that  (205)  gives  the  particular  ellipsoid  surface  which  is  con- 
focal  with  the  ellipsoid  of  gyration ;  and  (206)  assigns  the  prin- 
cipal point  in  the  plane,  and  is  that  point  at  which  the  plane 
touches  the  surface  (201 ). 

Hence  it  appears  that  if  a  plane  is  given^  a  confocal  surface 
can  be  assigned  which  shall  be  touched  by  that  plane ;  and  also 
the  point  of  contact  can  be  determined,  and  this  is  the  principal 
point  of  the  plane. 

Let  the  trace  of  (2(X))  be  taken  on  the  plane  of  {x,  y) ;  then,  if 
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it  is  considered  a  polar  relatively  to  the  focal  conic  in  that 
plane^  the  pole  is  y --/,  mj;  and  therefore  the  equa- 
tions to  the  axis^  which  is  principal  to  the  plane  (200)^  are 

/        ri m 


p         •      p         c. 

I  m  n' 


or,  as  they  may  be  expressed, 


c — —      n—zr      C — — 


I  m  n 

Hence  every  plane  is  a  principal  plane  at  some -one  point 
of  it.  A  central  principal  plane  is  a  principal  plane  for  every 
point  of  it,  because  every  axis  which  is  perpendicular  to  a  central 
principal  plane  is  a  principal  axis  with  its  principal  point  in  the 
central  principal  plane. 

Also  the  plane  at  an  infinite  distance  is  a  principal  plane  at 
every  point  of  it ;  and  all  the  corresponding  principal  axes  pass 
through  the  centre  of  gravity.  The  three  central  princi  pal  planes 
and  the  plane  at  infinity  alone  have  this  property,  that  every 
point  in  them  is  a  principal  point. 


Section  4. — Examples  of  moments  of  inertia, 
115.3  In  this  section  I  propose  to  apply  the  general  formnlsB 
of  the  preceding  section  to  the  calculation  of  moments  of  inertia 
and  radii  of  gyration,  relatively  to  certain  given  axes,  of  material 
lines  or  wires,  of  thin  plates  and  curved  shells,  and  of  solid 
bodies.  It  will  be  found  most  convenient  to  make  the  calcula- 
tions with  reference  to  certain  axes  to  which  the  bodies  are 
geometrically  related,  and  which  yield  the  most  simple  forms  of 
integration.  And  by  means  of  them,  and  the  theorems  of  the 
preceding  section,  to  investigate  the  moments  of  inertia  about 
the  given  axes.  The  following  theorems  are  most  useful  for  the 
purpose. 

(1)  If  at  any  point  of  a  body  a,  b,  c  are  the  principal  moments 
of  inertia,  and  h  is  the  moment  of  inertia  about  the  axis  (a,  /3,  y) 
passing  through  that  point,  then 

H  =  A  (cos  of  -h  B  (COS  ^f  +  c  (cos  yf ;  (208) 

and  if  a'=  s.wa?^,     B'=2.my*,     c'=5.m^, 

H  =  a'  (sin  of  +  b'  (sin  ^S)*  +  c'  (sin  y)\  (209) 
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(2)  If  H  and  h'  are  the  moments  of  inertia  of  the  mass  m  about 
two  parallel  azes^  one  of  which  passes  through  a  given  pointy  and 
the  other  passes  through  the  centre  of  gravity ;  and  if  h  is  the 
distance  between  these  axes^  then 

H  =  h'+mA»;  (210) 

and  therefore  if  k  and  V  are  the  radii  of  gyration  about  the 
axis  through  the  given  pointy  and  the  parallel  axis  through  the 
centre  of  gravity  respectively,  then 

.-.     iP  =  A'a-|-A>.  (211) 

116.]  The  moments  of  inertia  of  material  lines  or  wires. 
Ex.  1.  The  moment  of  inertia  of  a  straight  wire  of  uniform 

thickness  and  density. 

Let  the  length  of  the  wire  be  2a^  p  =  its  density^  ca  =  the 

area  of  a  transverse  section ;  and  let  it  lie  along  the  axis  of  x. 

(1)  Let  the  rotation-axis  be  perpendicular  to  its  lengthy  and 
pass  through  its  middle  point ;  then 

the  moment  of  inertia  =  /    pcao^^cfe 

s=  gpa)a». 

(2)  Let  the  rotation-axis  be  perpendicular  to  the  wire,  and  at 
a  distance  c  from  the  middle  point  which  is  its  centre  of  gravity ; 
then,  by  (210)^  since  the  mass  of  the  wire  =  2pa>a^ 

2 

the  moment  of  inertia  =  -^pf^cfi-^-ZpiAa^, 

o 

Hence,  if  an  equilateral  triangle  is  formed  of  a  wire  whose 
length  is  6a,  the  moment  of  inertia  relatively  to  an  axis  passing 
through  the  centre  of  gravity  of  the  triangle  and  perpendicular 
to  its  plane  is  ^pt^cfi* 

(8)  Let  the  rotation-axis  be  perpendicular  to  the  wire  and 
pass  through  one  of  its  ends ;  then 

pi^ai^dx 

""~8~"' 
(4)  Let  the  rotation-axis  intersect  the  wire  in  its  middle  point 

at  an  angle  a ;  then 

2 

the  moment  of  inertia  =  3p»a'(sina)*. 

o 
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Ex.  2.  The  moment  of  inertia  of  a  wire  of  uniform  thickness 
and  density  whose  form  is  a  circular  arc. 

Let  p  =  the  density,  »  =  the  area  of  a  transverse  section^ 
a  s=  the  radius  of  the  circle,  2a  =  the  angle  subtended  by  the 
arc  at  the  centre  of  the  circle. 

(1)  Let  the  rotation-axis  pass  through  the  centre  and  be  per- 
pendicular to  the  plane  of  the  arc ;  then 

the  moment  of  inertia  =  /     pc^cfldO 

=  2p<acfi.a; 
and  therefore  the  moment  of  inertia  of  a  complete  circular  wire 
about  an  axis  which  passes  through  its  centre  and  is  perpen- 
dicular to  its  plane  is  2iTp<»cfl, 

(2)  Let  the  rotation-axis  be  perpendicular  to  the  plane  of  the 
wire  and  pass  through  its  middle  point ;  then 

y*  =  2a4?— a?*; 
dy    ^  dx       ds  ^ 
a— a?  ~  y   ~"   a 

.  • .     the  moment  of  inertia  =  /  p»  (ar*  -f  y*)  ds 

=  4p(0a'{a— sina}  ; 
and  the  moment  of  inertia  of  a  complete  circle  =  ^irpfaefl, 

(3)  Let  the  rotation-axis  be  in  the  plane  of  the  wire  and  pass 
through  the  centre  and  its  middle  point ;  then 

the  moment  of  inertia  si    ptacfl  (sin  0)^  dO 

=  pwo'la— sinacosa}  ; 
and  therefore  the  moment  of  inertia  of  a  complete  circular  wire 
about  its  diameter  is  vpoocfi, 

(4s)  Let  the  rotation-axis  pass  through  the  centre  of  a  com- 
plete circular  ring,  and  be  inclined  at  an  angle  y  to  the  plane  of 
the  circle;  then,  by  (208), 

the  moment  of  inertia  =  7rpa)a'(cosy)*4-2irpa>fl?(siny)* 
=  irp«a'{l-|-(siny)*}. 
Ex.  8.  A  wire  of  uniform  thickness  and  density,  whose  length 
is  a,  is  bent  into  the  form  of  a  complete  cycloidal  arc :  the  mo- 
ment of  inertia  of  it  about  a  rotation-axis  which  joins  its  two 

,     .     p(&€fl 

ends  IS . 

30 

In  each  of  the  preceding  examples  the  mass  of  the  wire  can 

be  easily  found  :  and  as  the  square  of  the  radius  of  gyration  is 

B  b  3  ^  T 
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the  moment  of  inertia  divided  by  the  mass,  so  the  radius  of 
gyration  can  be  found  without  difEiculty. 

If  the  wire  lies  wholly  in  one  plane,  say  in  the  plane  of  (x,  y), 
that  plane  is  a  principal  plane  of  it ;  because  in  this  case  z  =^0 
for  all  elements  of  it ;  and  therefore  2,mapz  =  2.myz  =  0,  and 
the  axis  of  2;  is  a  principal  axis.  The  other  two  principal  axes 
must  be  found  by  the  process  of  Art.  90. 

117.]  The  moment  of  inertia  of  thin  plates  and  of  curved 
shells. 

In  all  cases  we  shall  assume  the  thickness  of  the  plates  and 
shells  to  be  infinitesimal,  and  to  be  represented  by  the  symbol  r ; 
and  thus,  if  it  is  convenient,  we  shall  take  the  plate-plane  to  be 
the  plane  of  {Xy  y) ;  in  this  case,  as  j;  =  0  for  all  elements  of  the 
plate,  :^.mxz  =  i„myz  =  0,  and  the  plane  of  {x,y)  is  a  principal 
plane  and  the  axis  of  2;  is  a  principal  axis.  The  other  principal  axes 
will  be  found  by  the  method  of  Art.  90 ;  and  the  principal  mo- 
ments of  inertia  having  been  determined,  the  moment  of  inertia 
about  any  other  axis  may  be  determined  by  means  of  the  theo- 
rems given  in  (208)  and  (210). 

Also,  since  2;  =  0,  the  moments  of  inertia  about  the  axes  of  x 
and  y  are  respectively  s.wy^  and  2. ma?*;  and  as  a.m(j7*-|-y*)  is 
the  moment  of  inertia  about  the  axis  of  z^  it  follows  that  the 
moment  of  inertia  about  an  axis  perpendicular  to  the  plate  is 
equal  to  the  sum  of  the  moments  of  inertia  about  any  two  axes 
at  right  angles  to  each  other  in  the  plate. 

If  the  axes  of  coordinates  are  principal  axes,  from  (208)  we 
have         u  _,  A(cosa)*  +  B(cosi3)*  +  (A-f  B)(cosy)2 

=  A  {(cosa)*-f  (cos  y)*}  +  B  {(cos)3)*  +  (cos  y)*} 
=  A(sin/3)2 -h  B (8ina)2  ;  (212) 

and  if  the  rotation-axis  is  in  the  plane  of  {x^y),  sin/3  =  cos  a ;  and 
H  =  A  (cos  of  -h  B  (sin  a)*.  (213) 

Ex.  1.  The  moment  of  inertia  of  a  square  plate. 

Let  a  =  the  side  of  the  plate,  p  =  the  density  at  the  point 

(^,  y)- 

(1)  Let  the  rotation-axis  pass  through  the  centre  of  the  plate 
and  be  perpendicular  to  its  plane  ;  then 

ri    ri 
the  moment  of  inertia  =  /       /     pT{x^-\'y*)dydx 

pra^ 
""  "6"' 
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(2)  Let  the  rotation-axis  be  the  line  joining  the  middle  points 
of  two  opposite  sides ;  then 

the  moment  of  inertia  =  /       /    pry^dydx 

(3)  Let  the  rotation-axis  pass  through  an  angnlar  point  of  the 
plate^  and  be  perpendicular  to  its  plane ;  then 

the  moment  of  inertia  =  -^5 — . 

o 

(4)  Let  the  rotation-axis  pass  through  the  centre  of  the  plate ; 
and  let  its  direction-angles,  with  reference  to  two  lines  bisecting 
the  opposite  sides  of  the  plate  and  the  perpendicular  through  its 
centre,  be  a,  /3^  y ;  then,  as  these  lines  are  the  principal  axes  of 
the  plate, 

the  mom.  of  in.  =  —^  {(cosa)*-|-  (cos/3)*}  +  ^-^  (cosy)* 

pro* ,  .      .-       pro*  .         ., 
=  il^(8my)>  +  ^(cosy)«. 

Also,  if  the  rotation-axis  is  the  diagonal  of  the  plate,  y  =  90°, 
the  moment  of  inertia  =  . 

As  this  is  a  case  in  which  the  two  principal  moments  of  inertia 
in  the  plane  of  (^,  y)  are  equal,  and  the  third  is  greater  than  each 
of  them,  two  points  on  the  axis  of  z,  which  are  at  distances 
from  the  origin,  which  is  the  centre  of  grayity  of  the  plate,  (see 
Art.  110),  equal  to  a  ^ 

are  such  that  at  them  the  principal  moments  of  inertia,  and 
therefore  all  the  moments  of  inertia,  are  equal.  At  these  points 
the  momenta!  ellipsoid  becomes  a  sphere. 

Ex.  2.  The  moment  of  inertia  of  a  triangular  plate. 

(1)  Let  the  triangular  plate  be  isosceles ;  and  let  the  rotation- 
axis  pass  through  its  vertex  and  be  perpendicular  to  its  plane ; 
let  a  =  the  altitude,  2i  =  the  base ;  then 

bx 

the  moment  of  inertia  =  2  /     /      pT(a^-{-y^)dydx 

Jo    Jq 

Digitized  by  VjOOQIC 


190  MOMENTS  OP  INERTIA.  I  I  7. 

(2)  Let  the  triangular  plate  be  isosceles ;  and  let  the  rotation* 
axis  be  the  line  which  passes  through  the  vertex  and  bisects  the 
base;  then 

the  moment  of  inertia  =  2  /     j     pry^dydx 
__  pral^ 

(3)  Let  the  triangular  plate  be  that  whose  sides  and  angles 
are  a,  i,  c,  a^  b^  c ;  and  let  the  rotation^axis  pass  through  c  and 
be  perpendicular  to  the  plane  of  the  plate ;  let  c  be  the  origin, 
and  let  the  lines  lying  along  the  sides  a  and  b  respectively  be 
the  axes  of  x  and  y  ;  so  that  the  equation  to  the  side  c  is 

a^  b       ^' 

and  let  y  =  -  (a— a?)  ; 

a 

the  mom.  of  in.  =  /     /    pT(a?*-|-2^ycosc-f  y*)rfyfltrsinc 

=  ^(8a>+8ft«-.c^)sinc. 

(4)  Let  the  triangular  plate  be  that  of  the  preceding  case ; 
and  let  the  rotation-axis  pass  through  the  centre  of  gravity  of 
the  plate  and  be  perpendicular  to  its  plane ;  then^  if  g  is  the 

centre  of  gravity,  (cg)^  =  —         "^     ;  and  the  mass  of  the 

plate  =  ' — 5 ;  therefore,  by  reason  of  (210), 

mom.ofin.  =  ^^(3a2+86*-.c»)8inc-^^(2a>+26»-c^)sinG 
prab ,  •     ,«      «v  • 

and  therefore,  if  A;  is  the  radius  of  gyration  relative  to  a  rota- 
tion-axis passing  through  the  centre  of  gravity  of  a  triangular 
plate  and  perpendicular  to  its  plane, 

„       g'-fy  +  c* 

*^  =  86 

Ex.  3.  The  moment  of  inertia  of  a  circular  plate,  and  of  a  cir- 
'  cular  annulus. 

Let  the  radius  of  the  plate  =  a ;  and  let  p  and  r  express  the 
same  quantities  as  heretofore. 
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(1)  Let  the  rotation-axis  pass  through  the  centre  and  be  per- 
pendicular to  the  plane  of  the  plate ;  then 

the  moment  of  inertia  =  /      /    prr^drdB 

Jo     Jq 

(2)  Let  the  rotation-axis  pass  through  the  circumference  and 
be  perpendicular  to  the  plate ;  then^  by  (210), 

the  moment  of  inertia  =  — ~ 1-  itpra!^ 

Birpra* 
■"        2~' 

(3)  Let  the  rotation-axis  be  the  diameter  of  the  plate ;  then 

the  moment  of  inertia  =  f      /    pTi^{jsixi&)'^drd6 
_  irprO^ 

(4)  Let  the  rotation-axis  be  a  tangent  to  the  plate;   then^ 

by  (210),  ^    r-    ^        Sirprg* 

the  moment  of  mertia  =  — r —  • 

4 

(5)  Let  the  interior  of  the  circular  plate  be  removed,  so  that 
the  remainder  is  a  circular  annulus^  the  radii  of  the  exterior  and 
interior  bounding  circles  of  which  are  a  and  b :  then  the  moment 
of  inertia  relatiye  to  a  rotation-axis  passing  through  the  centre 
of  the  annulus  and  perpendicular  to  its  plane  is 

irpt(a*-A*) 

2 

Also  the  moment  of  inertia  of  the  annulus  relative  to  its  diameter 
M  fl'pT(a*-A*) 

i 

Ex.  4.  The  moment  of  inertia  of  an  elliptical  plate. 
Let  the  equation  to  the  bounding  ellipse  be 

and  let  y  =  -  («*—«*)*. 

a  ' 

(1)  Let  the  rotation-axis  be  the  major  axis  of  the  ellipse ; 
then 
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the  moment  of  inertia  =  4/3t  /    /    y^dydx 

Jo  Jo 

TTpralfl 
^        4~"* 

(2)  Let  the  rotation-axis  be  the  minor  axis  of  the  ellipse ;  then 

the  moment  of  inertia  =  4pt/     /    a^dydx 

Jq   Jq 

irprcflb 

"        4 

(8)  Let  the  rotation-axis  be  a  line  perpendicular  to  the  plane 

of  the  plate  and  passing  through  its  centre ;  then 

the  moment  of  inertia  =  4pT  /    /    (j?*  +  y*)  dy  dx 

Jo   Jq 

(4)  Let  the  rotation-axis  pass  through  the  centre  of  the  plate 
and  make  angles  a,  p,  y  severally  with  the  major  axis,  the  minor 
axis^  and  the  perpendicular  to  the  plate  through  its  centre ;  then, 
as  these  are  the  principal  axes  of  the  plate,  we  have,  by  (208), 

the  mom.  of  in.  =  ^^^  {6»(co8a)2  4-«2(co8^)«  +  (a3-|-A*)(cosy)»} 

=  ![i?I^{oa(sina)»4A^(Bin^)2}. 

(5)  Let  the  rotation-axis  be  a  central  radius  vector  r  of  the 
plate,  making  an  angle  a  with  the  major-axis ;  then,  from  the 
last  result^  as  a-h)8  =  9Q°,  we  have 

the  moment  of  inertia  =  -^^ —  {a2(sina)*-|- A*(co8a)*} ; 

but  by  the  equation  to  the  ellipse 

a*  (sin  a)^  -h  b^  (cos  a)*  =  —^  ; 
r* 

the  moment  of  inertia  =    ^.  , — 

4r* 

Ex.  5.  The  momenik  of  inertia  of  a  spherical  shell  of  radius  a 

and  thickness  r  about  its  diameter  =  ^-npra^. 

o 
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118.]  The  moment  of  inertia  of  a  solid  body  bounded  by  a 
surface  of  reyolution  relative  to  its  geometrical  axis  as  its  rota- 
tion-axis. 

Let  the  axis  be  that  of  x ;  and  let  the  equation  to  the  curve^ 
by  the  revolution  of  which  about  the  axis  of  x  the  bounding 
surface  is  formed,  be  y     f(x). 

Let  the  solid  be  divided  into  a  series  of  circular  plates  by 
planes  at  an  infinitesimal  distance  apart  and  perpendicular  to 
the  axis  of  revolution ;  let  the  density  be  uniform  and  be  p ; 
then,  at  the  distance  x  from  the  origin,  y  is  the  radius  of  a  cir- 
cular plate  whose  thickness  is  dx;  and  therefore^  by  Ex.  8^ 
Art.  117,  the  moment  of  inertia  of  this  circular  slice^  relative  to 
an  axis  passing  through  its  centre  and  perpendicular  to  its  plane, 
^  _  T^py^dx 

2 

and  therefore,  if  x^  and  Xq  are  the  limits  of  x, 

the  moment  of  inertia  =  -/  /     {f{x)Ydx. 

Ex.  1.  The  moment  of  inertia  of  a  cylinder. 
Let  the  altitude  of  the  cylinder  =  a,  and  the  radius  of  the 
base  =  A;  therefore 

,  ...         itpah^ 

the  moment  of  mertia  =  -^ — 

Ex.  2.  The  moment  of  inertia  of  a  cone ;  let  the  altitude  =  a, 
and  the  radius  of  the  base  =  b ;  then 

the  moment  of  inertia  =  -^-r  /    ^^ 

ACT  Jo 

itpab^ 
=  "10"- 

Ex.  8.  If  a  =  the  altitude^  and  b  =  the  radius  of  the  base  of 
a  paraboloid,  then 

the  moment  of  inertia  =    ■   ^     • 

o 

Ex.  4.   If  a  =s  the  radius  of  a  sphere^  then  relatively  to  a 

diameter  as  the  rotation-axis, 

.        ,         Sirpfl* 
the  moment  of  mertia  =  — r^ . 

lo 

Hence  the  moment  of  inertia  of  a  spherical  shell  contained 

PRICE,  VOL.  IV.  c  c 
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between  two  concentric  spheres  whose  radii  are  a  and  b  respect- 
ively, relatively  to  the  diameter  as  the  rotation-axis, 
_  87rp(ag-y) 
15 
Ex.  5.  The  moment  of  inertia  of  a  prolate  spheroid  relatively 

to  its  axis  as  the  rotation-axis  =  --^^ 

15 

Ex.  6.  The  moment  of  inertia  of  an  oblate  spheroid,  whose  axis 

is  the  rotation-axis,  =  — ^ 

15 

Ex.  7.  If  the  radius  of  each  surface  of  an  equiconvex  lens  is  a, 
and  the  thickness  of  the  lens  is  2t,  then  the  moment  of  inertia 
of  the  lens  relative  to  its  axis  as  the  rotation-axis 

=  Trp  /   {2aw^sfl)^dx 

=  ?^(20aa-15a/+8/»). 
15 

119.]  The  moment  of  inertia  of  a  solid  body  bounded  by  a 
surface  of  revolution  relative  to  an  axis  perpendicular  to  its  geo- 
metrical axis. 

Let  the  point  in  which  the  rotation*axis  intersects  the  axis  of 
revolution  be  the  origin;  and  let  y  ^f{x)  be  the  equation  of 
the  generating  curve  of  the  bounding  surface ;  then,  using  the 
notation  of  the  preceding  Article,  and  applying  the  result  of 
Ex.  8,  Art.  117,  the  moment  of  inertia  of  the  type-slice  relative 
to  its  own  diameter  irpy^dx 

and  therefore  by  (210)  the  moment  of  inertia  of  this  slice  about 
the  actual  rotation-axis  is 

and  if  Xn  and  Xq  are  the  limits  of  the  o^-integration, 

the  moment  of  inertia  =  vp  I      (~-  +  y*  a?* )  dip. 

Ex.  1.  The  moment  of  inertia  of  a  cone  relative  to  a  rotation- 
axis  passing  through  its  vertex  and  perpendicular  to  its  own 
axis. 

Let  the  altitude  of  the  cone  =  a ;  let  the  radius  of  the  base 
=  b;  then 
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the  moment  of  inertia  =^  vp  I     \-t-i  H — j)  ^d^ 

It  is  evident  that  relative  to  the  vertex  of  a  cone  the  principal 
axes  are  the  axis  of  the  cone  and  any  two  lines  perpendicular  to 
each  other  and  to  the  axis  of  the  cone.  So  that  the  moment  of 
inertia  relative  to  a  rotation-axis  passing  through  the  vertex  of 
the  cone  and  inclined  at  an  angle  a  to  the  axis 

=  ^(4fl'  +  ««)(8in«)«+I^(co»a)». 

Ex.  2.  The  moment  of  inertia  of  a  cone  of  which  the  altitude 
=  a,  and  the  radius  of  whose  base  =  b^  relative  to  a  rotation- 
axis  passing  through  its  centre  of  gravity  and  perpendicular  to 
its  own  axis,  irpab^,  ,     ^.,, 

Ex.  3.  If  the  altitude  of  a  paraboloid  of  revolution  is  a,  and 
the  radius  of  the  base  =  b,  the  moment  of  inertia  relative  to  a 
rotation-axis  passing  through  its  vertex  and  perpendicular  to  its 
own  axis  iroal^ 

Ex.  4.  If  the  altitude  of  a  cylinder  is  a,  and  the  radius  of  its 
base  =  b ;  and  if  the  rotation-axis  is  perpendicular  to  the  axis, 
and  at  a  distance  c  from  its  end^  then 

the  moment  of  inertia  =  /        y^     -h  irpb^a^jdx 

=  ^  +  ^(«'+8a«+8^). 

Hence,  if  the  rotation-axis  passes  through  the  end  of  the  axis^ 

the  moment  of  inertia  =    ^       (8  6*+ 4a*) ; 

and  if  the  rotation-axis  passes  through  the  middle  point  of  the 
axis  of  the  cylinder^  ^ 

the  moment  of  inertia  =  /     y-^ — ^  irpb^a^jdx 

120.3  ^^^  moment  of  inertia  of  various  solid  bodies. 
Ex.  1 .  The  moment  of  inertia  of  a  rectangular  parallelepipedon 
about  an  edge. 

c  c  a 
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Let  the  edges  be  a,b,c;  and  let  the  Unes  which  coincide  with 
the  edges  be  the  axes  of  x,  y,  z  respectively ;  let  the  density  =  p ; 
then  the  moment  of  inertia  relative  to  the  edge  a 

=  /    /     /    p{y^^!^)dzdydx 
Jo   Jo    Jo 

and  symmetrical  values  are  of  course  true  for  the  moments  of 
inertia  relative  to  the  edges  b  and  c. 

Thus  the  moment  of  inertia  of  a  cube  whose  side  is  a,  relative 

to  one  of  its  edges  as  a  rotation-axis^  =     „     • 

Ex.  2.  The  moment  of  inertia  of  a  cube  relative  to  a  diagonal 

Let  the  side  of  the  cube  be  a ;  and  let  the  centre  of  the  cube 

be  the  origin^  and  let  the  three  lines  which  pass  through  the 

centres  of  the  opposite  sides  be  the  coordinate  axes ;  these  lines 

are  evidently  principal  axes ;  and  relatively  to  either  of  them 

ri  fi  fi 
the  moment  of  inertia  =  /      i      I     p(t/^+z^)dzdydx 

pa* 
=  "6"^ 
and  as  the  moment  of  inertia  is  the  same  for  each  of  these  prin- 
cipal axes^  it  is  the  same  for  every  axis  passing  through  this 
point;  thus^  the  central  ellipsoid  is  a  sphere^  and  all  its  radii 
vectores  are  equal ;  and  therefore  relative  to  the  diagonal  of  the 

the  moment  of  inertia  =  -s~ . 

D 

Ex.  3.  The  moment  of  inertia  of  an  ellipsoid. 
Let  the  equation  to  the  ellipsoid  be 
a^       y^       z^ 

The  axes  of  the  ellipsoid  are  evidently  the  principal  axes  of  the 
body ;  so  that  when  the  moments  of  inertia  relative  to  these 
axes  are  determined,  that  about  any  other  axis  may  be  found 
from  (208). 

Now  5.mj?*  =  8  /     /     /    pw^dzdydx 

Jo     *'o     •'0 

4!Trp€fibc 
=       15       • 
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4nspab<?  ^ 


-       15       ' 

and  therefore  the  moment  of  inertia  relative  to  the  axis  (a^  p,  y) 

=  — J|^{a«(8ina)>  +  *«(8ini8)»  +  c«(8iny)«}. 

Ex.  4.  If  in  the  preceding  example  a  ^  b^  and  a  is  >  c^  the 

ellipsoid  becomes  an  oblate  spheroid,  and 

itvpa^c.  ,      .. 
A  =  B  =      £g      (a^-hc^h 


Therefore,  by  Art.  110,  at  two  points  on  the  axis  of  z  all  the 
moments  of  inertia  are  equal,  and  at  them  the  momental  ellipsoid 
becomes  a  sphere :  the  distances  of  them  from  the  centre 


=±i 


and  if  these  points  are  at  the  poles  of  the  spheroid,  a'  =  6^. 

121.]  Vrom  the  preceding  results  the  moments  of  inertia  of 
many  curved  shells  and  of  systems  of  thin  plates  may  be  de- 
duced. 

For  if  the  equation  of  the  bounding  surface  of  the  solid  con- 
tains a  single  parameter,  by  the  infinitesimal  variation  of  that 
parameter,  the  content  of  the  solid  will  receive  an  infinitesimal 
variation  in  the  form  of  a  thin  shell,  the  thickness  of  which  will 
be  the  variation  of  the  parameter.  Thus,  if  the  radius  of  a 
sphere  is  increased  by  an  infinitesimal  variation,  say  dr,  the  con- 
tent will  be  increased  by  a  spherical  shell  of  thickness  dr.  Simi- 
larly, if  a  solid  is  increased  by  the  variation  of  the  parameter  on 
which  the  bounding  surface  depends,  the  moment  of  inertia  of 


Digitized  by  VjOOQIC 


198  MOMENTS  OF  INERTIA.      SOLID  BODIES.  [f2I. 

that  increase  is  the  iDcrease  of  the  moment  of  inertia  of  the 
solid ;  and  the  former  is  generally  a  thin  shell  or  a  system  of 
thin  plates,  so  that  the  moment  of  inertia  of  these  may  be  deter- 
mined by  the  variation  of  the  moment  of  inertia  of  the  solid. 
Thus  by  the  preceding  Article  the  moment  of  inertia  of  a 

cube  about  a  diagonal  is  ^-^ ;  let  the  edge  of  the  cube  be  in- 
creased by  da ;  then  all  the  sides  of  the  cnbe  receive  increments 
in  the  form  of  thin  plates,  the  thickness  of  which  :=  da  =  T,  say ; 
and  therefore  the  moment  of  inertia  of  the  hollow  box,  formed 

by  these  six  plates  relative  to  a  diagonal  =  — ^ — 

Similarly,  by  reason  of  Ex.  1  in  the  preceding  Article,  the 

moment  of  inertia  of  the  box  relative  to  an  edge  =  — ^ 

o 

As  the  moment  of  inertia  of  a  sphere  relative  to  a  diameter  is 

Jl     ,  so  that  if  a  spherical  shell  of  thickness  r,  relatively  to 

.,                    ....          Sirpra* 
the  same  rotation-axis,  =  — ^ 

As  the  moment  of  inertia  of  a  cylinder,  relative  to  its  own 

axis  as  rotation-axis,  is  — ^ — ,  so  the  moment  of  inertia  of  a 

cylindrical  shell  whose  thickness  is  db  =  r,  is,  relatively  to  its 
own  axis,  2itpTatfl. 

In  all  the  preceding  examples  we  have  calculated  moments  of 
inertia ;  and  as  the  masses  of  the  rotating  bodies  may  be  found 
in  all  the  cases,  the  corresponding  radii  of  gyration  can  be  deter- 
mined without  difficulty. 
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CHAPTER    V. 

THE  ROTATION  OF  A  BODY  ABOUT  A  FIXED  AXIS. 

Section  1. — The  rotation  of  a  rigid  body  about  a  fixed  awis  under 
the  action  of  instantaneous  forces. 

122.3  In  the  last  two  sections  of  the  preceding  Chapter  we 
have  considered  that  part  of  our  subject  which  has  been  called 
the  Geometry  of  Masses :  it  has  indeed  nothing  directly  me- 
chanical in  it,  but  the  theorems  which  have  been  proved  are 
useful  and  necessary  on  account  of  the  form  which  the  process 
of  transformation  into  angular  velocities  has  given  to  the  equa- 
tions of  rotatory  motion.  We  come  now  to  the  consideration  of 
the  most  simple  case  of  dynamics  proper ;  that^  namely,  in  which 
a  rigid  body  under  the  action  of  given  forces  revolves  about  an 
aris  fixed  in  it  and  in  space.  Every  particle  of  the  body  thus 
moves  in  a  circle,  the  plane  of  which  is  perpendicular  to  the  ro- 
tation-axis, and  the  centre  of  which  is  in  that  axis. 

We  shall  suppose  the  form,  matter,  and  density  of  every  part 
of  the  moving  body  or  system  to  be  given ;  and  we  shall  sup- 
pose the  body  to  be  capable  of  an  unfettered  rotation  about  the 
axis.  This  axis  may  be  fixed  at  many  points,  or,  in  the  language 
of  machinery,  may  have  many  bearings ;  we  shall  however  sup- 
pose that  it  has  only  two  fixed  points ;  because  these  are  sufii- 
cient  to  fix  the  axis ;  and  if  there  are  more,  the  pressures  become 
indeterminate  at  them  both  in  intensity  and  in  line  of  action. 
We  shall  indeed  find  that  even  in  the  case  of  two  points,  the 
components  of  the  pressures  on  the  fixed  points  along  the  rota- 
tion-axis are  indeterminate.  We  have  already  had  a  similar  in- 
stance in  Art.  62,  Vol.  III. 

Let  us  in  the  first  place  consider  the  circumstances  of  rotation 
of  the  body,  when  it  is  acted  on  by  instantaneous  or  impulsive 
forces ;  that  is,  we  shall  investigate  the  resulting  angular  velo- 
city of  the  body,  the  pressures  on  the  fixed  points,  and  their 
incidents,  which  are  due  to  one  or  more  blows  impressed  at  given 
points  of  the  body.  To  simplify  the  formulae,  we  shall  generally 
assume  the  body  to  be  at  rest  when  the  impulsive  force  acts, 
although  the  results  will  be  equally  applicable  if  the  body  is 
moving  with  a  given  angular  velocity. 
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123.3  ^^^  ^^^  rotation-axis^  on  which  are  the  two  fixed  points, 
be  the  axis  of  z ;  and  let  the  two  fixed  points  be  at  distances  z^^ 
z^  from  the  origin ;  let  the  pressure  at  these  two  points  be  Pj,  p^ 
and  let  the  direction-angles  of  the  lines  along  which  they  re- 
spectively act  be  (oj,  )8p  y^),  (o^,  fi^  yj).  Let  m  be  the  type-par- 
ticle, and  let  (a:,  y,  z)  be  its  place  at  the  time  t^  when  the  instan- 
taneous force  acts  on  it ;  let  m  v  be  the  momentum  impressed  by 
this  force,  of  which  let  the  axial  components  be  mVx> »» V  ^^»  * 

^®*  "5/  •  ^'  'df^^  *^®  components  of  the  actual  velocity  (or  in- 
crease of  velocity)  with  which  m  moves  in  consequence  of  this 
instantaneous  force ;  all  these  being  type-expressions^  and  there- 
fore applicable  to  each  particle  on  which  forces  act.  Thus  the 
equations  of  motion,  (34)  and  (35),  Art.  48,  become 

7..m  yx-^-fi)  —  ^1  cosa^c-  p,  coso,  =  0, 


a  .m  (vy  -  -^)  -  Pi  cosft  -  p,  cos)8,  =  0, 


x.m 


dt 
(v,  -  ^)  -  Pj  cosyi  - P3  cosy,  =  0 ; 


(1) 


a.m  |y  (v*-^)  -^  (vy-^)|  H-^iPiCOS)8i  +  ^gP,cos^3  =  0, 
a.m  |^(v*-^)  -^(vx-^)  J  -^iPiCOsoi-^rjPjCOsaa  =  0,    j^ 

Let  us  express  these  equations,  as  in  Art.  73,  in  terms  of  angular 
velocities.  Let  o  be  the  angular  velocity  which  results  from  the 
instantaneous  forces ;  then,  as  its  rotation-axis  is  the  axis  of  z, 
and  as  there  is  no  motion  parallel  to  the  axis  of  z. 


(2) 


dv 


dy 

dt        ' 


S-- 


(8) 


Let  the  moments  of  the  axial  components  of  the  couple  of  the 
impressed  momenta  be  l,  m,  n  ;  then  (1)  and  (2)  become 

xmv,  +  02.my— Picosoi— Pjcoso,  =  0,  1 

s.ffiVy— os.wa?— PjCosft— Pjcos/Sj  =  0,    |-  (4) 

xmYg  — PiCOSyi  — Pj  cosy,  =  0  ;  J 

LH-Qxm;2?;p-f  PiCos/3i«i  +  PgCOS/322?2  =  0,  "| 
MH-OX«»y«f— PiCOsai«i  — Pjcosoj^a  =  0,    I  (5) 

N— o:i.»i(^-4  y*)  =0;J 
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which  six  equations  assign  the  incidents  of  motion^  and  the  pres* 
sures  on  the  two  fixed  points. 

These  equations  admit  of  dissection  by  means  of  first  prin- 
ciples^ in  a  manner  similar  to  that  which  has  been  employed  in 
Art.  81  and  82.  As  Q  is  the  expressed  angular  velocity  about 
the  axis  of  z,  Qr  is  the  expressed  velocity  of  m  at  a  distance  r 
from  that  axis;  and  mor  is  the  expressed  momentum;  the  x* 
and  y^  axial  components  of  which  are  —  moy  and  moo?.  Let 
us  introduce  pairs  of  momenta  equal  and  opposite  to  these  at 
the  origin  and  in  the  plane  of  (af,y)  at  the  foot  of  the  xr-ordinate  of 
m  ;  then  the  momentum  mOr  of  m  at  the  point  {x^y^z)  is  equi- 
valent to  (1)  a  momentum  —  mtty  acting  at  the  origin  and  along 
the  axis  of  ^ ;  (2)  a  momentum  mux  also  acting  at  the  origin  along 
the  axis  of  y ;  (8)  three  couples  — wo^a?,  —mQyZy  mo(a?*-f  y*) 
whose  axes  are  respectively  the  coordinate  axes  of  x,  y,  and  z ; 
and  a  similar  result  is  true  for  every  element  of  the  body.  Now, 
by  D^Alem berths  principle^  the  sum  of  all  these  expressed  mo- 
menta, together  with  the  pressures  at  the  fixed  points,  are  in 
equilibrium  with  the  impressed  momenta;  and  the  conditions 
requisite  for  the  equilibrium  are  evidently  the  six  equations  (4) 
and  (5).  We  have  hereby  an  intelligible.meaning  of  their  several 
terms.  We  proceed  to  deduce  from  them  the  value  of  the  an- 
gular velocity  which  results  from  the  impressed  forces^  and  the 
pressures  on  the  fixed  points. 

124.3  '^^^  angular  velocity  is  given  by  the  last  equation  of 
(5),  and  we  have 

N 


Q  = 


2,m(x^^y^) 

N 


—   The  moment  of  the  impressed  momenta  ^ 

*~  The  moment  of  inertia 

which  is  the  same  result  as  (16),  Art  78.  It  appears  therefore 
that  the  resulting  angular  velocity  does  not  depend  on  the  pres- 
sures at  the  fixed  points,  or  on  the  distance  between  them,  but 
only  on  the  moment  of  the  impressed  momenta,  and  on  the  mo- 
ment of  inertia  of  the  body  or  system.  It  is  also  the  same 
whatever  is  die  number  of  the  bearings.  And  if  no  force  ex- 
ternal to  the  system  acts,  the  system  continues  to  rotate  uni- 
formly with  this  angular  velocity. 

PRICE,  VOL.  IV.  D  d 
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Now  let  us  aappose  a  body  capable  of  rotating  about  a  fixed 
axis  to  be  at  rest,  and  let  us  suppose  it  to  be  struck  by  a  blow 
of  given  momentum  at  a  given  point  and  in  a  determinate  line : 
we  must  first  resolve  the  blow  into  two  parts^  of  one  of  which  the 
line  of  action  shall  be  parallel  to  the  rotation-axis,  so  that  the 
angular  velocity  will  not  be  affected  thereby,  for  it  will  only  pro- 
duce pressures  at  the  fixed  points  along  the  rotation-axis ;  of 
the  other^  let  the  line  of  action  be  in  the  plane  of  {x,  y)  which  is 
perpendicular  to  the  rotation-axis ;  let  the  momentum  of  this 
latter  be  q^  and  let  a  be  the  perpendicular  distance  from  the 
axis  on  its  line  of  action ;  then  (6)  becomes 

_  Qfl y 

^  The  moment  of  inertia " 

The  following  are  examples  of  this  equation. 

Ex.  1.  A  body  m  at  rest,  and  capable  of  moving  about  a  fixed 
rotation-axis,  is  simultaneously  struck  by  several  masses  m^,  m^ 
mn,  moving  with  velocities  t^^,  ^2, f n  ii^  planes  perpen- 
dicular to  the  fixed  axis ;  the  masses  adhere  to  the  body :  it  is 
required  to  find  the  angular  velocity  of  the  body. 

Let  the  distances  of  the  points  of  impact  of  the  masses  sever- 
ally from  the  rotation-axis  be  /p/g, ln\  and  let/^j,  jd, Pn 

be  the  perpendiculars  from  the  rotation-axis  on  the  lines  of  the 

velocities  v^.v^, t;„;  then^  if  *  is  the  radius  of  gyration  of 

the  body  relative  to  the  rotation-axis^ 

MA:»H-miV-h»i4^aH- ^nhnk? 

Ex.  2.  A  body  m  revolving  about  a  fixed  axis  with  an  angular 
velocity  a,  is  struck  by  a  particle  m,  moving  with  a  velocity  v  in 
a  line  perpendicular  to  the  plane  containing  the  rotation-axis 
and  the  point  of  impact ;  it  is  required  to  determine  the  result- 
ing angular  velocity  of  the  rotating  body^  the  velocity  of  rebound 
of  the  striking  particle,  and  the  place  of  percussion  when  the 
velocity  of  rebound  is  a  maximum,  the  elasticity  of  the  body 
and  particle  being  e. 

Let  M^  be  the  moment  of  inertia  of  the  body  relative  to  the 
rotation-axis ;  p  =  the  distance  of  the  point  of  impact  from  the 
axis ;  o'  =s  the  angular  velocity  of  the  body  after  collision ;  v  = 
the  velocity  of  m  after  rebound ;  and  let  us  suppose  fi  and  v  to 
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be  such  that  the  motion  of  m  and  of  the  point  of  impact  may  be 
in  the  same  direction  at  the  instant  of  collision. 

Let  v'  be  the  velocity  of  that  point  of  m  at  which  the  impact 
takes  place ;  so  that  ^'  ^  q^, 

and  let  m'  be  the  mass  of  a  particle  which^  moving  with  the 
velocity  t/,  would  produce  the  same  circumstances  of  velocity 
ftc.  in  m  after  impact  on  m',  as  the  rotating  body  m  ;  so  that 
f»V  is  the  momentum  with  which  m  would  strike  a  body  at  the 
point  of  impact  of  m,  and  in  the  line  of  m's  motion :  therefore 

m  t7  =  . 

P 

fit  =  — 5- . 

Let  V  =  po'  be  the  velocity  of  the  point  of  impact  after  colli- 
sion has  ceased;  then,  by  (8)  and  (9),  Art.  215,  Vol.  Ill, 

v'—  ^P^^  +  OjPM A^  -H  fnep^(v  —pQ)  ^ 
mpv  +  mA:*q  -f  mepiv  — ;?o) . 


0  = 


mp(l-i-e)iV'-pQ) 


0—0  = ^g— — y. , 

^_^  ^  M*»(l-he)(t;-j?o), 

whereby  we  know  the  velocity  of  m  after  collision  and  the  an- 
gular velocity  of  m. 

Thus,  let  M  be  a  cricket  bat^  and  m  a  ball ;  let  us  suppose  the 
ball  to  meet  the  bat ;  then  the  sign  of  v  must  be  changed ;  and 
if  v  =  the  velocity  of  rebound  of  the  ball, 

_  M k^Qp  —  mpH  -h  eM** (v  4-  Qjp) , 

and  to  determine  the  point  of  impact  so  that  v  may  be  a  maxi- 
mum, thej9-differential  of  v  must  be  equated  to  zero;  whereby 
we  have  r        i  v*       m*«)* 

If  m  is  at  rest  when  it  is  struck  by  m,  v  =  0,  and 

D  d  2 
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Again,  let  m  be  a  rectangular  plate  whose  sides  are  a  and  b^ 
and  let  the  rotation-axis  lie  along  the  side  a :  let  us  suppose  it 
to  be  at  rest  and  to  be  struck  by  m  at  a  point  on  the  side  op- 

posite  to  the  rotation-axis ;  then  m  ^  =  —^  ;  and 

o 

(3m  +  M)6' 

125.3  ^^  ^^®  ^^'^  place  let  us  consider  the  pressures  on  the 
two  fixed  points  of  the  axis ;  the  x-  and  y-  components  of  Pj 
and  Pg  can  be  determined  from  the  first  two  of  (4),  and  from 
the  first  two  of  (5) ;  and  we  have 

^2  — «^l 

P.coso,  =  H^^,^.my.-ho(-^,^.my  +  :8.my.)^  ^^^^ 

^  —  ^1 

Pacos^jj  = \      I -;  (11) 

^2  —  ^1 

whereby  the  components  of  the  pressures  which  are  parallel  to 

the  plane  of  {x,  y)  may  be  determined. 

The  ^-components  of  p^  and  p,  enter  into  only  the  third  equa- 
tion of  (4),  and  we  have 

Pjcosyi  -f  P2C08y3  =  s.mv,  ;  (12) 

therefore  the  sum  of  these  jsr-components  of  the  pressures  is  equal 
to  the  sum  of  the  ^r-components  of  the  impressed  momenta;  but 
as  the  sum  only  is  given,  each  is  indeterminate.  An  explanation 
of  this  indeterminateness  has  been  already  made  in  Art.  62^ 
Vol.  Ill :  this  is  the  dynamical  case^  which  is  therein  alluded 
to.  And  we  are  unable  to  determine  the  pressure  which  acts 
at  each  fixed  point. 

To  give  greater  clearness  to  our  ideas,  let  us  suppose  the 
impressed  momenta  to  arise  from  a  single  blow,  whose  mo- 
mentum is  Q,  say^  and  whose  line  of  action  is  in  a  plane  perpen- 
dicular to  the  rotation-axis.  Let  us  take  the  rotation-axis  to  be 
the  ;2;-axis^  and  the  plane  perpendicular  to  it^  and  containing  the 
line  of  the  blow,  to  be  the  plane  of  (x,  y) ;  let  the  axis  of  y  be 
parallel  to  the  line  of  the  blow ;  and  let  a  be  the  distance  be- 
tween these  two  lines  :  then  the  equations  of  motion  are 
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oxmy— PjCoaai  — Pgcosog  =  0,  "1 
Q— os.wa?— PiCOSjSi— PgCOSjSg  =  0,    >  (13) 

—  PiCOSyj— Pg  cosy,  =  0  ;  J 

OXm;:?^-|-PlC08/3i«i-|-P2C08j822f2  =  0,    1 

QX*»;?y  — PiCosaj^i— PgCosoj^ig  =  0,    I  (14) 

Qa— Q2.m(a?*  +  y*)    =  0.  J 

Let  M  =  the  mass  of  the  body  or  system  of  particles;  and  let  k 
be  the  radias  of  gyration  relative  to  the  rotation-axis ;  then 
from  the  last  of  (14) 

Let  the  centre  of  gravity  be  (a?,  y,  z)  when  the  blow  is  given ;  then 

and  the  values  of  the  axial  components  of  the  pressures  may  be 
determined. 

Now  these  pressures  will  compound  into  a  single  resultant 
when  — nMy2.iwa?;5+  (q  — OMS)2.wy2;  =  0, 

that  is,  when     -^ay^.mxz  ■\-  (Jfi  -  ax):i.myz  =  0;  (16) 

and  this  condition  is  satisfied  when  the  rotation-axis  is  a  prin- 
cipal axis,  and  the  line  of  action  of  the  blow  is  in  its  principal 
plane ;  and  if  r  is  the  single  pressure, 

K  =  ^|^-2a^A»H-a»(^  +  y2)|*; 

when  (16)  is  satisfied,  one  point  is  sufficient  to  fix  the  axis. 

Hence,  if  the  axis  of  rotation  is  a  central  principal  axis,  r  =  q  ; 
and  evidently  acts  at  the  centre  of  gravity. 

Let  us  apply  these  results  to  one  or  two  examples. 

Ex.  1.  A  thin  rod  of  length  a  revolves  with  an  angular  velo- 
city o  about  an  axis  passing  through  its  end  and  perpendicular 
to  its  length ;  it  is  suddenly  stopped  by  a  fixed  obstacle  at  its 
other  end;  determine  the  blow  which  the  obstacle  receives,  and 
the  pressure  thereby  caused  on  the  fixed  points  of  the  axis,  these 
being  supposed  to  be  near  to  each  other  at  the  fixed  end  of  the 
rod. 

Let  Q  =  the  momentum  of  the  blow  with  which  the  obstacle 
is  struck ;  m  =  the  mass  of  the  rod ;  then  the  moment  of  in- 
ertia =Mg;  and  flMO 


Q  = 
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therefore  •       Pj  -f  Pg  =  — ^ ; 

and  Pg  =  Pp  since  both  act  close  together  and  perpendicular  to 
the  rod;  ^jio 

•••  'i  =  F,  =  -g- 

Ex.  2.  A  circular  plate  of  radius  a  revolving  with  an  angular 
velocity  o  about  an  axis  passing  through  its  centre  and  fixed  at 
the  extremities  of  the  diameter^  is  struck  with  a  blow  q  at  right 
angles  to  its  plane,  at  a  point  in  the  diameter  perpendicular  to 
the  rotation-axis -at  a  distance  c  from  the  centre ;  find  the  pres- 
sures on  the  fixed  points  of  the  rotation-axis. 

Let  the  rotation-axis  be  the  2^xis^  and  the  plane  of  the  plate 
be  the  plane  of  {z^  x) ;  let  m  be  the  mass  of  the  plate ;  then 

4qc^  Q 

o  =  — ^ ;  p,  =  p,  =  -- . 

Ma*  ^        ■      2 

126.]  Let  us  however  further  consider  certain  particular  values 
which  the  pressures  at  the  fixed  points  may  have.  It  is  evident 
that  they  will  not  generally  vanish^  whatever  is  the  origin; 
whatever  are  the  axes ;  whether  they  are  central  principal  axes ; 
whether  the  rotation-axis  is  a  principal  axis^  and  whether  the 
origin  is  its  principal  point :  yet  it  may  be  that  they  will  vanish  if 
the  momenta  are  impressed  under  certain  conditions,  and  in  a 
certain  reference  to  the  constitution  of  the  body.  Now  we  will 
suppose  a  single  force  to  act,  and  to  impress  a  certain  momentum 
in  a  given  direction  at  a  certain  point ;  and  we  will  inquire  the 
point  at  which  and  the  line  along  which  this  force  must  act,  if  no 
pressure  is  thereby  produced  on  the  fixed  points. 

Let  us  suppose  the  momentum  impressed  by  this  acting  force 
or  blow  to  be  Q ;  and  to  be  impressed  on  the  body  at  (f,  77,  0> 
and  along  the  line  {a,  fi,  y) :   then,  since  p^  =  p^  =  0,  (4)  become 
QC0sa-{-Q2.my  =  0,  ^ 
QCOs/8  —  02. ma;  =  0,    l^  (17) 

QCOsy  =0;J 

the  last  of  which  shews  that  cos  y  =  0 ;  and  therefore  the  line 
of  the  impressed  momentum  must  lie  in  a  plane  which  is  per- 
pendicular to  the  rotation-axis.     Thus  (5)  become 

CQCOsa  -f  Qx.myz  =  0,  ^  (18) 

Q(fcos0— jycosa)— oa5.m(a?*  +  y*) 


i  +  y«)  =  0.J 
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From  the  first  two  of  (17)  and  of  (18)  we  have 

whence  we  have  the  condition 

^,m(o  :i.myZ'—2.my  -x.mzx  =  0;  (20) 

and  this  must  be  satisfied  if  the  fixed  points  are  free  from  pres- 
sure. Now  this  expresses  a  particular  constitution  of  the  body 
relative  to  the  axis  of  z,  and  is  independent  of  both  the  impressed 
momentum  and  of  the  position  of  the  fixed  points.  It  evidently 
indicates  that  the  axis  of  jsr  is  a  principal  axis^  and  (19)  gives  the 
distance  C  <^f  its  principal  point  from  the  origin.  Hence  we  have 
this  first  condition.  If  the  fixed  points  of  the  rotation-axis  are 
free  from  pressure,  that  axis  must  be  a  principal  axis  of  the 
body^  and  the  line  of  action  of  the  force^  or  the  line  of  the  blow, 
must  be  in  its  principal  plane. 

j&lso  from  the  last  of  (18),  in  combination  with  the  first  two 
of  (17),  we  have 

f  S.i»^  +  iy2.my  — s.wr^  =  0;  (21) 

so  that  if  (s,  y,  z)  is  the  centre  of  gravity,  and  if  k  is  the  radius 
of  gyration  relative  to  the  rotation-axis^  (21)  becomes 

^f+yi?-**  =  0;  (22) 

which  is  the  equation  to  the  line  of  action  of  the  blow,  in  the  plane 
parallel  to,  and  at  a  distance  Cfrom,  the  plane  of  (^,  y).  (22)  is 
evidently  perpendicular  to  the  line  joining  the  centre  of  gravity 
and  the  rotation-axis ;  and  if  h  is  the  distance  of  the  centre  of 
gravity  from  the  axis,  and  /  is  the  perpendicular  distance  from 
the  axis  on  the  line  of  the  blow,  or  the  line  of  percussion,  from 
(22)  we  have  u 

'  =  X'  <^> 

hence  the  line  of  the  blow  must  be  at  right  angles  to  the  per- 
pendicular from  the  centre  of  gravity  on  the  rotation-axis,  and 
at  that  distance  /  from  the  rotation-axis  which  is  given  in  (28). 
Also  in  this  case  we  have  from  (6),  if  m  =  the  whole  moving 
mass,  q/  q 

certain  special  forms  of  the  preceding  equations  deserve  remark. 

If  the  plane  of  (a?,  y)  is  the  principal  plane  of  the  axis  of  z, 
which  is  the  rotation-axis,  (20)  is  satisfied  identically ;  and  C=  0. 

Equation  (20)  is  also  satisfied  identically  if  s.ma?  =  2.i»y  =  0 ; 
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tbftt  is,  if  the  rotatioQ-axia  passes  through  the  centre  of  gravity ; 
but  in  this  case  ^  =  ao  ,  and  therefore  q  =  0.  So  that  if  a  body 
capable  of  rotation  about  an  axis,  passing  through  the  centre  of 
gravity,  is  struck  by  a  blow,  whatever  is  the  direction  and  the 
intensity  of  the  blow,  certain  pressures  are  always  produced  at  the 
fixed  points  of  the  axis.  This  result  obviously  depends  on  the 
fact  that  generally  the  principal  point  of  an  axis  passing  through 
the  centre  of  gravity  of  a  body  is  at  an  infinite  distance. 

If  at  the  time  when  the  blow  is  given  the  coordinate  planes 
are  so  chosen  that  that  of  {x,  z)  contains  the  centre  of  gravity ; 
then  2.my  =  0 ;  but  as  i.myz  evidently  vanishes  also,  C  ^^  ^ 
determinate  value. 

It  appears  then  that  if  a  body  capable  of  rotation  about  a  fixed 
axis  is  struck  by  a  blow  and  rotates  thereby,  so  that  no  pressure 
is  produced  on  those  points  at  which  the  axis  is  fixed,  it  is  ne- 
cessary that  (1)  the  rotation-axis  should  be  a  principal  axis  of 
the  body ;  (2)  the  line  of  the  blow  should  be  in  the  principal 
plane  of  this  axis,  and  perpendicular  to  the  plane  containing  the 
rotation-axis  and  the  centre  of  gravity,  and  at  a  distance  from 
the  axis  equal  to  /,  which  is  defined  by  (28). 

A  representation  of  these  circumstances  is  given  in  Fig.  22  ; 
OFi  P2  is  the  fixed  rotation-axis,  and  is  the  xr-axis  ;  P],  Pj  are  the 
two  fixed  points  which  determine  it ;  o  is  its  principal  point,  and 
is  the  origin,  so  that  in  this  figure  C=  0 ;  and  the  plane  (x,y)  is 
the  principal  plane,  o  is  the  centre  of  gravity  of  the  body  which 
is  taken  to  be  in  the  plane  of  (x,  z),  so  that  the  line  of  the  blow  is 
parallel  to  the  y-axis.  ok  =  iS:,  the  radius  of  gyration  of  the 
system  relatively  to  the  rotation-axis.  ol  =  /;  no=:om  =  A; 
so  that  by  (23)  ol  is  a  third  proportional  to  om  and  ok. 

If  kf  is  the  radius  of  gyration  of  the  body  relatively  to  mg,  by 
(129),  Art.  101,  p^h^_^k^; 

I       A*  +  *'* 
so  that  /  =  — r — ; 

n 

.-.     h(l^h)^k'^;  (25) 

.*.     oM  X  ML  =  a  constant. 

Now  be  it  observed  that  all  lines  in  the  plane  (a?,  z),  which  are 

parallel  to  oPj  P2,  are  principal  axes  at  some  point  on  them,  by 

reason  of  Art.  113  ;  whatever  therefore  the  point  l  is  to  oPj  p,, 


Digitized  by  VjOOQIC 


I  a;.]  CENTRE  OP  PERCUSSION.  209 

so  is  some  point  on  oPj  p^  to  a  line  through  l  parallel  to  ov^v^ : 
these  two  parallel  lines  are  therefore  to  some  extent  reciprocal 
to  each  other. 

127.3  The  point  l,  which  has  been  determined  in  the  preced- 
ing Article^  is  called  the  Centre  of  Percussion  of  the  body  rela- 
tive to  the  given  rotation-axis.  It  determines  the  line  along 
which  a  blow  must  be  impressed  on  a  body  capable  of  rotation 
about  a  principal  axis^  when  the  axis  receives  no  strain  thereby ; 
and  conversely,  if  a  body  rotates  about  an  axis  free  from  all  con- 
straint, or  if  constrained^  free  from  pressure  at  its  bearings,  the 
centre  of  percussion  determines  the  line  in  which  a  blow  must  be 
given  to  the  body  to  reduce  it  to  rest  without  causing  pressure  on 
the  bearings ;  or,  in  another  sense,  it  determines  the  positions  in 
which  a  fixed  obstacle  may  be  placed,  on  which  if  the  body  im- 
pinges and  is  brought  to  rest,  the  bearings  of  the  axis  will  sufier 
no  pressure. 

It  is  also  evident  that  as  the  axis  op,^  p^  is  free  from  pressure  at 
its  bearings,  it  is  that  axis  about  which  the  body  continues  to 
rotate ;  it  is  therefore  a  permanent  axis.  We  have  hereby  then 
arrived  at  another  property  of  a  permanent  axis,  and  have  shewn 
it  to  be  identical  with  a  principid  axis. 

It  is  also  evident  that  if  the  body  is  free  from  all  constraint, 
so  that  it  is  capable  of  translation  as  well  as  of  rotation,  the 
efiect  of  a  blow  at  l  along  lq  will  cause  a  rotation  about  op^p,  ; 
for  this  reason  the  axis  oPjPj  is  called  the  Spontaneous  Axis  of 
the  body  relative  to  the  point  l.  This  subject  however  we  shall 
consider  at  length  in  Chapter  YII. 

I  propose  now  to  apply  the  preceding  theory  to  certain  ex- 
amples, and  to  exhibit  the  practical  meaning  of  the  results.  For 
this  purpose  it  is  often  more  convenient  to  express  (23)  in  the 
following  form ; 

J       ulfi       The  moment  of  inertia  ^^ 

'  =  la  =  SfA ^^^^ 

Ex.1 .  Find  the  centre  of  percussion  of  a  circular  plate,  capable 
of  rotation  about  an  axis  which  touches  it. 

Let  the  rotation-axis  which  touches  the  plate,  and  is  in  its 
plane,  be  the  axis  of  z ;  let  the  plate  be  the  plane  of  {z,  x) ;  and 
let  the  plane  passing  through  the  centre  of  the  plate  and  per- 
pendicular to  the  rotation-axis  be  the  plane  of  (x,  y) ;  then  it  is 
evident  that  2.myz  =  ^.mzx  =  0 ;  and  thus  that  the  rotation- 
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axis  is  a  principal  axis^  and  that  the  point  of  contact  is  its  prin- 
cipal point.     In  this  case 

the  moment  of  inertia  =  — ^ — ; 

4 

therefore  from  (26),       I  =  ^p-^ — s  =  -p  • 

Also  the  line  of  the  blow  q  must  be  perpendicular  to  the  plane 
of  the  plate ;  therefore,  by  (24), 

TTpTCr 

Ex.  2.  Find  the  centre  of  percussion  of  a  rectangular  cube 
whose  rotation-axis  is  parallel  to  four  parallel  edges  of  the  cube, 
and  which  is  equidistant  from  the  two  nearer,  as  well  as  from 
the  two  farther  edges. 

Let  the  rotation-axis  be  the  ;2;-axis ;  and  let  the  plane  passing 
through  it  and  bisecting  the  cube  be  the  plane  of  (w,  z);  it  is  evi- 
dent that  x.myz  =  %,mzx  =  0;  so  that  the  rotation-axis  is  a 
principal  axis,  and  the  line  drawn  through  the  centre  of  the 
cube  perpendicular  to  it  cuts  it  in  its  principal  point.  Let  2a  be 
a  side  of  the  cube,  and  let  c  be  the  distance  of  the  rotation-axis 
from  its  centre  of  gravity;  then 

*»  =  c«  +  ^, 

and  h  =  c; 

•••    '  =  ''+87' 

O 

Q  = 


Spcflc 

Ex.  3.  A  cylinder  is  capable  of  revolving  about  the  diameter 
of  one  of  its  circular  ends :  find  the  centre  of  percussion. 

Let  a  =:  the  length  of  the  cylinder,  b  =  the  radius  of  its  cir- 
cular transverse  section.  It  is  evident  that  the  rotation-axis  is 
a  principal  axis ;  and  that  the  centre  of  the  circular  end  is  its 
principal  point. 

,       3Aa-f-4a«  2q 


6a       '  Trpa^A* 

Hence  the  centre  of  percussion  will  be  at  the  end  of  the  cylinder 

if  Si*  =  2a^,     If  b  is  very  small  in  comparison  of  a,  /  =  -^ ; 

thus,  if  a  straight  rod  of  small  transverse  section  is  held  by  one 
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end  in  the  hand,  /  gives  the  point  at  which  it  may  be  struck 
when  the  hand  will  perceive  no  jar. 

Ex.  4.  Find  the  centre  of  percussion  of  a  sphere  revolving 
about  an  axis,  which  touches  its  surface. 

This  axis  is  evidently  a  principal  axis,  and  the  point  of  con- 
tact is  its  principal  point ;  and  we  find 

/  =    -=r^,  12  = 


5  *  4irpa* 

128.3  Let  us  now  suppose  a  single  blow  q  to  be  applied  to 
the  body  at  a  point  (£,  r\,  0)  ^^  ^  ^i^^  whose  direction-angles  are 
\y  tJL,  I/,  relatively  to  a  system  of  coordinates  thus  chosen :  let 
the  rotation-axis  be  the  2;-axis,  and  let  a  line  perpendicular  to  it, 
and  passing  through  the  centre  of  gravity,  be  the  a?-axis ;  so  that 
when  the  blow  is  struck  the  centre  of  gravity  is  (A,  0, 0),  where 
A  is  the  distance  from  the  centre  of  gravity  to  the  rotation-axis. 
And  let  us  suppose  the  efiect  of  a  blow  on  the  axis  to  be  a 
single  pressure  along  it,  and  no  pressure  at  right  angles  to  it ; 
so  that  the  axis  may  slide  in  its  own  direction,  if  such  a  motion 
is  possible.     In  this  case  we  have 

PiCosoj  =  Pjcos/Si  =  0;        P2^^^^  =  P2^o^/^«  =  0* 
and  the  equations  of  motion  are 

QCOSX  =  0,   1 

Qcos/x  — omA    =  0,    I  (27) 

Qcosy  — p^— p,  =  0;  J 
Q(iycosv  — fcos/ui)  -f-Qs.mz^         =  0,^ 
Q(Ccos\  — fcosif) +fi3.f7i^xr         =0,  L  (28) 

Q(f  cos/ui  — lycosX)— ox»»(:r*H-y*)  =  0.  J 

From  the  first  of  (27),  cosA  =  Q;  so  that  the  line  of  blow 
must  be  in  a  plane  perpendicular  to  the  line  drawn  through  the 
centre  of  gravity  at  right  angles  to  the  rotation-axis. 

And  if  k  is  the  radius  of  gyration  of  the,  body,  relatively 
to  the  rotation-axis,  from  the  last  of  (28)  and  the  second  of 
(27)  we  have  u 

f  =  ^;  (29) 

which  gives  the  perpendicular  distance  from  the  rotation-axis  on 
the  plane  which  is  parallel  to  it  and  contains  the  line  of  the 
blow. 

Also  if,  as  heretofore,  d  =  :i,myz,  e  =  :z,mzx^  from  the  first 
two  of  (28),  since  cos  v  =  sin/ut,  we  have 

E  e  2 
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MA»f_D,,-^  =  0;  (30) 

n 

which  is  the  equation  to  the  line  of  the  blow  in  the  plane  given 

by  (29);    this  makes  with  the  plane  of  (a?,  y)  an  angle  tan~*  — p ; 

so  that  (29)  and  (30)  are  the  equations  to  the  line  of  the  blow. 
The  line  just  determined  is  called  the  Axis  of  Percussion.  If 
D  =  E  =  0^  that  is,  if  the  rotation-axis  is  a  principal  axis,  of 
which  the  origin  is  the  principal  point,  C=  0,  and  the  axis  of 
percussion  lies  in  the  principal  plane  of  the  rotation-axis ;  and 
its  intersection  with  the  plane  containing  the  rotation-axis  and 
the  centre  of  gravity  is  the  Centre  of  Percussion. 

Now  this  axis  of  percussion  may  also  be  arrived  at  by  the 
following  process.  At  all  points  on  the  rotation-axis  let  the 
momental  ellipsoids  be  described,  and  let  the  planes  be  drawn 
which  are  conjugate  to  the  rotation-axis ;  these  planes  shall  all 
intersect  in  the  same  straight  line ;  and  that  line  is  the  axis  of 
percussion. 

The  equation  to  the  momental  ellipsoid  at  the  origin  is 

Ar-f-BTj»H-cC«-2Diyf-2BCf-2pfi,-l  =  0;         (81) 
and  the  plane  conjugate  to  the  ie-axis  is 

cf— Diy  — Bf  =  0; 
so  that  for  the  momental  ellipsoid,  whose  centre  is  at  a  distance 
ft  from  the  origin,  the  equation  to  the  plane  conjugate  to  the 
axis  of  z  is 

c  (C-ft)-  (»-M^-«»y)»?  —  (B-M2-«»^)f  =  0 ; 
or  cf— Di;  — E^— /ui{c— a.my??  — 5.ma?f}  =  0.  (82) 

If  we  take  the  notation  and  coordinate-system  of  the  present 
Article,      ^  =  mA^,        xmy  =  0,        a.m^  =  MA; 
so  that  (82)  becomes 

M*>i'-Diy-Bf-/i{M*a-MAf}  =0;  (88) 

which  is  the  equation  to  a  plane,  and  contains  the  indeterminate 
quantity  /x ;  it  therefore  represents  a  series  of  planes,  all  of  which 
pass  through  the  straight  line  which  is  the  intersection  of  the 
two  planes,  M*«f-Di7-Ef  =  0, 


*a-Af 


zl} 


the  latter  of  which  is  a  plane  parallel  to  the  plane  of  (y,  z) ;  and 
by  substitution  from  the  latter  in  the  former  we  have 


mA:^^— D7J —  =  0; 
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which  is  a  plane  perpendicular  to  the  plane  of  (17, 0^  ^^^  inclined 
to  the  plane  of  (£,  77),  at  an  angle  whose  tangent  is  — ^ . 

As  the  ^-axis  and  the  origin  are,  relatively  to  the  body,  arbi- 
trary, this  theorem  is  true  for  all  lines  which  traverse  the  body ; 
and  therefore. 

If  at  all  points  of  a  straight  line  which  traverses  a  body  the 
momental  ellipsoids  are  described,  the  planes  of  these  ellipsoids, 
which  are  conjugate  to  the  given  line,  all  pass  through  one  and 
the  same  straight  line. 

Hence  also  we  have  this  theorem : 

If  a  body  is  capable  of  rotation  about  a  certain  fixed  axis,  and 
at  all  points  of  the  axis  the  momental  ellipsoids  are  described, 
and  the  planes  of  them,  conjugate  to  the  axis,  are  drawn  ;  then 
all  these  pass  through  the  same  straight  line ;  and  that  straight 
line  is  the  direction  of  a  blow  which  will  produce  no  strain  on  the 
axis.  If  the  axis  is  principal  at  one  of  its  points,  this  line  of 
blow  lies  in  the  corresponding  principal  plane,  and  is  perpen- 
dicular to  the  plane  containing  the  rotation-axis  and  the  centre 
of  gravity,  and  there  will  be  no  pressure  at  all  on  the  axis.  But 
if  the  rotation-axis  is  not  principal  at  any  one  of  its  points,  the 
direction  of  the  blow  will  be  oblique  to  the  plane  containing  the 
axis  and  the  centre  of  gravity,  and  there  will  be  a  pressure  act- 
ing on  the  axis  in  the  direction  of  its  length. 

In  the  preceding  process  we  have  supposed  the  body  to  be 
initially  at  rest,  and  motion  to  be  communicated  to  it  under 
certain  states  of  pressure  on  the  axis,  &c. :  the  process  however 
may  be  reversed ;  we  may  suppose  the  body  to  be  moving  about 
a  fixed  axis  with  the  stated  conditions  of  pressure  on  it ;  and  the 
problem  which  would  then  have  to  be  solved  is,  to  determine 
the  point  of  application,  &c.  of  a  force,  as,  for  instance,  a  fixed 
obstacle,  which  shall  withdraw  all  the  momentum  from  the 
body. 

Section  2. — Rotation  of  a  body  about  a  fixed  axis  under  the 
action  of  finite  accelerating  forces. 

129.]  I  proceed  now  to  the  case  of  a  rigid  body  rotating 
about  a  fixed  axis  under  the  action  of  forces,  whereby  momenta 
are  continuously  impressed.  To  this  case  equations  (37)  and 
(38),  Art.  48,  are  to  be  applied. 
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Let  us  take^  as  in  the  preceding  Articles^  the  rotation-axis  to 
be  the  r-axis ;  and  to  be  fixed  at  two  points  whose  distances 
from  the  origin  are  respectively  z^  and  z^ ;  let  the  pressures  at 
these  points  at  the  time  t  be  respectively  p^  and  p^ ;  and  let  the 
lines  of  action  of  these  pressures  be  (oj^  fi^,  y^),  {a^,  p^,  y^). 

Let  s.FCOSa 2.TZ  cosa be  abridging  symbols  of 

the  axial  components  of  these  pressures,  and  of  their  moments 
relative  to  the  axes ;  and  let  l,  m,  n,  as  in  Art.  77,  be  the  mo- 
ments of  the  axial  components  of  the  couples  of  the  impressed 
momentum-increments  at  the  time  t;  then  the  equations  of 
motion  are  /       d^af\ 


x.m\ 


2.fn\Y  —  '^j  —  2.FCOS/3  =  0, 
a.fii(z  — ^Tj)  —  s.pcosy  =  0; 

(1 


(35) 


a.»»  {y 


d'z 


/  d'x       d*z\ 


/  d*y       d*x 
^.m[x^-y^^ 


) 


=  N. 


(36) 


As  the  2^axis  is  the  fixed  axis,  it  is  more  convenient  to  transform 
the  last  of  these  into  its  equivalent  in  terms  of  angular  velocity 
by  an  independent  process,  than  to  take  the  general  equations 
given  in  (48),  (49),  (50),  Art.  79. 

Let  r  be  the  distance  from  the  rotation-axis  of  m,  whose  place 
at  the  time  t  is  {a,  y,  z) ;  and  let  0  be  the  angle  between  r  and 
the  plane  of  {x^  z),  which  plane  is  assumed  to  be  fixed  in  space ; 
let  »  be  the  angular  velocity  about  the  fixed  /s^-axis ;  so  that 


0)  = 


do 

Hence  we  have, 

0?  =  rcos^, 

••    di^ 

dt^ 
so  that  the  last  of  (36)  becomes 


d(a 
di 


dH 
dt*' 

y  =  rsin^; 


(87) 


=  —  w^rcos^  — rsin^-r:, 
at 

=  —  (tt^rsind-l-rcosd-rr. 
at 


5.wir* 


dt 


=  n; 
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and  as  -tt-  is  the  same  for  all  the  particles  of  the  systemi  it  may 
be  placed  outside  the  sign  of  summation^  and  we  have 

_  The  moment  of  the  impressed  momentum-increments    ^^ 
""  The  moment  of  inertia  * 

each  of  these  quantities  being  estimated  relatively  to  the  fixed 
rotation-axis.  The  form  in  which  this  equation  is  put  shews 
that  it  is  independent  of  the  particular  system  of  coordinate  axes 
which  has  been  taken.  It  is  indeed  identical  with  (47)^  Art.  78. 
By  it  the  angular  velocity-increment  about  the  rotation-axis  is 
given ;  and  therefore  by  integration  the  angular  velocity^  and  by 
a  subsequent  integration  the  angle  described  in  a  given  time 
may  be  found.  Thus  the  motion  of  the  body  about  a  fixed  axis 
will  be  determined. 

Before  however  we  proceed  to  examples  of  this  motion,  let  us 
shew  that  (38)  may  be  derived  immediately  from  first  principles ; 
for  this  process  will  remove  any  obscurity  which  may  attach  to 
its  meaning. 

Let  m  be  a  type-particle  of  the  body  or  system ;  let  r  be  its 
distance  from  the  rotation-axis  of  z,  so  that  if  0  is  the  angle  be- 
tween r  and  the  fixed  plane  of  {x,  z)^  the  linear  velocity  of  m  is 

r-yr.  and  the  linear  velocity-increment  is  r-rr^ ;  and  therefore 

the  moment  of  the  expressed  momentum  of  m  is  ^^-^72 '  ^^ 

that  relatively  to  the  axis  of  z  the  moment  of  the  whole  ex- 

d^e 
pressed  momentum-increment  is  s.mr^-^-^-;  and  therefore  if  n 

is  the  moment  relatively  to  the  same  axis  of  the  whole  impressed 
momentum-increment  in  an  unit  of  time^  by  D'Alembert^s  prin- 
ciple we  have  ,3^ 

d^e        dia  N 


dt^        dt        a.wr* 

I8O.3  With  respect  to  this  equation^  I  would  in  the  first  place 
observe^  that  if  the  lines  of  action  of  all  the  impressed  forces  are 
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parallel  to  the  axis  of  z,  which  is  the  rotation-axis,  n  =  0 ;  and 
that  d^a 

d$ 
••     rf/  =  ^' 
if  Q  is  the  angular  velocity  at  the  time  under  consideration;  so 
that  the  system  moves  with  a  constant  angular  velocity.  Hence 
also  d-a  =  o/, 

if  a  is  the  value  of  0,  when  /  =  0 ;  so  that  equal  angles  are  de- 
scribed in  equal  times.  This  is  a  particular  case  of  the  principle 
of  conservation  of  areas ;  see  Art.  59.  Thus,  if  a  heavy  body 
rotates  about  a  vertical  axis,  the  force  of  gravity  has  no  effect 
on  the  angular  velocity. 

131.]]  But  one  of  the  most  important  applications  of  this  the- 
orem is  the  motion  of  a  heavy  body  rotating  about  a  fixed  hori- 
zontal axis.  Let  us  take  the  system  of  axes  delineated  in  fig.  23 ; 
let  the  axis  ofz  be  vertical  downwards ;  let  the  y-axis  be  the  rota- 
tion-axis, and  let  0  be  the  angle  at  which  the  line  from  m  (x,  y,  z) 
to  the  y-axis  is  inclined  to  the  vertical  plane  of  (y,  z) ;  thus  the 
line  of  action  of  gravity,  which  is  the  only  force  acting  on  m,  is 
parallel  to  the  z-Bxis,  Let  o  be  the  centre  of  gravity  of  the 
body,  and  let  the  plane  passing  through  it  and  perpendicular  to 
the  axis  of  y  be  the  plane  of  (a?,  z) ;  so  that  as  the  body  rotates 
about  the  axis  of  y,  the  line  oo  moves  in  the  plane  of  (a?,z). 

Let  M  be  the  mass  of  the  body ;  oo  =  A  =  the  distance  of  the 
centre  of  gravity  from  the  rotation-axis ;  and  let  m  P  be  the 
moment  of  inertia  about  the  rotation-axis ;  let  G02;  =  d,  so  that 
as  $  increases  the  body  rotates  about  the  axis  of  y  from  the 

z-ms  to  the  <r-axis:  also  -z-  =  w  is  the  angular  velocity;  and 

is  the  same  for  all  particles  of  the  body.  Now  the  moment  of 
the  impressed  momentum  on  m  at  {x,  y,  z)  at  the  time  t  relatively 
to  the  rotation-axis  is  mgx,  and  tends  to  diminish  ^ ; .  so  that 
the  moment  of  the  momenta  impressed  on  all  the  particles  at  the 
time  /  —  —  %,mga; 

=  —  MyAsin^; 
and  the  moment  of  the  impressed  momentum  is  the  same  as 
if  the  whole  mass  were  collected  at  its  centre  of  gravity.    And 
thus,  from  (38),  we  have 
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It  ~       in? 

•       =-^8md;  (39) 

which  equation  gives  the  expressed  angular  velocity-increment 
about  the  rotation-axis. 

Let  us  multiply  both  sides  of  (39)  by  dO ;  and  let  us  suppose 
the  body  to  be  at  rest  when  0  ^  a\  then,  integrating  (39),  we 

^^®  dfi        2Qh 

-^  =  -^  (cos^  -  cosa) ;  (40) 

which  assigns  the  angular  velocity  in  terms  of  $.  From  this 
equation  it  appears  that  ^  =  0 ;  that  is,  that  the  angular  velo- 
city vanishes,  and  the  body  is  at  rest,  when 
e  =  a,  ^=:— a,  e  =  2ir  +  a,  ^  =  2w  — o,  ...  ^  =  2mw  ±  a; 
so  that  if  (40)  expresses  the  circumstances  of  the  body,  the  mo- 
tion of  it  is  oscillatory^  the  arc  of  vibration  being  double  of  that 
between  the  vertical  line  and  the  initial  position  of  the  line 
through  the  axis  and  the  centre  of  gravity ;  this  latter  being  the 
vertical  line  when  the  body  is  at  rest.  Hence  we  have  the  fol- 
lowing circumstances  of  motion  of  a  heavy  body  capable  of  oscil- 
lation about  a  horizontal  axis.  When  the  body  is  at  rest,  the 
perpendicular  from  its  centre  of  gravity  to  the  rotation-axis  is 
vertical ;  let  this  line  be  moved  through  an  angle  a,  and  let  the 
body  be  left  to  itself;  it  will  oscillate  through  an  angle  2  a,  the 
centre  of  gravity  ascending  to  equal  heights  on  both  sides  of  the 
lowest  point.  Such  an  oscillating  body  is  called  a  ^'  compound 
pendulum.'^ 

If  the  body  is  moving  with  an  angular  velocity  n  when  ^  =  a, 
the  equation  of  the  angular  velocity,  becomes 

rf^         ,        2gh  ,      ^  ^  ,.-, 

-^  —  n*  =  -p—  (cos^  —  cosa) ;  (41) 

but  as  this  is  of  the  same  form  as  (40),  so  far  as  integration  is 
concerned,  we  shall  inquire  into  the  properties  of  only  (40). 

Equations  (40)  and  (41)  are  evidently  those  of  vis  viva. 

182.]  Prom  (40)  we  have 

dt  = * ^ ;  (42) 

(2gh)^  (cos d  — cosa)* 

whence,  by  integration,  the  time  may  be  found  in  terms  of  0, 

and  the  whole  time  of  an  oscillation  may  be  determined. 

PKICE,  VOL.  IV.  F  f 
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This  equation  however  in  its  present  form  is  an  elliptic 
transcendent,  and  therefore  cannot  be  (as  it  is  said)  integrated.  If 
however  the  displacement  of  the  body  is -slight,  so  that  a  and  0 
are  both  small,  then  we  may  expand  cos^  and  cos  a,  and  neglect 
powers  of  0  and  a  above  the  second  ;  whereby  we  have 

cosO  =  1 5",  cosa  =  1 s" ' 

and  (42)  becomes 

dt  = — — ;  (43) 

igh)^  (a2-^»)* 

t  =  rcos-i-;  (44) 

if  /  =  0,  when  0  =  a;  and  therefore  if  t  is  the  time  of  a  small 
oscillation  of  a  heavy  body  about  a  horizontal  axis,  /  =  t  when 

^=~a,  and  ^^ 

T  =  -.  (45) 

Now  if  we  consider  a  heavy  particle  of  infinitesimal  dimensions 
attached  to  the  end  of  a  rigid  imponderable  rod  of  length  I,  and 
without  weight,  and  vibrating  about  a  horizontal  axis  perpen- 
dicular to  its  length,  to  be  a  perfect  pendulum,  then^  as  we  have 
shewn  in  Art.  357,  Vol.  III^  if  t  is  the  time  of  small  oscillation 
of  such  a  pendulum^  ,  ^ 

and  the  time  of  the  heavy  oscillating  body  is  identical  with  this^  if 

^  =  ^-  (46) 

Thus^  the  compound  pendulum  is  iaockronoua  with  a  perfect  pen- 
dulum of  the  length  I,  which  is  given  in  (46) ;  and  I  is  called  the 
length  of  the  simple  isochronous  pendulum. 

The  agreement  however  in  motion  between  the  compound  and 
the  simple  isochronous  pendulum  is  greater  than  the  preceding 
investigations  lead  to.  For  the  general  equation  of  a  heavy  parti- 
cle attached  to  the  end  of  a  rigid  and  imponderable  rod  of  length 
Ij  and  rotating  in  a  circle^  is^  see  Art.  359^  Vol.  Ill, 

d^^  9  '    ^ 

^,  =  -fsm^; 

and  this  equation  is  identical  with  (39)^  which  determines  the 
rotation  of  the  heavy  body,  if 
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and  hence  we  conclude  that  if  the  whole  mass  of  the  rotating 
body  is  condensed  into  a  particle  at  a  distance  /  from  the  rota- 
tion-ads along  the  line  which  passes  through  the  centre  of  gra- 
vity^ the  circumstances  of  equilibrium  and  of  motion  of  this  par- 
ticle would  be  identical  with  the  similar  circumstances  of  the 
body.  And  if  the  body  is  slightly  displaced  from  its  position  of 
stable  equilibrium^  and  oscillates  through  a  small  angle,  the 
time  of  an  oscillation  .j^ 

where  /  =  -r-i 

k  being  the  radius  of  gyration  of  the  body  about  the  rotation- 
axis^  and  h  being  the  distance  of  the  centre  of  gravity  from  the 
rotation-axis. 

The  point  o^  Fig.  23,  in  which  the  horizontal  rotation-axis 
pierces  the  vertical  plane  containing  the  centre  of  gravity,  is 
called  the  Centre  of  Suspension  ;  and  if  00  is  produced  to  c,  so 
that  oc  =  /,  c  is  called  the  Centre  of  Oscillation,  and  oc  or  /  is 
the  length  of  the  simple  pendulum  isochronous  with  the  body ; 
that  is,  if  the  whole  mass  is  collected  into  a  particle  at  c,  the 
circumstances  of  rotation  of  the  particle  thus  condensed  will  be 
the  same  as  those  of  the  body. 

Let  Isf  be  the  radius  of  gyration  of  the  body  relative  to  an  axis 
through  G,  and  parallel  to  the  rotation-axis;  then,  by  (129), 
Art.101,  ifl  ^  Isf^^h^; 


/  = 


h 


k^ 


=  A+^;  (47) 

.-.     (/-A)A=*'»;  (48) 

and  replacing  these  by  the  geometrical  quantities 
CO  X  GO  =  K^ 

=  a  constant.  (49) 

Now  this  equation  would  be  unaltered  if  the  places  of  o  and  c 
were  interchanged ;  whence  we  infer  that  if  c  is  the  centre  of 
oscillation  for  an  axis  oy  through  o,  o  would  be  the  centre  of 
oscillation  for  a  parallel  axis  through  c.  This  theorem,  as  it  is 
commonly  stated,  asserts  the  convertibility  of  the  centres  of  sus- 
pension and  oscillation.  As  the  length  of  the  simple  isochronous 

p  fa 
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pendulum  is  the  Bame  whether  c  or  o  is  the  centre  of  oscillation, 
so  the  time  of  oscillation  is  the  same  for  both  paraUel  axes. 

It  will  be  observed  that  we  have  the  same  expressions  for  the 
determination  of  the  centre  of  oscillation  and  the  centre  of  per- 
cussion relative  to  a  given  rotation-axis,  see  (23),  Art.  126 :  in  the 
latter  case,  however,  it  is  necessary  that  the  rotation-axis  should 
be  a  principal  axis  at  some  point  on  it,  and  the  centre  of  percus- 
sion should  be  in  its  principal  plane ;  here  no  such  restriction  as 
to  the  nature  of  the  axis  is  necessary.  We  have  hereby  a  method 
by  which  the  centre  of  percussion  may  be  practically  determined. 
Let  the  body  of  which  the  centre  of  percussion  is  to  be  found  be 
suspended  by,  and  made  to  vibrate  about,  the  relative  rotation- 
axis  ;  let  the  number  of  vibrations  in  a  given  time  be  noted ;  let, 
say,  n  vibrations  take  place  in  /  ;  then 

i  =  .(i)S 

n  \y' 

thus,  if  t  and  n  are  carefully  observed,  as  the  other  quantities 
are  known,  I  is  also  known ;  and  this  is  the  distance  of  the  cen- 
tre of  percussion  from  the  rotation-axis. 

133.]]  Before  we  enter  on  other  investigations  connected  with 
the  times,  &c.  of  oscillation  of  bodies,  let  us  determine  /  in  certain 
cases ;  and  for  this  purpose  we  shall  generally  find  the  second 
of  the  following  forms  the  more  convenient ; 

j_  ^  _^^ 
~   A  ""  mA 

_  The  moment  of  inertia  relative  to  the  rotation-axis    ^-. 
~  The  mass  x  the  distance  of  the  c.  of  or.  from  the  axis ' 

Ex.  1.  A  straight  heavy  wire,  of  length  2a,  vibrates  about  an 
axis  passing  through  its  end,  and  perpendicular  to  its  length : 
find  the  length  of  the  simple  isochronous  pendulum. 

.      4a 

that  is,  the  length  of  the  simple  isochronous  pendulum  is  two 
thirds  of  the  length  of  the  wire. 

Ex.  2.  A  wire,  in  the  form  of  the  arc  of  a  circle,  vibrates  about 
an  axis  passing  through  its  middle  point  and  perpendicular  to 
its  plane ;  prove  that  the  length  of  the  simple  isochronous  pen- 
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dulam  is  that  of  the  diameter  of  the  circle^  whatever  is  the 
length  of  the  wire. 

Let  p  and  o)  be  the  density  and  the  area  of  the  transverse  sec- 
tion of  the  wire ;  let  a  be  the  radius  of  the  circle ;  then  the  origin 
being  the  middle  point  of  the  wire,  the  equation  to  the  wire  is 
y2^^  =r  2ax; 

. • .     the  moment  of  inertia  =  pfnj  {a^-^y*)ds 

=  2ap(d  I  i 

Also  mA  =  po)  /  xds ; 

the  limits  of  integration  being  the  same  in  both  integrals;  so  that 

/  =  2a. 
Ex.  3.  Compare  the  times  of  vibration  of  a  thin  circular  plate 
about  axes  passing  through  the  circumference,  and  (1)  touching 
the  circle  and  in  its  plane;  (2)  at  right  angles  to  the  plane  of 
the  circle. 

The  moment  of  inertia  relative  to  a  tangent  =  — ^ — ; 

the  moment  of  inertia  relative  to  a  perpendicular  axis  =  — ^ —  ; 

and  in  each  case  uh  =  TtpTc?\ 

therefore,  if  /^  and  ^  are  the  lengths  of  the  corresponding  iso- 
chronous pendulums^ 

,   _  5a  7   _  8a 

and  if  /|  and  t^  are  the  corresponding  times  of  small  vibration, 

Ex.  4.  A  right  cone  oscillates  about  an  axis  passing  through 
its  vertex  and  perpendicular  to  its  own  axis ;  it  is  required  to 
find  the  length  of  the  simple  isochronous  pendulum. 

Let  a  =  the  altitude  of  the  cone ;  b  =  the  radius  of  the  cir- 
cular base;  then 

the  moment  of  inertia  =  ^^      (4a*  +  **) ; 

4 

therefore  .-.      /  =  1^!±^. 

5a 
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I{  a  =  b,  that  is^  if  the  cone  is  right-angled^  /  =  a ;  and  the  alti- 
tude of  the  cone  is  the  length  of  the  simple  isochronous  pen- 
dulum :  thus  the  centre  of  oscillation  is  in  the  centre  of  the 
base ;  so  that  the  times  of  oscillation  of  a  right-angled  circular 
cone  are  equal  for  axes  through  the  vertex  and  the  centre  of  the 
base  which  are  perpendicular  to  the  axis  of  the  cone. 

Ex.  5.  The  mass  of  the  particle  at  the  -end  of  a  perfect  pen- 
dulum of  length  a  is  M  :  to  determine  the  position  of  another 
particle  m  on  the  rod^  so  that  the  time  of  oscillation  of  the  whole 
pendulum  may  be  a  minimum. 

Let  jp  =  the  distance  of  m  from  the  centre  of  suspension ;  then 


dx  {mx  +  ua)^ 

if  mx  =  —Ma  +  a{M(M+m)}*; 

which  gives  two  values  for  x,  of  which  one  is  positive  and  the 
other  is  negative. 

Let  X  be  the  distance  from  the  centre  of  suspension  of  the 
centre  of  gravity  of  m  and  m,  when  m  is  in  its  required  position ; 
then  {u-\-m)x  =  mx  +  Ma ; 

x=  H-  a{ )  ; 

that  is^  the  centre  of  gravity  of  m  and  m  is  equally  distant  from 
the  centre  of  suspension  in  the  two  directions  along  the  rod.  Also 

m 

Ex.  6.  A  metronome  is  formed  of  a  heavy  rod  of  given  lengthy 
having  at  one  end  a  heavy  sphere  of  radius  r  and  mass  m,  at  a 
distance  a  from  the  rotation-axis^  which  is  perpendicular  to  the 
rod ;  another  sphere  of  radius  /  and  mass  m  slides  along  the  rod : 
to  find  the  point  at  which  the  centre  of  this  latter  sphere  must 
be  fixed,  so  that  the  whole  system  may  oscillate  n  times  in  a 
minute. 

Let  the  metronome  be  represented  in  Fig.  24^  wherein  the 
rod,  which  in  the  position  of  equilibrium  is  vertical^  is  slightly 
inclined  to  the  vertical. 

Let  the  plane  of  the  paper  be  the  plane  of  vibration^  and  let  o 
be  the  point  where  the  rotation-axis  pierces  the  plane.  Let  a  be 
the  centre  of  the  fixed  sphere,  oa  =  a ;  let  p  be  the  centre  of 
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the  sliding  sphere,  op  =  a? ;  let  ob  =  i ;  let  m  =  the  mass  of 
the  rod.    Then^  relatively  to  the  rotation-axis, 

ofm'=»i'(?^H-d?>) 

^f  ^  =  "^  [ 3 1' 

and  the  denominator  of  (60)  in  this  case 

A  — a        , 

so  that 

,        2  i?i(6r»-fl5a^)  +  m^(6/«4-16ar^)  +  5M(g»~a&4&')     .^.. 
15  2i»a-M(A-a)-2m'^  "'  ^  ^ 

As  the  metronome  is  to  oscillate  n  times  in  a  minute,  we  have 

n  \gf 

Let  L  =  the  length  of  the  second^s  pendulum ;  then 

and  therefore  I  =  — =—  l  ; 

and  if  we  substitute  this  in  the  left  hand  member  of  (51)^  the 
equation  contains  x  and  all  known  quantities ;  whence  x  may  be 
determined ;  and  the  rod  of  the  metronome  may  be  graduated  so 
that  the  system  will  oscillate  in  any  required  time. 

If  the  rod  is  very  thin,  as  is  the  case  with  the  ordinary  me- 
tronomes, M  may  be  neglected ;  and  we  have 

8600     _  m(2r»+  Sa*)  -f  w'(2/»  +  hsfl) 
n*        "~  ^{ma-'fnlx) 

Ex.  7.  A  pendulum  consists  of  a  rod  of  length  a  and  mass  m ; 
at  the  end  of  which  is  a  circular  plate.  Fig.  25,  of  radius  r  and 
mass  M,  so  arranged  that  the  plate  is  capable  of  sliding  on  the 
rod,  and  rests  on  a  nut  fixed  at  the  end  of  the  rod  ;  the  plane  of 
the  plate  is  always  in  the  plane  of  vibration ;  find  the  length  of 
the  simple  isochronous  pendulum ; 

The  moment  of  inertia  of  the  plate  =  m  1  -s"  +  («-"^)*  f  i 
The  moment  of  inertia  of  the  rod  =  m  -^ ; 
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and  mA  =  -jr-+M(a— r); 

_  3m (3y^ - 4ar  -f  2a»)  +  %mc?'  ^ 

'•  3{ma  +  2M(«-r)}         '  ^^ 

Let  us  suppose  the  temperature  to  vary  so  that  a  and  r  are 
increased  by  da  and  £/r  respectively ;  m  and  m  being  unaltered ; 
and  let  us  suppose  the  pendulum  to  be  compensating;  so  that 
/  remains  the  same^  whatever  is  the  temperature ;  then^  since 
d/  =  0^  we  have  from  (52) 

{6M>(2a»-4ar+r«)  +  mM(10a»-8ar-9r«)+2wi*a*}rfa 

=  Mrfr{6M(3r»— 6ar+2a>)+2ma(9r— 4a)}.  (58) 

In  the  most  common  form  of  compensating  pendulums  the 
straight  rod  is  made  of  steely  and  the  weight  consists  of  a  cylin- 
der of  mercury  which  is  fixed  at  the  end  of  the  rod,  the  axis  of 
the  cylinder  coinciding  with  the  rod,  and  the  base  of  the  cylinder 
resting  on  a  nut  at  the  end  of  the  rod.  The  amount  of  expan- 
sion of  the  rod  and  the  mercury  having  been  determined  by  ex- 
periment for  an  increase  of  one  degree  of  temperature,  and  the 
length  of  the  seconds'  pendulum  being  also  known^  the  quantity 
of  mercury  may  be  determined  by  a  process  similar  to  that  which 
we  have  just  explained*. 

134.]  The  convertibility  or  the  reciprocality  of  the  centres  of 
suspension  and  oscillation  of  a  pendulum  has  been  applied  by 
Capt.  Kater  to  the  determination  of  its  length ;  and  he  has 
hereby  obtained  means  for  determining  the  length  of  a  seconds' 
pendulum  at  a  given  place. 

Let  the  pendulum  consist  of  an  ordinary  thin  straight  rod^ 
and  a  heavy  disc,  as  in  Fig.  26.  At  the  points  o  and  c,  at  the 
distance  /  apart,  let  two  knife  edges  be  placed  parallel  to  each 
other,  and  at  right  angles  to  the  rod  of  the  pendulum  ;  so  that 
the  pendulum  may  vibrate  on  either  of  them,  as  in  the  diagrams 
of  the  figure,  where  it  rests  on  two  horizontal  and  parallel  plates. 
Let  a  small  weight  m  be  capable  of  sliding  on  the  bar,  and  of 
being  clamped  to  it  by  means  of  a  screw.     It  is  evident  that 

*  For  a  full  account  of  this  pendulum  I  must  refer  the  reader  to  a  Memoir 
by  Mr.  Francis  Bailey  in  the  Eighth  Volume  of  the  Memoirs  of  the  Royal  Astro- 
nomical Society  of  London,  for  the  year  1834  :  and  for  a  description  of  various 
other  kinds  of  compensating  pendulums  to  ''  Mechanics,*'  by  Capt.  Kater  and 
Dr.  Liardner ;  Longman  and  Co.,  London,  1830. 
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whether  o  or  c  is  the  centre  of  suspension  the  length  of  the 
simple  isochronous  pendulum  will  vary  according  to  the  place  of 
m ;  let  the  place  of  m  be  so  adjusted  that  the  times  of  oscillation 
may  be  the  same^  whether  the  pendulum  is  suspended  by  the 
knife  edge  at  c  or  by  that  at  o ;  so  that  oc  (=  /)  is  the  length 
of  the  simple  isochronous  pendulum ;  if  then  this  distance  oc  is 
carefully  measured,  the  length  of  a  simple  pendulum  is  accurately 
known  :  and  by  means  of  it  the  lengths  of  all  other  pendulums 
may  be  determined. 

Thus^  suppose  the  pendulum  above  described  to  make  n  oscil- 
lations in  a  given  time^  say  in  t ;  these  quantities  can  be  found 
by  means  of  an  astronomical  or  any  other  correct  clock,  by  the 
method  of  coincidences :  then 

-  =  n  (-)  .  (54) 

Let  L  be  the  length  of  a  seconds^  pendulum ;  then 

•••    L  =  $^;  (55) 

and  therefore  the  length  of  l  is  also  known. 

Now,  as  we  have  before  remarked^  ^,  which  is  the  velocity- 
increment  of  a  falling  particle  due  to  the  earth's  attraction  in  a 
second  of  time,  varies  for  different  places  on  the  earth^s  surface^ 
and  for  several  reasons^  as  we  have  explained  in  Arts.  224  and 
258,  Vol.  III.  It  is  important  to  have  means  of  determining  the 
value  of  g  by  observation ;  as  well  for  the  purpose  of  verifying 
the  theoretical  law,  as  for  determining  the  constants  which  enter 
into  Clairaut's  expression.  Art.  258,  Vol.  Ill ;  and  the  preceding 
theory  of  pendulum-motion  supplies  a  method.    From  (54),  we 

9  =  — ^a— '  (56) 

and  thus  when  n  and  t  have  been  determined  by  observation, 
and  /  by  direct  measurement,  all  the  quantities  in  the  right  hand 
member  of  this  equation  are  known.  So  that  from  (55)  and 
(56)  the  length  of  the  seconds^  pendulum,  and  the  velocity-incre- 
ment due  to  the  earth's  attraction,  which  is  usually  termed  ^^  the 
force  of  gravity,*'  may  be  found  at  any  given  place.  A  table 
containing  the  values  of  l  and  g  for  a  few  places,  with  their  lati- 
tudes N  or  s,  is  subjoined ;  the  observations  are  reduced  to  the 

PRICE,  VOL.  IV.  G  g 
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level  of  the  sea,  and  to  a  pendulum  vibrating  in  vacno^  at  a  tem- 
perature 62*^  of  Fahrenheit*. 


Name  of  Place. 

Latitude. 

Length  of 

Pendulum  in 

Inches. 

Gravity  in 
Feet. 

Name  of  ObMnrer. 

Spitzbergen 

Drontheim   

79°  49' 58"  N 
63<'25'54"N 
51<^l'  8"N 
48«5ai4"N 
40°42'43"K 
17°56'  7"N 
8°29'28"N 
33°55'15"8 

39.2146 

39.1745 

39.13929 

39.1308 

39.1016 

39.0351 

3.^.0199 

39.0787 

32.25294 

32.2198 

32.1910 

32.1838 

32.1598 

32.1052 

32.0ri33 

32.1409 

Sabine. 
Sabine. 

Eater,  Sabine. 
Biot^  Borda,  &c, 
Sabine. 
Sabine. 
Sabine. 
Freycinet 

London     

Paris     

New  York    

Jamaica    

Sierra  Leone    

Cape  of  Good  Hope 

These  results  shew  that  gravity  continually  increases  as  we  go 
from  the  Equator  to  the  Poles.  And  it  is  found  that  the  differ- 
ences between  the  observed  results  and  the  values  calculated 
according  to  theory  are  extremely  small. 

185.]  By  means  of  the  preceding  value  for  the  length  of  a 
pendulum  which  vibrates  isochronously  with  a  body  relative  to 
a  given  rotation-axis^  we  are  able  to  deduce  experimentally  the 
radius  of  gyration  of  a  body  relative  to  an  axis ;  and  consequently 
the  central  principal  radii  of  gyration^  and  thus  the  central  ellip- 
soid of  gyration. 

About  the  axis  relative  to  which  the  radius  of  gyration  of  the 
body  is  to  be  determined^  let  the  body  make  small  oscillations : 
let  T  be  the  time  of  an  oscillation,  which  can  be  observed  by 
means  of  a  clock ;  then 

T  =  IT  (-)  ; 

ff    A 

*  For  accounts  of  the  process  by  which  General  Sabine  determined  the 
lengths  of  the  pendulum  at  those  places  in  the  following  table  to  which  his 
name  is  attached,  see  "An  Account  of  Experiments  to  determine  the  Figure 
of  the  Earth  by  means  of  Pendulums  vibrating  seconds  in  different  latitudes, 
as  well  as  on  various  other  subjects  of  Philosophical  Inquiry,"  by  Edward 
Sabine,  F.  R.  S.,  &c.,  &c. ;  John  Murray,  London,  1825 ;  at  the  expense  of 
the  Board  of  Longitude.  See  also  three  other  papers  by  General  Sabine  in 
the  Philosophical  Transactions  of  1827. 
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Now  h,  which  is  the  distance  of  the  centre  of  gravity  from  the 
rotation-axis^  must  be  measored ;  and  we  have 

P  =  ^;  (57) 

.-.     M*»  =  ^w,  (58) 

if  w  is  the  weight  of  the  body.  Thus^  (57)  gives  the  radius  of 
gyration^  and  (58)  gives  the  moment  of  inertia  of  a  body  relative 
to  a  given  axis. 

If  the  axis  passes  through  the  centre  of  gravity  the  method 
fails^  because  h  =  0,  and  therefore  t  =  00 :  in  this  case  let  an- 
other rotation-axis  be  taken  parallel  to  the  given  one  through 
the  centre  of  gravity,  and  at  a  distance  h  from  it ;  then,  if  k  is 
the  radius  of  g3rration  for  the  axis  through  the  centre  of  gravity, 

T*  = — ; 

9        A 

.-.     Jt'»=^-A»,  (59) 

MA'a=^w-MA»;  (60) 

IT 

thus,  (59)  gives  the  radius  of  gyration,  and  (60)  gives  the  mo- 
ment of  inertia  about  an  axis  passing  through  the  centre  of  gra- 
vity. When  these  have  been  found  for  a  sufficient  number  of 
axes,  the  central  ellipsoid, of  a  body  may  be  constructed.  When- 
ever therefore  a  body  is  given,  however  irregular  its  bounding 
surface  is,  whatever  is  the  law  according  to  which  its  density  or 
the  distribution  of  its  elements  varies,  its  central  ellipsoid  can 
always  be  determined  by  the  preceding  method;  and  conse- 
quently every  curve  or  surface  connected  with  it,  or  which  may 
be  derived  from  it,  may  always  be  assumed  as  known. 

186.3  (Certain  general  properties  of  axes  of  vibration  of  a  body 
also  require  investigation.  Let  us  refer  the  body  to  the  centre 
of  gravity  as  origin,  and  to  its  central  principal  axes  as  coor- 
dinate axes.  Let  a,  b,  c  be  the  three  central  principal  moments 
of  inertia,  in  the  same  order  of  magnitude  and  about  the  same 
axes  as  we  have  assumed  them  to  be  in  the  preceding  Chapter. 
So  that  if  M^'^  is  the  moment  of  inertia  about  an  axis  (a,  )3,  y) 
passing  through  the  centre  of  gravity, 

M  *'»  =  A  (cos  a)2  H-  B  (cos  /3)2  +  c  (cos  y)».  (61 ) 

G  g  a 
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Let  all  axes  of  a  body,  relative  to  which  the  times  of  vibration 
are  equal,  be  called  isochronal;  then  for  an  axis  parallel  to  a  line 
(a,  ^,  y),  which  passes  through  the  centre  of  gravity^  and  at  a 
distance  from  it  equal  to  A, 

/=A+^'  (62) 

_  ^      A  (cos  g)^  4-  B  (cos  py  -f  c  (cos  y )» 

and  since  this  is  true  for  all  axes  parallel  to  (a,  )3,  y),  and  equi- 
distant from  it,  it  follows  that  all  axes  lying  on  the  surface  of  a 
right  circular  cylinder  whose  axis  passes  through  the  centre  of 
gravity  are  isochronal. 

Let  l—h=:K\  so  that  hh'  =  1^^;  then  as  an  axis  at  a  distance 
h'  from  the  centre  of  gravity  is  isochronal  with  a  parallel  axis  at 
a  distance  h,  so  all  axes  lying  on  the  surface  of  a  right  circular 
cylinder  whose  radius  is  h',  and  whose  axis  passes  through  the 
centre  of  gravity,  are  isochronal ;  and  are  isochronal  with  those 
which  lie  on  the  surface  of  the  coaxal  circular  cylinder  whose 
radius  is  A. 

From  (62)  it  appears  that  /  =  oo  when  A  =  0,  and  when  A  =  oo  ; 
so  that  there  is  some  value  of  A  between  these  limits  which  makes 
/  a  minimum.  Let  us  equate  to  zero  the  A-differential  of  (62) ; 
then  dli_         ^  _  A 

dh"  ^^  h^  "  ^' 
if    A  =  *'; 
•    .-.     /  =  2*';  (64) 

it  appears  then  that  for  all  parallel  axes  the  time  of  oscillation 
is  the  least  for  those  which  are  at  a  distance  k'  from  the  centre 
of  gravity  of  the  body,  where  *'  is  the  radius  of  gyration  of  the 
body  relative  to  a  parallel  axis  through  the  centre  of  gravity ; 
and  that  the  length  of  the  corresponding  simple  isochronous 
pendulum  is  2^,  In  this  case,  the  two  coaxal  cylinders  of  iso- 
chronal rotation-axes  become  identical ;  and  from  (62)  we  have 

/  ^  Q  j  A(cosa)>-hB (008/3)' -fc(cosy)g^* 

Since  I  =  2k^,  the  time  of  oscillation  depends  on  the  cen- 
tral radii  of  gyration,  and  is  least  for  an  axis  parallel  to  the 
least  radius  of  gyration ;  therefore,  from  (65),  /  is  the  least  when 
^cosjS  =  cosy  =  0 :  that  is,  when 
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=  2a, 
if  a  is  the  least  central  radius  of  gyration.  And  this  absolutely 
gives  the  least  time  of  oscillation  of  all  axes  about  which  a  body 
can  oscillate.  And  as  of  all  parallel  axes  that  which  is  at  a 
distance  equal  to  2  k'  from  the  parallel  central  radius  of  gyration 
yields  the  least  time  of  oscillation ;  so  of  all^  that  which  is  pa- 
rallel to  the  axis  of  the  greatest  moment  of  inertia  is  the  maxi- 
mum minimorum,  and  that  which  is  parallel  to  the  axis  of  the 
least  moment  of  inertia  is  the  minimum  minimorum,  and  the 
other  minima  are  intermediate  to  these. 

Some  examples  are  subjoined. 

Ex.  1.  Of  all  axes  passing  through  and  perpendicular  to  a  thin 
rod  of  length  2a,  that  at  a  distance  a  3~^  from  the  middle  point 
of  the  rod  is  the  axis  for  which  the  time  of  oscillation  of  the  rod  is 
the  least ;  and  the  length  of  the  simple  isochronous  pendulum  is 


Mh*- 


Ex.  2.  For  a  sphere  of  radius  r,  all  the  radii  of  gyration  passing 

/2\* 
through  the  centre  are  equal,  and  =  r  ^^  j  ;  so  that  the  axes  for 

which  the  time  of  oscillation  is  the  least  are  at  a  distance  from 
the  centre  equal  to  this  quantity ;  and 

"   5*' 
Ex.  3.  The  axis  for  which  an  ellipsoid  vibrates  in  the  shortest 
possible  time  is  parallel  to  its  greatest  principal  axis,  and  at  a 

distance  from  it  =  y — ^ — )  • 

137.]  Again,  since  all  central  equimomental  axes  lie  on  the 
surface  of  the  right  cone 

(a  -A)a^  +  (H  -  B)y2  +  (H  -  c)s?  =  0,  (66) 

where  h  is  the  moment  of  inertia  relative  to  any  axis  on  the 
cone,  this  is  the  locus-surface  of  all  axes  of  the  circular  cylinders 
of  equal  radius  A,  aU  lines  lying  on  the  surface  of  which  are  iso- 

chronal  axes ;  and  for  which  /  =  A  H r- . 

It  is  similarly  the  locus  surface  of  all  axes  of  the  circular 
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cylinders  of  equal  radius  h!^  all  lines  lying  on  the  surfaces  of  which 
are  isochronal  axes ;  and  for  which 

Ukh 
where  AA'  =  V^,  and  the  axes  lying  on  the  surfaces  of  all  the 
cylinders  are  isochronal. 

Thus^  if  two  spheres  of  radii  A  and  K  are  described  from  the 
vertex  of  the  cone  (66)  as  centre,  and  cones  are  described  touch- 
ing them,  coaxal  with  and  similar  to  the  given  cone,  all  generat- 
ing lines  of  these  two  cones  are  isochronal. 

Lastly,  let  us  determine  the  conical  surface  on  which  lie  all 
isochronal  axes  passing  through  the  given  point  {x^  y^  z^. 

Let  the  equations  to  one  of  these  isochronal  axes  referred  to 
the  centre  of  gravity  as  origin  be 

I  m  n 

=  {(^-^o)'  +  (y-yo)*  +  (^-^on*  =  *(8ay);(67) 

.  • .     A»  =  {ny^  -  m«o)«  +  {Iz^  -  nx^)^  +  (mxQ  -  ly^)^ ; 

,                           ,,„       AP-fBm*4-c«* 
and  A:  *  =  

M 

if  a,  by  c  are  the  principal  central  radii  of  gyration.  In  these  equa- 
tions, replacing  l,m,n  by  their  values  from  (67),  we  have 

^A*  =  («yo-y«o)*+(^'^^o-^^o)*+(y^o-^yo)^ 
=  (a?*+y*+5?«)(V+yo^4-V)-(^^o+yyo+««o)*; 

If  therefore  /  is  the  length  of  the  simple  pendulum,  isochronous 
with  the  body  about  each  of  the  axes  passing  through  (xQ^y^yZ^, 
Ih  =  A»-h*'»; 

M(^-^o)*+(y-yo)*+(«-^o)'}* 

{('2^yo-y«o)*+(^^o-^^o)*+(y«^o-^yo)*}* 
=  («yo--y'8^o)*+(^«o-«^^o)*+(y^o-^yo)*  + 

a*(a?~a7o)'+*'(y-yo)*+^(«-«o)*;  (68) 
which  is  evidently  the  equation  to  a  cone  of  the  fourth  degree. 
Let  the  origin  be  transferred  to  the  point  {x^,  y^j  Zq)  which  is  its 
vertex  ;  and  let        ^^2  ^  ys  ^  ^2  -.  ^  1 

then  (68)  becomes 
/r{r»ro2-(a?a?o  +  yyo  +  ««o)*}*  = 

r2ro*-(a?«fo+yyo+««o)*+«^*^+**y*  +  ^^-  (6^) 


Digitized  by  VjOOQIC 


139-]  ILLUSTRATIVE  EXAMPLES.  231 

138.]  The  following  problems  are  ia  further  iUustration  of  the 
principles  contained  in  the  preceding  Articles. 

Ex.  1.  A  vertical  rod  of  length  2  a  and  of  mass  m^  which  turns 
about  a  horizontal  axis  passing  through  the  upper  end,  is  struck 
by  a  blow  at  its  centre  of  percussion^  and  ascends  into  its  posi- 
tion of  unstable  equilibrium ;  determine  the  force  of  the  blow. 

Let  F  =  the  momentum  of  the  blow,  and  let  n  be  the  angular 
Telocity  which  is  thereby  given  to  the  rod  about  its  rotation-axis. 

Now  the  centre  of  percussion  is  at  a  distance  -^  from  the  rota- 

o 

tion-axis ;  so  that  hj  {6),  Art.  124, 

_     p 
~  au  ' 
d*e  3ff    .   ^ 

...     g-n.  =  1^(00..-!), 

since  -37  =  a,  when  ^  =  0 ;  and  when  the  rod  is  in  its  place  of 

.  .  de 

unstable  equilibrium,  $=ztt,  and  -^  =  0 ;  therefore 

n*  =  — —;        and         p  =  M(3a^)*. 

Ex.  2.  A  circular  plate  of  radius  a  and  mass  m,  capable  of 
rotation  about  a  horizontal  axis  which  is  in  its  plane  and  touches 
it,  is  struck  by  a  blow  at  its  centre  of  percussion,  and  ascends 
into  its  position  of  unstable  equilibrium ;  determine  the  blow. 

_    p 

""  au  ' 

...     n--^^;     and     p  =  ^(5«^)i 

139.]  Another  application  of  these  principles  has  been  made 
by  Capt.  Kobins,  to  the  determination  of  the  velocity  of  a  cannon 
ball. 

A  large  thick  heavy  board  is  suspended  by  a  fixed  horizontal 
axis ;  a  cannon  is  so  placed  that  a  ball  projected  horizontally 
from  the  cannon  strikes  this  board  at  rest  at  a  certain  point; 
and  the  board  revolves  through  an  angle,  which  is  observed.    It 
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is  required  to  determine  the  velocity  of  the  ball.  The  swinging 
board  with  its  axis  is  called  a  Ballistic  Pendulum.  A  verticfd 
section  is  given  in  Fig.  27. 

We  shall  suppose  the  ball  to  strike  the  board  at  right  angles 
to  its  plane,  and  to  remain  in  the  board  after  impact.    Let 

M  =  the  sum  of  the  masses  of  the  pendulum  and  ball. 

m  =  the  mass  of  the  ball. 
mA;^  =  the  moment  of  inertia  of  the  pendulum  and  ball. 

v  =  the  velocity  of  the  ball  at  the  instant  of  impact. 

c  =  the  angular  velocity  due  to  the  blow  of  the  ball. 

a  =  the  distance  of  the  point  of  impact  from  the  rotation-axis. 

h  =  the  distance  of  the  centre  of  gravity  of  the  masses  of  the 
pendulum  and  ball  from  the  rotation-axis. 
may 


n  = 


Mlfi 


_-rf  =  -/(cos^-l). 

Let  9  =  a,  when  rn  =  ^>  ^^^^  ^^9  ^hen  the  body  comes  to  rest. 

then 

/fnflv\«'      2A^,- 

as  all  the  quantities  in  the  right  hand  member  of  this  equation 

may  be  observed,  or  are  known,  v  is  also  known. 

We  may  determine  a  in  the  following  manner.    At  a  point  in 

the  board  at  a  distance  h  from  the  rotation-axis,  let  the  end  of 

a  ribbon  be  fastened,  and  let  the  rest  of  the  ribbon  be  wound 

tightly  round  a  reel ;  as  the  pendulum  ascends,  let  a  length  c  be 

unwound  from  the  reel ;  then  c  is  the  chord  of  the  angle  a  to 

the  radius  h,  so  that  a 

c  =  2  A  sin  ^; 


Mkc 

V  = 


(f)*i  <n) 


ma    ^h' 

k  is  determined  by  the  process  explained  in  Art.  135  ;  and  if  we 
replace  k  by  the  value  given  in  (57)  we  have 

y=i^T;  (72) 

Tram 
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and  if  h  and  m  are  replaced  by  tlieir  weights,  say  w  and  u?,  which 
are  proportional  to  them,  we  have 

v  =  ^^T.  (78) 

TTQW 

If  the  mouth  of  the  cannon  is  placed  near  to  the  pendulum,  the 
value  of  V,  given  by  this  formula,  must  be  nearly  the  velocity  of 
projection.  And  if  the  distance  of  the  pendulum  from  the  mouth 
of  the  gun  be  large,  so  that  the  velocity  of  impact  on  the  pen- 
dulum is  less  than  that  of  projection,  if  the  coefficient  of  resist- 
ance of  the  air  is  given,  we  may  by  the  process  of  Art.  302,  Vol.  Ill, 
estimate  the  diminution  of  velocity  due  to  the  resistance  of  the 
air,  and  thus  determine  the  velocity  of  projection. 

The  velocity  however  may  be  determined  in  the  following 
manner.  Let  the  gun  itself  be  suspended  by  a  horizontal  axis, 
and  thus  form  a  pendulum ;  when  the  gun  is  discharged,  it  will 
oscillate  by  reason  of  the  recoil ;  and  by  observing  the  times  of 
these  oscillations,  and  making  the  required  alterations  in  (73), 
the  velocity  of  projection  will  be  determined  :  w  will  represent 
in  this  case  the  excess  of  the  weight  of  the  gun  over  that  of  the 
ball,  and  c  and  a  must  be  similarly  altered.  ^ 

140.]  In  further  illustration  of  the  motion  of  bodies  about 
fixed  axes,  I  will  consider  the  motion  of  the  parts  of  certain 
machines,  in  which  certain  rotation-axes  are  fixed. 

Ex.  1.  Two  weights  mg  and  m'ff  are  connected  by  a  flexible 
and  inextensible  string  without  weight,  which  passes  over  a  given 
pulley  with  a  fixed  axis  and  a  rough  surface;  it  is  required  to 
determine  the  circumstances  of  motion  of  each  weight  and  of  the 
pulley. 

The  pulley  is  supposed  to  be  rough,  so  that  as  the  string 
moves  the  pulley  moves  with  it. 

Let  the  weights,  &c.  be  arranged  as  in  Fig.  17;  and  let  the 
symbols  be  those  of  Ex.  1,  Art.  46 ;  and  let  us  suppose  m  and  m 
to  have  the  initial  velocities,  &c.  of  that  example.  Let  m  =  the 
mass  of  the  pulley,  and  a  =  the  radius ;  then 

the  moment  of  inertia  of  the  pulley  =  m  -^ . 

Let  n  be  the  initial  angular  velocity  of  the  pulley  due  to  the  in- 
stantaneous initial  tensions  of  the  string ;  then,  by  (6), 

Ma^  /        /x 

—  n  =  a(r-.r); 

PRICE,  VOL.  IV.  H  h 
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also  V  =:  aa;  so  that 


T  =  tnu  —  ma  a,  } 


n  = 


(74) 
(75) 


T  =  mV  H-  m\ 

2(f»tt--mV) 
a(M+2w-f  2w»')' 
whence  the  initial  angular- velocity  of  the  pulley,  and  the  initial 
tensions  of  the  strings  are  known. 

Again, 
also  -jI^  =  ^  -jTa  '  -JTF  =  ~  fl  -jTTs  ;  (76) 


(77) 

(78) 
(79) 
(80) 


whence  by  a  further  integration  6  can  be  determined  in  terms  of 
/;  and  thus  the  space  will  be  known  through  which  m  or  m' 
will  move  in  a  given  time. 

If  we  replace  -^-^  in  (77)  by  its  value,  given  in  (78),  we  shall 

find  the  tensions  of  the  strings  at  any  time  t. 

If  the  weights  of  the  strings  are  taken  into  account,  the  equa- 
tion of  angular  motion  assumes  the  following  form  :  Let  p  =  the 
density,  w  =  the  area  of  a  transverse  section  of  the  string ; 
c  =  the  whole  length;  then,  if  m^^  is  the  moment  of  inertia  of 
the  pulley, 

d^$ 
(uk^  -^-ma^  -{-  m'  a^  -^  p<»ca^)  -TT^  =  a{m'-m')g  +  apaiff3P  --apiaga/ 

=  a  {m—m'  -^  pw(x— x')}  g. 

Ex.  2.  To  investigate  the  circumstances  of  motion  of  a  wheel 
and  axle,  the  weights  of  the  strings  being  neglected,  and  m  k^ 
being  the  moment  of  inertia  of  the  machine  relative  to  its  axis. 

Let  us  use  the  same  symbols  as  in  Ex.  2,  Art.  46,  and  those  of 


Ma*  d»e 
2    dt^^"^^    ''>' 

d*a!         d>e             d^x              d*0 
dt»  ~  "  dt^'           dt*  ~      "  dt* 

d*e  ' 

>• 

,   d'0 
T^mg  +  ma-^; 

.       dH  _      2{,m-m')g 
dt^  ~  a{u+2m  +  2m')' 

.      de                  2(m-m')gt 
'     dt      °  ~  o(M  +  2»»+2m')' 

dd*          _      Mm-m')g 
dt*               a(M+2m+2 

6 
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the  last  example ;  and  let  Fig.  18  represent  the  plan  of  the  wheel 
and  axle  when  projected  on  the  plane  of  the  paper. 

r  =  m«-mcn.  ) 

r  =  mu  +  wiVn ; )  ^     ' 

_      cmu—c'ftiiA 

whereby  the  initial  angular-velocity  of  the  machine^  and  the 
initial  tensions  of  the  strings  are  known. 


Afi'ain.  d'^Q 

T  =  mg^mc  ^; 


(83) 


MA:*--r-5r  =   CT  — CT  ; 

ar 
.      dH  _     {cm'-€ffn!)g  ^ 

whence  all  the  circumstances  of  motion  may  be  determined. 

If  p  =  the  pressure  on  the  axis  at  the  time  t,  it  is  equal  to  the 
weight  of  the  wheel  and  axle  together  with  the  tensions  of  the 
strings;  therefore 

p  =  M^-f  t  +  t' 

=  („  +  «  +  ^)^-  -^,_--,_^,^;  (85) 

„_  .   m»i'(c  +  c')«  +  (m  +  m')M^  _ 

=  "^+ uk*+m<^^m'c'* ^'  ^^^ 

that  is^  the  pressure  on  the  axis  is  less  than  it  would  be  if  the 
machine  were  at  rest ;  but  it  can  never  vanish. 

Ex.  3.  It  is  required  to  determine  the  motion  of  a  system  of 
wheels  and  pinions^  such  as  a  crane,  or  the  like,  the  power  at- 
tached to  the  first  wheel  being  p^  and  the  weight  attached  to  the 
last  pinion  or  axle  being  w. 

Whatever  is  the  form  of  the  system,  it  may  always  be  arranged 
as  in  Fig.  28 ;  where  we  have  taken  four  wheels  and  pinions : 
Cj,  Cg,  C3,  C4  are  the  centres  of  the  successive  wheels  and  pinions^ 
c^  being  that  of  the  axle  to  which  the  weight  w  is  attached.  Let 
the  pressures  between  the  successive  wheels  and  pinions,  whether 
due  to  the  action  of  teeth  or  to  friction,  be  t^,  t,,  t,  ;  let  a^,  6^, 
^1  ^s>  ^3*  ^8>  A4b  ^4>  ^6  the  radii  of  the  several  pinions  and  wheels  in 
order ;  and  let  h^,  h,,  h,,  H4  be  their  moments  of  inertia ;  let  t 
be  the  tension  of  the  string  to  which  the  weight  is  attached,  and 

H  h  2 
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t  the  tension  of  that  by  which  f  acts ;  let  h  be  the  mass  of  the 
weight  w,  and  let  p  =  mg ;  let  us  suppose  w  to  descend  in  the 
time  dt  through  a  space  dx,  and  p  to  ascend  through  a  space 
dx';  and  let  dO^,  dO^,  dd^^  d$^  be  the  angles  through  which  the 
wheels  rotate  in  that  time ;  then 
dx^^a^de^;  bide^  =  a^de^;  b^ddt^ a^de^;  b,d0^  =  a^det ;  M«4= -rfar'.  (87) 
For  the  translation  of  w  and  p,  we  have 

d*x 


T  =  W- 


dt* 


r=  W  —  a,  H 


d*0i  . 


t  =  v 


■  m 


dt* 
d*!tf 


=  p  +  bitn 


dt* 
dHt 


di* 


(88) 


(89) 


And  for  the  rotation  of  the  pulleys,  we  have 


H4 


'  dt* 
d*0^ 
*  dfi 

»  dt* 
d*6^ 


dt* 


-  ajT  — JiTj, 

=  <h'^i  —  bi1^, 

=  a^T,-b^t•, 


(90) 


whence^  by  a  simple  eliminatioD^  we  have 

+  M  (fli  a^  03  04)*  4- »» (*i  *2  *3  ^4)*  } 
=  a^a^a^ai{a^a^a^aA^-'b^b2b^biV}\  (91) 

and,  by  integration,  the  space  described  by  w  in  the  time  t  may 
be  found.  .,   ,  r  r  r  i.     j* 

Also,  from  (87),  -^  =  -  ^^^^  ^J  (92) 

and  thus  the  motion  of  f  may  be  determined. 

A  similar  process  may  of  course  be  applied,  whatever  is  the 
number  of  the  wheels  and  pinions. 

If  in  the  preceding  example  the  wheels  are  all  equal,  and  aU 
the  pinions  are  equal, 

^  {H(a«  +  a*i«+o»A*+i«)  +  Mo« +  »»*«}  =  a«{wo*-pft*}.  (93) 
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Ex.  4.  A  heavy  flexible  and  inextensible  string  of  given  length 
a,  is  wound  round  a  solid  cylinder  of  mass  m  and  radius  c,  which 
is  capable  of  rotation  about  its  axis,  which  is  horizontal ;  a  piece 
of  the  string  of  length  b  hangs  down,  so  that  the  cylinder  begins 
to  rotate ;  it  is  required  to  determine  the  motion  of  the  string 
and  of  the  cylinder. 

Let  the  circumstances  at  the  time  /  be  represented  in  Fig.  29 ; 
and  let  mA:^  be  the  moment  of  inertia  of  the  cylinder.  In  the 
time  /  let  a  chain  of  length  =  a;  =  cd  be  unwound  from  the 
cylinder ;  let  »  =  the  area  of  a  transverse  section^  p  =  the  den- 
sity of  the  string ;  then  the  weight  of  the  string  which  hangs 
vertically  at  the  time  t  =  p<iig{b-\-cO).  Let  t  =  the  tension  of 
the  string  at  the  point  v,  cv  =  x. 


T  =  p«(A  +  cd)  l^-c^J; 


and  the  moment  of  inertia  of  the  cylinder,  and  the  chain  wound 
round  it  at  the  time  t, 

=  MA:*-f/)a>(fl  — A— c^)c*; 
so  that  the  equation  of  rotation  of  the  cylinder  is 

=  pa>c(A  +  c^)  |^-c^|; 
dH  _  p(iiC{b-\-ce)g  ^ 

■■■  ^  =  in^F^  <»"+«")•         <»*) 

dS 
since  we  have  assumed  -ti  =  ^>  when  ^  =  0;  therefore  when 

cd  =  a— i,  that  is,  when  the  whole  chain  is  unwound, 

rfy  _   p<dg{a^-b^) 

dt^  ~   Mi^H-pcoac^  ' 
Again,  from  (94),  for  the  whole  time  spent  in  unwinding  the 
string,  we  have 

5     po^cff     ?*^^  r"-^     de 

which  gives  the  time. 
By  a  similar  process  we  may  determine  the  length  of  string 
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which  a  cylinder^  rotating  with  a  given  angular  velocity,  would 
wind  up  before  it  is  brought  to  rest. 

Ex.  5.  A  balance  has  equal  weights  in  the  scales^  and  oscillates 
through  small  angles^  the  beam  and  scales  moving  in  a  plane 
which  is  perpendicular  to  the  axis  of  vibration ;  it  is  required  to 
determine  the  circumstances  of  motion. 

Let  the  balance,  &c.  be  represented  in  Fig.  30,  in  which  the 
plane  of  the  paper  is  the  plane  of  motion  of  the  beam  and  scales^ 
and  the  axis  of  vibration  is  perpendicular  to  the  plane  of  the 
paper.  Let  o  be  the  point  where  this  axis  pierces  the  paper ;  let 
G  be  the  centre  of  gravity  of  the  balance  without  the  weights ;  let 

M  =  the  mass  of  the  balance, 
m  =  the  mass  of  each  weight  in  the  scales. 
M  ^*  =  the  moment  of  inertia  of  the  balance  relative  to  the 
rotation-axis. 
a  =  the  length  of  each  arm  =  ab  =  ba'. 
OB  =  b. 
00  =  A. 

Let  0  =  the  angle  between  ob  and  the  vertical  line ;  which 
angle,  as  well  as  its  ^-differential^  we  shall  assume  to  be  infini- 
tesimal^ 80  that  the  squares  and  higher  powers  may  be  neglected. 

Let  -rr  1  -TT  be  the  vertical  velocities  of  the  weights  in  the  scales 
at     at  ^ 

at  p  and  p'  respectively;  let  t  and  t'  be  the  tensions  of  the 
strings  at  a  and  a'  respectively.  We  shall  neglect  the  oscilla- 
tions of  the  scales  about  the  points  a  and  a'. 

The  perpendicular  distances  from  o  on  ap  and  a'p'  respectively 
are  acos^— isin^,  and  acos^  +  &sin^;  which  quantities^  as  6  is 
infinitesimal,  are  a—bS  and  a  +  bO,  So  that  the  equation  of 
rotation  is 

mA:2J^=  T(o-Ad)-T'(a  +  A^)-M^A^.  (96) 

Now        T  =  m(^-^),         T'  =  m(^-^); 

but      dx  =  rf(asin^-f  dcos^),      ^fcr'=  d(— asin(?-f-icos^) ; 

-J-  =  (acos^— ism^)  -^,         -rr  =  (— acos^— dsm(9)  -j^ ; 
at  at  at  at 

^  =  (acos^-6sm^)^,     -jjr  "=  (-acosi^-Asm^)  ^; 
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(97) 


=  'i, 


(99) 


80  that  (96)  becomes 

d^_  _  2m&-f M/i 

HO 
Let  a  be  the  value  of  6  when  -=-  =  0 ;  then 

at 

i  2w»a»  +  MA:»  )*         ,  ^ 

•*•     ^=17^ — I rr- (   C08-1-; 

((%mb  +  TAh)g)  a 

and  therefore  the  time  of  an  oscillation 

2ma^  +  yik^  )*. 
\(2mb  +  yih)gS    ' 
and  therefore  if  /  =  the  length  of  the  simple  isochronous  pen- 
dulum 2ma^-\-Mk^ 

141.]  We  must  now  return  to  equations  (35)  and  (36),  which 
determine  the  pressures  borne  by  the  fixed  ponts  of  the  axis 
during  motion  of  this  kind. 

As  the  J2^axis  is  fixed,  the  particles  of  the  system  have  no  mo- 
tion in  a  direction  parallel  to  that  axis^  so  that  for  all  particles 

d^z 

-yj=r  =  0 ;  and  therefore  from  the  last  of  (35), 

at' 

S.FCOSy  =  s.mz;  (101) 

and  as  neither  f^  cos  y^,  nor  v^  coa  y^,  enters  into  the  other  equa- 
tions, this  shews  that  the  sum  of  the  components  of  the  pressures 
along  the  ;2;-axi8  is  equal  to  the  sum  of  the  similar  axial  compo- 
nents of  the  impressed  momentum-increments  on  all  the  parti- 
cles ;  but  as  the  sum  only  is  given  each  pressure  is  indetermi- 
nate. This  case  is  similar  to  that  of  Art.  125,  and  admits  of 
a  similar  explanation. 

I  may  observe  in  passing,  that  if  the  axis  is  capable  of  sliding 
in  the  direction  of  its  length,  then  the  motion  of  all  the  particles 
of  the  body  along  that  line  will  be  derived  from  the  equation 


d^z) 
2.m 


d^z 
and  as  -^  will  be  the  same  for  all  the  particles,  if  m  =  the  mass 

of  the  body,  d^z      a.mz  ,,^^. 
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whereby  the  longitudinal  displacement  of  the  axis  may  be  de- 
termined. 

The  components  of  the  pressures  at  the  fixed  points^  which 
are  perpendicular  to  the  axis^  enter  into  the  first  two  equations 

of  both  (35)  and  (36).     In  these  let  us  replace  -jj^  and  ^-|  by 

their  equivalents^  given  in  Art.  129,  in  terms  of  <»  ;  then  these 
four  equations  become 

dia 

IT 


Pj cos 01  +  ^2^^^^  =  a)*2.»ia?  -h  -^^2.my  +  2.mx, 


0) 


>    (103) 


(104) 


•  d(a 

v^z^co^Oy-^-v^z^co^o^  =  i£r7„mxz  -\ — j-  ^.myz  -f  m  ; 

from  which  equations  the  components  of  the  pressures  perpen- 
dicular to  the  rotation-axis  may  be  determined.  It  is  worth  while 
to  consider  the  forms  which  the  preceding  equations  take  rela- 
tively to  certain  axes  of  the  body. 

(1)  Lotus  suppose  the  rotation-axis  to  be  a  principal  axis  of 
the  body ;  and  let  us  moreover  take  the  origin  at  its  principal 
point;  then  %.myz  =  ^,mzx  =  0;  and  (104)  become 

Pj  ^  cos/3i  +  Pa  z^  cosft  =  -  l,  ) 
Pj  «i  cos  a^  +  Pg  z^  cos  Oj  =  M  ;  ) 
from  which,  with  (103),  the  pressures  may  be  determined. 

(2)  Ijet  us  suppose  the  rotation-axis  to  be  a  central  principal 
axis,  and  the  centre  of  gravity  to  be  the  origin ;  then 

^,myz  =  2.mzx  =  0 ;     2.mx  =  s.wy  =  0  f 
then  (104)  and  (103)  become  respectively  (105),  and 

Pi  cos  ttj  4-  Pg  cos  og  =  s.mx,  )  ^^ 

Pi  cos/3i  +  Pg  cos/Sg  =  s.mY  ;  > 
whence  we  have 

Picosoi  =  -^ — ' — ,          Pjcosft  =  -'-— - — ;      (107) 
Pgcoscu  = ,     P2C08)3-  =  — ;  (108) 

^2  —  ^1  ^2~^1 

If  the  points  of  support  of  the  axis  are  equally  distant  from  the 
centre  of  gravity,  so  that  ^2  =  ""^ij  then 
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P^cosai  =    '    ^^^    ,        PjCosiQi  =  -^^-j^ ;   (109) 

Pjcoso,  =  -i-^~ ,         Pacos^a  =  -1-^- .   (110) 

(3)  If  no  forces  act  on  the  syBtem,  so  that  x  =  y  =  z  =  0  for 
all  particles ;  and  l  s  m  =:  n  =  0;  then  the  body  rotates  about 
the  fixed  axis  with  the  constant  initial  velocity  a. 

And  if  moreover  the  rotation-axis  passes  through  the  centre  of 

gravity,  so  that  a.wia?  =  a.wy  =  0 ;  then,  from  (103)  and  from 

(101),  we  have  ^ 

?!  cos  a|  +  p,  cos  0,  =  0,  -j 

Pi  cos/3i  +  Pa cos)8a  =  0,   I  (111) 

Pj  cosy^  +  ^a  cos  ya  =  0 ;  J 

whence  we  have  __ 

^'"Z^^'  [  (112) 

so  that  the  pressures  at  the  fixed  points  are  equal  and  opposite, 
and  act  along  parallel  straight  lines;  they  therefore  form  a 
couple,  the  effect  of  which  would  be  to  alter  the  rotation-axis 
of  the  body,  were  two  points  on  the  axis  not  fixed. 

(4)  Moreover,  if  the  rotation-axis  is  a  central  principal  axis 
and  no  forces  act  on  the  system,  in  addition  to  (111)  we  have, 
from  (104).         r^^co^p^  +  j,^,co8)8,  =  0,  i  ^^^^^ 

ViZiCO^Oi  +  Pa^coso,  =  0 ; ) 
and  therefore  p^  =  —  p,  =  0 ;  and  no  pressure  exists  at  the  fixed 
points  in  the  rotation-axis.  This  result  agrees  with  that  of 
Art.  93,  wherein  it  is  proved  that  the  couple  of  the  centrifugal 
forces  vanishes  for  all  points  on  a  central  principal  axis.  Hence 
it  is  that  such  axes  are  called  permanent  axes,  and  are  axes  of 
no  pressure ;  they  are  therefore  those  axes  about  which  a  body 
will  rotate  freely,  and  without  fixed  points  in  themi  when  no 
forces  act. 

142.]  The  following  are  various  applications  of  the  preceding 
results  to  certain  particular  Examples. 

Ex.  1.  A  heavy  sphere  revolves  uniformly  about  a  vertical 
chord,  which  is  fixed  at  the  two  points  where  it  meets  the  sphere. 
Determine  the  pressures  at  the  points. 

Let  the  radius  of  the  sphere  s:  a ;  the  mass  of  the  sphere 
=  M ;  2c  =  the  length  of  the  chord  ;  so  that  the  distance  of  the 
chord  from  the  centre  =  (a*— c^)^.     Let  «»  =  the  angular  velo- 

PBICE,  VOL.  IV.  ^  ^  i^  T 
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city  of  the  sphere.  Let  the  given  chord  be  the  z-bjis,  and  let 
the  plane  of  {x,  y)  be  that  in  which  the  centre  of  the  sphere 
moves ;  then 

s.mx  =  2.WY  =  0;  s.mz  =  — m^;  ^.myz  =  %,mzx  =  0; 
and  at  the  time  t  let  us  suppose  the  centre  of  gravity  to  be  in 
the  ar-axis ;  so  that  %.mx  =•  M(a*— c^ji^  ^f^^y  -.  q.     Also 

z^^c,    z^^-^c,    and     l  =  0,     m  =  M^(a*— c*)*; 
from  (108)  and  (106)  we  have 

p,cosai  =  |-(«»  +  ^)(a«-c«)*; 

PaC0sa,=    J-(a>»-^)(a«-c«)*; 

FiCOS)3i  =  —  PgCOSjSj  =  0; 

Pj  COS  Vi  +  Pg  cos  72  =  —  My. 

Ex.  2.  A  heavy  cube  makes  a  complete  revolution  about  one 
of  its  edges^  which  is  horizontal  and  is  fixed  at  the  two  angles  of 
the  cube :  find  the  pressures  on  these  points  when  the  centre  of 
gravity  of  the  cube  is  in  its  lowest  position. 

Let  a  =  the  length  of  the  edge  of  the  cube ;  m  =  the  mass ; 
and  let  the  system  be  referred  to  a  system  of  coordinate  axes 
which  is  delineated  in  Fig.  29 ;  where  the  edge  of  the  cube, 
which  is  the  rotation-axis,  is  the  ;8r-axis;  a  and  a'  its  extremities 

are  the  fixed  points^  each  of  which  is  at  a  distance  ^  from  the 

origin^  the  origin  being  taken  at  the  middle  point  of  the  edge^ 
and  the  plane  of  {x^y)  being  that  in  which  g^  the  centre  of  gravity 
of  the  cube^  moves ;  at  the  time  t  let  the  plane  passing  through 
the  rotation-axis  and  the  centre  of  gravity  be  inclined  at  an 
angle  0  to  the  plane  of  {x,  z),  so  that  oo^  =  0 :  now^  if  A  is  the 
distance  of  the  centre  of  gravity  from  the  rotation-axis,  and  k  is 
the  radius  of  gyration  relative  to  the  rotation-axis, 

also        s.mx  =  m^,        s.mv  =  0,        s.mz  =  0; 
L  =  0,         M  s  0,         N=— MjfAsin^; 
%.mx  =  uhQ0%6,      s.my^MAsin^,      :g.mje  =  0; 
^,fnyz:=Oj  2.ma^0  =  O; 

d^B  _       My  A  sing 
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dO^        2  ah 

because  ^jr  =  0,  when  d  =  tt  ;  and  therefore  at  the  lowest  point, 
when^  =  0,  dd*         .        4gh 

Also,  by  (103),  we  have  at  the  lowest  point,  when  ^  =  0, 

Pl  cos  Oji  +  Fg  cos  a,  =   2.m[T  —  ^rj  j 

.'•     Pj  cos tti  +  P2 ^®*  <H  =  4m^,  j 
Pj  cosjSj  +  Pj  cosjSg  =  0. 
And  from  (75),  Pj^cosjSi-^PaCOSjd,  =  0, 

Pi  cos  a^  —  P3  cosoj 
also  Pj  cos  71  +  p,  cosyg 

so  that  the  whole  pressure  on  the  axis  is  equal  to  four  times  the 
weight  of  the  cube. 

Ex.  8.  A  heavy  sphere  revolves  about  a  horizontal  tangent 
and  makes  a  complete  revolution ;  the  rotation-axis  is  fixed  at 
points  equally  distant  from  the  point  of  contact :  find  the  pres- 
sure on  the  axis  when  the  sphere  is  in  the  lowest  position. 

Let  us  adopt  the  notation  and  arrangement  of  the  last  ex- 
ample; then  7  at 

_  =  ^(eos^  +  l) 

=  l^(cos^-hl); 
therefore  at  the  lowest  position,  o)*  =  -^ ; 

..       PiCOSOi  +  PgCOSOj  =  -=-M^,     I 

Pi  cos/3i  +  Pa  cosi^a  =  0 ;  J 

Pi  cosft  —  Pa  coSjSa  =  0,  -^ 
Pj  cos  Oj  —  Pa  cos  Oj  =  0,    I- 
?i  cos  yi  +  Pa  cos  y,  =  0 ;  J 
so  that  the  whole  pressure  on  the  axis,  when  the  sphere  is  in  its 

27  27 

lowest  position,  is  -=-  m^  =  -=- w,  if  w  =  the  weight  of  the  sphere. 


^1 
P, 


1 1  2 
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Ex.4.  A  heavy  rod  of  length  a  and  of  mass  m  is  fixed  at  its 
two  ends  in  a  horizontal  position ;  one  support  is  removed^  and 
the  rod  turns  about  the  other  end :  find  the  pressure  at  this 
latter  end  when  the  motion  begins. 

In  this  case,  for  the  angular  motion  of  the  rod  at  the  time  t 
we  have  d*$  Sa    . 

17^  =  - if  •"»<'• 

and  since  -n  =  0,  when  $  =  90*^, 
at 

at*         a 
Thus,  from  (103)  and  (104),  when  6  =  90^,  we  have 

Pj  cos  oj  +  F2  cos  a,  = ^  +  ug 

Pl  COSjSj  +  Fj  COl/Sj  =  0* 

PiC0s/3i  — PjCOSjSj 

Pjcosoi  — Pa 

so  that  while  the  rod  is  at  rest  on  its  two  ends,  each  support 
bears  one-half  of  the  weight ;  and  if  the  support  is  removed,  the 
pressure  on  the  other  is  immediately  diminished  to  one  fourth 
of  the  weight  of  the  rod. 


Pjcos/Sj  =  0,  ^ 
Pjcos/Sa  =  0,  L 
Pa  cos  a,  =  0 ;  J 
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CHAPTER    VI. 

THE  ROTATION   OP  A  RIGID   BODY,  OR  OP  AN  INVARIABLE 
SYSTEM,  ABOUT  A  PIXBD  POINT. 

Section  1. — The  rotation  of  a  rigid  body  about  a  fixed  point 
under  the  action  of  inatantaneout  forces. 

143.]  When  a  rigid  body,  or  any  system  of  particles  of  in- 
variable form^  moves  with  one  point  of  it  fixed^  it  is  evident  that 
it  admits  only  of  rotation  about  an  axis  passing  through  that 
fixed  point ;  generally^  the  position  of  this  axis  will  continuously 
vary^  and  will  describe  one  cone  fixed  in  the  moving  body,  and 
another  cone  fixed  in  space,  which  two  cones  touch  each  other, 
and  the  line  of  contact  of  which  is  the  instantaneous  axis :  it  is 
also  evident  that  any  given  particle  of  the  system  will  move  on 
the  surface  of  a  sphere  whose  centre  is  the  fixed  point. 

We  shall  suppose  the  form,  matter,  and  den»ity  of  every  part 
of  the  moving  system  to  be  given ;  and  therefore  the  position  of 
the  principal  axes,  and  the  principal  moments  of  inertia  relative 
to  the  fixed  point,  will  also  be  assumed  to  be  known :  these  latter 
we  shall  take  to  be  a,  b,  c,  as  in  Chap.  IV ;  and  we  shall  assume 
the  order  of  magnitude  to  be  the  same  as  that  of  Art.  98 ;  viz., 

A  <  B  <  c:  (1) 

we  shall  also  assume  the  position  of  the  principal  axes,  as  well  as 
the  values  of  the  principal  moments  of  inertia,  to  be  given  at 
every  point  of  the  system. 

Let  the  fixed  point  be  the  origin ;  and  at  it  let  two  systems  of 
coordinate  axes  originate ;  one  of  which  we  assume  to  be  fixed 
absolutely  in  space,  and  the  other  to  be  fixed  in  the  body  and 
to  move  with  it :  this  latter  system  we  will  take  to  be  the  system 
of  principal  axes  which  originates  at  the  point,  because  our  ex- 
pressions will  be  much  simplified  thereby.  The  motion  of  the 
body  will  be  in  the  first  place  referred  to  this  latter  system  in 
terms  of  the  angular  velocities  about  the  principal  axes ;  and  the 
incidents  of  its  motion  in  space  will  be  thence  inferred  by  means 
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of  the  connecting  equations  (103),  (104),  (105)  of  Art.  42,  or 
some  equivalents  of  them. 

The  general  investigation  will  consist  of  two  parts,  according 
as  the  system  is  under  the  action  of  instantaneous  forces  or  of 
finite  accelerating  forces.  We  shall  consider  the  effects  of  in- 
stantaneous forces  in  the  present  section,  and  in  the  succeeding 
section  those  of  finite  accelerating  forces ;  and  in  each  case  I 
shall  inquire  into  the  resulting  angular  velocity,  the  position  of 
the  rotation-axis,  the  pressure  on  the  fixed  point,  and  the  other 
incidents  of  motion. 

144.]  For  the  sake  of  simplicity,  we  will  suppose  the  body  to 
be  at  rest  at  the  time  when  the  instantaneous  forces  act  on  it. 
Let  us  first  refer  all  the  elements  to  the  system  of  axes  fixed  in 
space ;  and  let  the  axial  components  of  the  impressed  momenta 
be  2.mYg,  s.mvy,  s.mv, ;  and  if  the  force  is  a  single  blow  which 
impresses  a  momentum  q,  let  q«>,  q,,  q«  be  its  components.  Let 
(^9  y,  z)  be  the  initial  place  of  m;  let  p  be  the  pressure  at  the 
origin  due  to  the  forces,  and  let  A,  fx,  v  be  the  direction-angles 
of  its  line  of  action  ;  then  the  equations  of  motion  are 

2.n»  (vjr—  ^)  —  PCOsX  =  0,   * 


2.m(vy-^)— pcosfi  =  0,   I 
2.m(v,—  ^)  — pcosv  =  0; 


(2) 


s.m 


(3) 


Let  these  equations  be  transformed  into  their  equivalents  in 
terms  of  angular  velocities,  as  in  Art.  73.    Let  n  be  the  angular 
velocity  which  results  from  the  instantaneous  forces,  and  let 
xiy,  fly,  At  be  its  axial  components ;  then  (2)  become 
j.wv^— nj^.m^f  +  njS.my— PcosA  =  0,  ■\ 
s.mvy— OjS.mirH-fliS.m^r— PCOSM  =  0,    L  (4) 

2.»iv^— ni^.my+nj^e.ma?— pcosv  =  0;  J 
from  which,  or  from  (2),  the  pressure  at  the  fixed  point,  and  the 
direction-cosines  of  its  line  of  action,  may  be  determined. 
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Let  us  replace  (8)  by  their  equivalents  in  terms  of  angular 
velocities^  about  the  principal  axes  fixed  in  the  body  and  moving 
with  it ;  let  o  be  the  moment  of  the  couple  of  the  impressed 
momenta^  or  of  the  blow^  if  this  motion  is  due  to  a  blow  ;  and 
let  iq,  M^,  N^,  be  the  axial  components  of  the  moment  of  this 
couple  relative  to  the  three  principal  axes  ;  and  let  a^,  a^,  c^he 
the  axial  components  of  the  instantaneous  angular  velocity. 
Then,  by  the  reduction  which  has  already  been  made  in  Art.  92^ 
the  equations  (3)  become 

AHi  =  Lp  BHa  =  Ml,  COj  =  N^  :  (5) 

these  equations  determine  the  axial  components  of  the  angular 
velocity  relative  to  the  principal  axes  fixed  in  the  body  and 
moving  with  it.  From  these  the  angular  velocities  relative  to 
the  three  axes  fixed  in  space  may  be  found,  by  means  of  the 
equations  given  in  (87),  Art.  40 ;  and  thus  the  position  of  the 
initial  rotation-axis  is  absolutely  determined. 

The  preceding  equations  admit  of  dissection,  and  of  deduction 
firom  first  principles,  in  a  manner  similar  to  that  which  has  been 
employed  in  Art.  81  and  82.  It  is  consequently  unnecessary  to 
repeat  it. 

145.]  From  (5)  we  have 

n,  =  ^.         «.  =  ^,         0.  =  ^;  (6) 

and  if  a,  )3,  y  are  the  direction-angles  of  the  instantaneous  rota- 
tion-axis, 

cosa  =  -^,       cos/3  =  ^-,       cosy  =  •^,  (8) 

A  ft  A 

=  i3L;  =J!!L;  =i.  (9) 

AA  BA  CA  ^    ^ 

whence  a  and  the  direction-angles  of  its  rotation-axis  are  known. 

Hence  the  equations  to  the  instantaneous  and  initial  rotation- 

axi.-e  -^ly^fl.  (10) 

Li  Ml  Nj 

As  Li,  Ml,  Ni  are  the  axial  components  of  the  moment  of  the 
impressed  couple,  or,  as  Poinsot  calls  it,  of  ''the  couple  of  im- 
pulsion,^ the  equations  to  its  axis  are 

^  =  i^  =  ^;  (11) 

lil  Mj  N| 
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and  the  equation  to  its  plane  is 

I^X  +  M^y  +  Nj;?  =  0.  (12) 

Now  these  expressions  admit  of  the  following  interpretation : 
In  reference  to  the  principal  axes  fixed  in  the  body,  the  equation 
to  the  momental  ellipsoid  is 

A^  +  By«  +  C2;a  =  fi;  (18) 

relatively  to  which  the  equations  to  the  axis  conjugate  to  the 
plane  (12)  are^  see  Art.  14, 

J^=iy    =    «;  (14) 

but  these  are  the  equations  to  the  instantaneous  initial  axis. 
Hence  we  have  the  following  theorem  : 

The  instantaneous  axis  of  rotation,  due  to  a  given  impressed 
couple,  is  the  axis  of  the  momental  ellipsoid  which  is  conjugate 
to  the  plane  of  the  couple.  Hence,  if  the  momental  ellipsoid  of 
the  moving  system  is  constructed,  and  a  plane  is  drawn  touching 
it,  and  parallel  to  the  plane  of  the  couple  of  impulsion,  the  cen- 
tral radius  vector  of  the  ellipsoid  drawn  to  the  point  of  contact 
is  the  instantaneous  axis. 

Let  the  point  where  the  instantaneous  axis  meets  the  ellipsoid 
be  called  the  Instantaneous  Pole ;  then  the  tangent  plane  of  the 
ellipsoid  at  the  instantaneous  pole  is  parallel  to  the  plane  of  the 
couple  of  impulsion. 

Also,  the  initial  angular  velocity  varies  as  the  square  of  the 
central  radius  vector  of  the  momental  ellipsoid,  which  coincides 
with  the  initial  rotation-axis.  For  if  (x,  y,  z)  is  the  initial  in- 
stantaneous pole,  and  a  is  its  distance  from  the  centre  of  the 
ellipsoid, 

a?  _   y  _   jP        R 
ni"  ■■  n^  "  fl^  "  ft 

_   (    Aa?'-hBy^-fcg'   )  * 

""     (Afti*  +  Bft,2  +  Cft32) 
{Ljfti+Miftj  +  Niflj}* 


{OftCOS^)}^ 

if  4>  is  the  angle  between  the  initial  rotation-axis  and  the  axis  of 
the  couple  of  impulsion ;  and  therefore 

R^GC0S<f>  ,ip.v 

ft  = ^;  (15) 
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that  is,  the  initial  angular  velocity  varies  as  the  square  of  the 
central  radius  vector  of  the  ellipsoid  which  coincides  with  the 
initial  rotation-axis^  and  as  the  component  relative  to  that  axis 

of  the  moment  of  the  couple  of  impulsion.     Also,  as  ~  is  the 

moment  of  inertia  relative  to  that  axis,  the  preceding  equation 
is  the  form  which  the  equation  (16),  Art.  73,  takes  in  this  parti- 
cular case. 

Hence,  if  a  body  rotates  about  an  axis  passing  through  a 
fixed  point,  the  plane  of  the  momental  ellipsoid  conjugate  to  that 
axis  is  the  plane  of  the  couple  which  instantaneously  impressed 
in  an  opposite  direction  will  bring  the  body  to  rest ;  and  if  the 
axial  components  of  the  angular  velocity  of  the  body  at  that 
instant  are  a>|,  0)3, 0)3,  and  o'  is  the  moment  of  the  couple  which 
reduces  the  body  to  rest, 

o'»  =  A«a)i«  +  B^wa^  +  c»ci>g« ;  (16) 

and  the  equation  to  the  plane  in  which  the  couple  must  be  im- 
pressed is  j^^^jp  +  Bitfjy  -h  ccD3«  =  0 ;  (17) 

we  shall  hereafter  shew  that  0'=  g,  and  that  the  position  of  this 
plane  in  space  is  invariable. 

If  the  plane  of  the  couple  of  impulsion  is  a  principal  plane  of 
the  momental  ellipsoid,  the  instantaneous  rotation-axis  is  the 
axis  of  the  couple ;  but  for  no  other  plane  of  impulsion  will  the 
axis  of  the  couple  be  also  the  instantaneous  rotation-axis.  Hence, 
if  a  body  is  rotating  about  a  principal  axis,  it  may  be  brought  to 
rest  by  a  couple  whose  axis  is  that  rotation-axis ;  but  in  no  other 
case  will  the  axis  of  the  couple  which  brings  the  body  to  rest 
coincide  with  the  rotation-axis. 

Hence  also,  if  a  body  is  rotating  about  a  given  axis,  and  a 
blow  is  given  to  the  body  whence  a  couple  of  impulsion  arises,  if 
the  plane  of  this  couple  is  conjugate  to  the  original  axis  of  rota- 
tion, no  change  of  rotation-axis  is  caused ;  but  if  the  plane  of 
the  couple  of  the  blow  is  not  conjugate  to  the  previous  rotation- 
axis,  a  change  of  axis  takes  place.  And  therefore  if  a  body  is 
rotating  about  a  principal  axis,  and  a  blow  is  given  to  the  body 
which  produces  a  couple  whose  axis  is  that  principal  axis,  the 
position  of  the  rotation-axis  will  be  unaltered,  and  there  will  only 
be  a  change  of  angular  velocity. 

I  may  observe,  that  if  the  axes  fixed  in  the  body  are  not 
principal  axes,  equations  (32),  Art.  76,  will  take  the  place  of 
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(5),  and  the  equation  of  the  momeutal  ellipsoid  would  be  (114), 
Art.  98 ;  it  is  therefore  unnecessary  to  repeat  them  here.  From 
these  equations  however  the  same  geometrical  interpretation  as 
that  which  we  have  just  arrived  at  may  be  deduced. 

It  is  to  be  observed,  that  cos  a,  cosjd,  cosy  are  independent 
of  G,  the  moment  of  the  momentum  of  the  couple  of  impulsion ; 
so  that  if  the  body  is  put  into  motion  by  a  blow,  the  position  of 
the  instantaneous  rotation-axis  is  the  same,  whatever  is  the  in- 
tensity of  the  blow,  provided  that  its  line  of  action  is  the  same. 
Not  so  however  the  initial  angular  velocity. 

146.]  The  following  examples  are  in  illustration  of  the  pre- 
ceding. 

Ex.  1.  A  right  angled  triangular  plate,  fixed  at  its  centre  of 
gravity,  is  struck  at  its  right  angle  by  a  blow  perpendicularly  to 
its  plane :  it  is  required  to  find  the  position  of  its  initial  instan- 
taneous axis. 

Let  3  a,  36,  see  Fig.  32,  be  respectively  the  side  ca,  cb  of  the 
triangle,  p  =  the  density,  r  =  the  thickness  of  the  plate.  Let 
the  origin  be  taken  at  the  centre  of  gravity  ;  and  let  the  coor- 
dinate axes  be  parallel  to  the  sides.  As  these  axes  are  not  prin- 
cipal, we  must  recur  to  (32),  Art.  76,  for  n„  a^  n^.  In  reference 
to  the  origin  and  axes  which  we  have  chosen,  the  equations  to 

Sf  ft 

the  sides  bc,  ca,  ab  respectively  are  4?=  —a,  y  =  —6,  -  +  ^  =  1 ; 
and  consequently 

A  =  xm(y*  +  ^*)  =  -^51 — »  D  =  -xmyz  =  0, 

/   «         «v         9pT€flb  ^ 

B  =  Xfn(z^-\'Sfl)  =  -^--5 — ,  B  =  2,mzaf  =  0, 

4 

c  =  2.in(4?*+y*)  =  -!- ^ ' ,   p  =  xmafy  = ^-g 

Let  Q  be  the  momentum  impressed  by  the  blow  at  c,  which  is 

(— a,  —  i),  in  a  line  perpendicular  to  the  plane  of  the  plate,  and 

parallel  to  the  axis  of  ^  in  a  positive  direction ;  so  that  we  have 

Lj  =  —  Jq,         Mj  =  aQ,         Ni  =  0 ; 

8q  8q  ^ 

and  therefore  the  equation  to  the  instantaneous  initial  rotation- 
axis  is  ^       y        rx 

consequently  the  initial  rotation-axis,  which  of  course  passes 
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through  the  fixed  pointy  is  parallel  to  the  hypothenuse  of  the 
triangle. 

Ex.  2.  Let  us  consider  the  general  case  of  a  plate  of  infinite- 
simal thickness,  which  has  one  point  fixed,  and  which  is  struck 
at  a  given  point  (Xq,  y^)  by  a  blow  o,  in  a  line  perpendicular  to 
the  plane  of  the  plate. 

The  plane  of  the  couple  of  impulsion  is  evidently  that  passing 
through  the  point  of  the  blow  and  the  fixed  point,  and  perpen- 
dicular to  the  plane  of  the  plate.    Thus  its  equation  is 

Now  the  axis  of  the  momental  ellipsoid  (13),  which  is  conjugate 
to  this  plane,  is  ^^^^  ^  ^y^y  ^  0 ;  (18) 

and  this  therefore  is  the  initial  rotation-axis. 

Also,  if  Q  =  the  momentum  impressed  by  the  blow  at  the 
point  (Xq^  ^o)  in  a  line  perpendicular  to  the  plane  of  the  plate, 
and  in  a  direction  parallel  to  the  positive  direction  of  the  axis  ofz, 
iq  =  yoQi        Ml  =  -  a^Q,        Ni  =  0; 

...  »=(^+^)*» 

Thus,  if  the  plate  is  elliptical  and  fixed  at  its  centre, 
vprb^  irprcfi 

^  =  -4"'  ''  =  -4"' 

and  consequently  the  equation  of  the  initial  rotation-axis  is 

that  is,  the  initial  axis  is  conjugate  to  the  axis  passing  through 

the  place  of  the  blow. 

If  the  plate  is  parabolic,  and  fixed  at  its  vertex,  and  if  a  and  h 

are  severally  the  length  and  the  extreme  ordinate  of  the  plate, 

4pTab^  ^praflb 

A  =  -^g-,       B  =  — ^— ; 

and  the  equation  to  the  initial  instantaneous  axis  is 

Ex.  8,  A  cube  fixed  at  its  centre  of  gravity  is  struck  by  a 
blow,  whose  momentum  is  q,  along  an  edge :  it  is  required  to 
determine  the  initial  instantaneous  axis. 
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Let  2a  =  the  edge  of  the  cabe ;  let  the  origin  be  taken  at  the 

centre  of  gravity  of  the  cube,  and  let  the  coordinate  axes  be 

parallel  to  the  edges ;  let  the  line  of  the  blow  q  be  parallel  to 

the  axis  of  z ;  and  let  its  point  of  application  be  (a,  a,  0) ;  so  that 

Lj  =  OQ,  Ml  =  —  OQ,  Ni  =  0 ; 


A  =  B  =  C   = 


3 


••     ^  =  16^'        ^=-16^7^'        ^  =  °' 
and  therefore  the  equation  to  the  initial  rotation-axis  is 

x  +  y  =  0: 
this  result  is  evident  from  the  theorem,  that  the  instantaneous 
initial  axis  is  conjugate  to  the  plane  of  the  impulsive  couple ; 
for  the  momental  ellipsoid  is  in  this  case  a  sphere,  and  therefore 
the  instantaneous  rotation-axis  coincides  with  the  axis  of  the 
couple  of  impulsion. 

147.]  Let  us  now  consider  the  equations  (2),  or  their  equi- 
valents (4),  by  means  of  which  the  pressure  at  the  fixed  point, 
which  is  due  to  the  impulsive  forces,  is  to  be  determined. 

Let  M  be  the  mass  of  the  body ;  and  let  its  centre  of  gravity 
be  (S,  y,z);  then 

xmx  =  Mi»         3.9»y  =  My,         2.mz  =  Hz  ; 
and  (4)  become 

p  cos  A  =  xmYx  +  M  (ci^y  —  ci^z), 

FCOS/ 

pcosi;  =  xwv^  +  MCngS  — fliy). 
Now  the  last  terms  of  these  three  equations  are  evidently  the 
axial  components  of  the  momentum  of  the  whole  moving  mass 
condensed  into  its  centre  of  gravity ;  so  that  the  pressure  which 
acts  at  the  fixed  point  is  the  sum  of  the  impressed  momentum, 
and  the  momentum  of  the  whole  mass  condensed  at  its  centre  of 
gravity,  which  is  due  to  the  initial  angular  velocity. 

To  apply  these  formulae,  let  us  take  Ex.  1  of  the  preceding 
Article :  in  that  case 

^  =  y  =  J  =  0  ;    z.mVjc  =  s.mVy  =  0,    s.mv,  =  q  ; 
.• .     p  cos  A  =  F  cos  fi  =  0 ;         p  cos  i;  =  q  ; 
.".     p  =  q; 
and  the  line  of  pressure  is  perpendicular  to  the  plate. 
If  there  is  no  pressure  at  the  fixed  point,  then 


I  fjL  =  xmvy  H-  M (Hi;?  —  fig5),  L  (20) 

I V  =  ^.mVz  +  M  (Hgi  —  n^y).  J 
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v^^Hia^y-a^x)  =  0;  J 


(21) 


whence  we  have 

^S.wv^P  +  yS.wVy  4-^2.mv,  =  0;  (22) 

xiiXmv^P  +  xijZ.mVy  +  flgXmv^  =  0;  (23) 

and  it  appears  that  the  line  of  action  of  the  resultant  of  the 
impressed  momenta,  or  of  the  blow,  if  the  motion  is  dae  to  a 
single  blow,  is  perpendicular  to  the  plane  containing  the  fixed 
point,  the  centre  of  gravity,  and  the  rotation-axis  of  the  initial 
angular  velocity. 

If  the  fixed  point  is  the  centre  of  gravity  of  the  body,  then 
S  =  y  =  J  =  0 ;  and  , 

pcosA  =  2,myx9     pcos/a  =  s.mVy,     pcosv  =  s.mv, ; 
and  the  pressure  is  in  intensity,  direction,  and  line  of  action,  equal 
to  the  resultant  of  the  impressed  momenta. 


Section  2. —  TTie  rotation  of  a  rigid  body  about  a  fixed  point 
under  the  action  of  finite  accelerating  forces. 

148.]  Let  us,  as  in  the  preceding  section,  refer  the  motion  of 
the  body,  or  material  system,  to  two  sets  of  coordinate  axes, 
originating  at  the  fixed  point :  one  of  which  is  fixed  in  space, 
and  the  other  is  fixed  in  the  body,  and  moves  with  it :  let  this 
latter  system  be  the  principal  system  relative  to  the  fixed  point. 

Let  p  be  the  pressure  at  the  fixed  point  at  the  time  t,  and  let 
X,  /(A,  V  be  the  direction-angles  of  its  line  of  action  relatively  to 
the  axes  fixed  in  space :  relatively  to  the  same  axes  let  (^,  y,  z) 
be  the  place  of  m,  and  let  x,  t,  z  be  the  axial  components  of  the 
impressed  velocity-increment ;  then  the  equations  of  motion  are 

2.f»(x—  --TT^j  —  PcosA  =  0, 

d^z\ 
dt^^ 


S.wIy- 


s.m 


(24) 


(2--5^)-J'CO8ir  =  0; 
,.„|,(.-|f)-.(v-^?)|.0. 
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Let  equations  (24)  be  transformed  into  their  equivalents  in  terms 
of  angular  velocities,  as  in  Art.  11 ;  let «»  be  the  angular  velocity 
about  the  instantaneous  axis  at  the  time  /,  of  which  let  o),, »,,  •« 
be  the  axial  components ;  then  (24)  become 

-^xwij?  + -^2.wy — a)jpXin  {co^a?  4- »yy  4- o)^;?}  +  a)*2.»ia? -- PCOsX==  0, 
XWY — ^s.ma?+-^a.mz— «y2.m{«jra?+«yy+«j,z}-l-to*xmy— PC08fi=0, 

^•*^^  ""  'df^^^  "*"  "w/^^-*'*^"**'^-''*  1^*^+ ®yy  +  «*^}  +  w'2.m-8f — pcosy =0 ; 

from  which,  or  from  (24),  the  pressure  at  the  fixed  point,  and 
the  direction-cosines  of  its  line  of  action  are  to  be  determined. 

Let  us  replace  (25)  by  what  they  become  in  terms  of  angular 
velocities  about  the  principal  axes  fixed  in  the  body  and  moving 
with  it :  this  reduction  has  been  made  in  Art.  92 ;  and  for  the 
equivalents  of  (25)  we  have 


(26 


A-^  +  (c— B)a),a>3  =  ^^ 

/  +  (A-C)a>3«i  =   M, 


C^+(B-A)a»i«3,  = 


(27) 


di 

rf«3 

dt 

where  l,  m,  n  are  the  axial  components  of  the  moment  of  the 
couple  of  the  impressed  momentum-increments  relative  to  the 
principal  axes. 

As  these  equations  have  been  already  analysed  and  deduced 
from  first  principles  in  Art.  80 — 8S,  it  is  unnecessary  to  give 
further  explanation  of  them.  I  may  observe  that  the  instantane- 
ous angular  velocity,  and  its  axial  components  relative  to  the 
moving  principal  axes^  may  be  (theoretically  at  least)  derived 
from  (27) ;  and  thence  the  axial  components  relative  to  the  axes 
fixed  in  space  by  means  of  the  equations  given  in  Art.  40 ;  or,  as 
we  shall  find  more  convenient,  we  may  determine  $,  if>j  and  ^  by 
means  of  Art.  42,  and  thus  determine  the  position  of  the  body 
in  space,  as  well  as  the  incidents  of  its  motion  at  the  time  /. 

As  the  pressure  at  the  fixed  point,  which  is  to  be  determined 
by  means  of  (26),  depends  on  the  instantaneous  angular  velocity 
and  its  axial  components,  these  must  be  first  determined ;  and 
consequently  I  proceed  to  consider  (27)  and  (25). 

The  general  solution  is  beyond  the  present  range  of  Mathe- 
matical Analysis ;  and  we  can  investigate  only  those  more  simple 
cases  which  can  be  solved  either  partially  or  totally. 
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149.]  Let  U8  first  take  the  case  where  l  =  m  =  n  =  0 ;  that 
is,  when  the  conditions  (67),  Art.  58,  are  satisfied ;  viz.,  when 
the  forces  which  act  on  the  body  are  of  the  nature  explained  in 
the  four  cases  of  that  Article. 

And  this  problem  too  is  of  wider  application.  It  is  that  of 
a  heavy  body  rotating  about  an  axis  which  always  passes  through 
its  centre  of  grarity ;  for  as  the  resultant  force  of  gravity  acts 
through  this  point,  it  creates  no  moment  of  rotation  about  an 
axis  passing  through  it,  and  therefore  so  far  as  gravity  affects 
the  motion  l  =  m  =  n  =  0.  Thus,  if  a  heavy  body  has  motion 
of  both  translation  and  rotation ;  the  principle  proved  in  Section 
2,  Chapter  III,  shews  that  the  centre  of  gravity  will  most  con- 
veniently be  taken  as  the  point  whose  motion  of  translation  is 
estimated ;  and  the  motion  of  rotation  of  the  body  about  an  axis 
passing  through  that  point  will  be  estimated  by  the  following 
process. 

In  all  these  cases  the  equations  of  motion  are 
/   d^z       d^y\      ^ 

and  their  equivalents  relative  to  principal  axes  are 


(28) 


A-^  +  (c-B)a),«.,  -  0, 

B-^-h(i^-C)  0)30)1   =  0,     J. 

c^4-(B-A)o)iO)a  =  0; 


(29) 


equations  (28),  it  will  be  remembered,  are  relative  to  the  axes 
fixed  in  space ;  and  (29)  refer  to  the  principal  axes  fixed  in  the 
body  ;  but  it  is  desirable  to  retain  both  groups  of  equations  as 
each  will  give  theorems  of  importance. 

Let  us  consider  (29),  and  let  n^,  a,,  fig  be  the  axial  components 
of  the  initial  angular  velocity  a  about  the  principal  axes  when 
^  =  0 ;  the  incidents  of  such  an  initial  velocity  have  been  con- 
sidered in  the  preceding  Section. 

Let  equations  (29)  be  severally  multiplied  (1)  by  0)^,  o)^,  0)3 ; 
and  (2)  by  acai,  bm,,  00)3 ;  and  let  them  be  added :  then  we  have 
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(30) 


rf«l  d<a^  «rw«  ^ 


then  integrating^  and  taking  the  limits  corresponding  to  ^  =  /, 

and  to  ^  =  0,  we  have 

A  K«-ni«)  +  BCV-n^^)  +  c(a>3*-n3«)  =  0 ;  (31) 

A«(a>i«-ni«)  +  B«(V-n,2)  +  ca(«32_fl3«)  =  0  ;  (32) 

which  are  two  integrals  of  (29).     Let  us  interpret  these  results. 

150.]  From  (81)  we  have 

Aft>i*4-Ba>3*-|-co>3*  =  AOi^+Bna^  +  cflg*.  (33) 

Let  a,  fi,  y  be  the  direction-angles  of  the  instantaneous  axis 
at  the  time  t  relative  to  the  principal  axis ;  so  that,  if  a»  is  the 
instantaneous  angular  velocity,  and  i.mt^  is  the  moment  of  in- 
ertia relative  to  that  axis^ 

Aft)i*  +  B«8*  +  ca)3*  =  a)*{A(cosa)*H-B(cos)3)*4-c(cosy)*},   (34) 
=  a)*:e.w»r* 
=  a.wco^r* 

=  the  vis  viva  of  the  body ;  (35) 

so  that  from  (33)  it  appears  that  the  vis  viva  of  the  body  is  con- 
stant throughout  the  motion.  Let  this  constant  vis  viva  be 
symbolised  by  k* ;  then  we  have 

awi*h-bV-I-co>8*  =  Ani«  +  Bn2*4-cn3»;  (36) 

=  kK  (37) 

This  result  is  at  once  evident  from  the  principle  of  vis  viva ;  see 
Art.  64;  and  also  may  be  deduced  immediately  from  (24).  For 
if  we  apply  to  the  equations  the  process  of  virtual  velocities^ 
which  has  been  already  explained  in  Art.  63^  inasmuch  as  there 
is  no  virtual  velocity  of  the  fixed  point  at  which  p  acts^  we  have 

2.m{^^,rfa?  +  ^rfy  +  -^rf^j  =0;  (38) 

.-.     z.mv*  =  a  constant.  (39) 

151.]  Again,  from  (32)  we  have 

A«a)i»  +  B*ci>2*  +  c^«8*  =  A*ni«-hB2na*+c»V.  (40) 

Now,  suppose  L^,  Mp  N^  to  be  the  axial  components  of  the  mo- 
ment of  the  couple  o^,  which  impressed  on  the  body  at  the 
time  /  would  reduce  it  to  rest ;  then,  by  (6),  Art.  144,  we  have 

Li  =  Aa)i,  Ml  =  B»3,  Ni  =  C<»g;  (41) 
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G^  is  called  the  effective  Qouple  at  the  time  t ;  and  suppose  l^m^n 
to  be  the  axial  components  of  the  moment  of  the  couple  of  im- 
pulsion G ;  so  that 

L  =  AHi,  M  =  BXlj,  N  =  COg ;  (42) 

then^  from  (40),  we  have 

'^  Li*+  Ml*  +  Ni*  =  L*  +  M*  +  N*; 

.-.     Gi  =  g;  (43) 

that  is,  the  moment  of  the  effective  couple  at  the  time  t  is  equal 
to  the  moment  of  the  couple  of  impulsion ;  and  therefore^  gene- 
rally, the  moment  of  the  effective  couple  is  constant.  This  is  a 
particular  case  of  the  principle  of  the  conservation  of  the  mo- 
ments of  the  momenta^  which  has  been  proved  in  Art.  58.  Thus 
(82)  becomes         ^,^^,  ^  ^,^^,  ^  ^,^^3  ^  «».  (44) 

Also  the  position  of  the  rotation-axis  of  the  effective  couple  is 
invariable  during  the  whole  motion,  being  that  of  the  axis  of  the 
couple  of  impulsion.  To  prove  this  theorem  we  roust  have  re- 
course to  the  equations  (28)^  which  refer  to  the  axes  fixed  in 
space.     These  admit  of  integration ;  and  we  have 

S.m(zf--x^)  =  h^   [  (45) 


j.«.(^^-yg)  =  A,; 


Now  the  left-hand  members  of  (45)  are  the  axial  components  of 
the  moment  of  the  effective  couple  at  the  time  t ;  consequently 
each  of  these  is  constant ;  and  the  moment  of  the  effective  couple 
is  also  constant ;  which  is  the  theorem  just  now  proved  by  means 
of  the  equations  (29) ;  and  we  have 

V+V  +  V  =  o' =  <*!*;  (46) 

and  relatively  to  the  axes  fixed  in  space^  the  direction-cosines  of 
the  axis  of  this  constant  effective  couple  are 


.        — .        — ,  (47) 

GOG  ^      ^ 


this  line  is  called  the  Invariable  Axis. 

As  the  position  of  the  coordinate  axes  fixed  in  space  is  arbi* 
trary,  let  us  assume  it  to  be  that  which  coincides  with  the  prin- 
cipal axes  of  the  body  when  ^  =  0,  and  when  the  angular  velo- 
cities about  the  principal  axes  are  n,^  n,,  a^ ;  then  aOi,  bxi,,  ca, 
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are  tlie  axial  components  of  the  moments  of  the  effective  couple 
at  that  time ;  and  we  have 

Ai  =  Ani,         Ag^Bxij,         ^rrcn,;  (48) 

80  that  under  this  supposition  the  direction-cosines  of  the  fixed 
axis  of  the  effective  couple  are 

^,       ?^,       ^.  '        (49) 

GOO 

Hence  also  the  plane  of  the  effective  couple  is 

Ai^  +  A,y  +  ^«  =  0;  (50)  ' 

and  this  is  the  invariable  plane  of  Art.  60 ;  and  is  that  in  which 
the  sum  of  the  products  of  each  particle  and  its  projected  sectorial 
area  is  a  maximum. 

In  reference  to  the  axes  fixed  in  the  body  the  direction-cosines 
of  the  axis  of  the  effective  couple  are^  see  (41), 

^.       ^.       ^;  (51) 

O  G  G 

and  the  equation  of  the  invariable  plane  is 

Ai^iX  +  BoD^y  +  00)32;  =  0.  (52) 

These  results  give  the  following  equations  of  condition  between 
the  nine  direction-cosines  of  the  two  systems  of  reference. 

Since  —  is  the  cosine  of  the  angle  between  the  axis  of  the 

couple  ( — -,  — -1  — -)  and  the  fixed  «r-axis  (a^  A^  q),  those 
direction-cosines  referring  to  the  principal  axes  in  the  body,  we 
have  Aai»i-|-BAifi)j-hcCia)3  =  A^;  -^ 

similarly,  Aa3(i*ii-B52»2  +  c^s^8  =  ^2>    r  (^^) 

and  AfljWi-l-BftjWa  +  cCgCOj  =  A3;  J 

and  as  six  other  equations  of  condition  have  already  been  given, 
the  nine  direction-cosines  may  be  determined.  Thus,  if  cd^,  a>2>  ^s 
are  given,  we  may  determine  the  values  of  the  direction-cosines 
which  fix  the  principal  axes  of  the  body  relative  to  the  axes 
fixed  in  space,  and  thus  the  position  of  the  body  will  be  com- 
pletely determined. 

I  may  in  passing  observe,  that  (53)  may  be  deduced  from 
(45)  by  transforming  the  coordinates  in  (45)  to  those  of  the 
principal  axes. 

152.]  It  is  however  frequently  more  convenient  to  determine 
the  position  of  the  body  by  means  of  the  three  angles  6,  (f>,  ^,  of 
Articles  3,  and  42. 
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Let  ua  take  the  invariable  plane  for  that  of  (x,  y)  fixed  in 
space^  the  invariable  axis  being  the  axis  of  ;^ ;  so  that  ^  =  Aj  =:  0 ; 
A3  =  o  :  thus,  from  (53)^  we  have 

Aaa»i  +  BAa«a  +  cCafi>3  =  0,   I  (54) 

AOjCOi  +  B&jCOj-l-CegCOg  =  G.  J 

Let  us  multiply  these  equations  severally  by  a^,  a^y  a^ ;  by  A^,  A,,  A3 ; 
by  c-^,  c^  C3 ;  and  add  in  each  case ;  then 

A«i  =  003,         B»j  =  GA3,         ca»3  =  GC3;  (55) 

and  replacing  Op  A3,  c,  by  their  values  given  in  (22),  Art.  4^  we 
have 
Aa>i  =  G  sin  ^  sin  $,     80)2  =  0  cos  ^  sin  6^     co),  =s  o  cos  6 ;     (56) 

C0)o  ^  Atti  ^^, 

.-.      co8(9  =  — 2,        tand»  =  — ^.  (57) 

^  does  not  enter  into  these  equations,  because  the  axis  of  x  in 
the  invariable  plane  from  which  >/r  is  measured  is  quite  arbitrary, 
and  6  and  <^  are  sufficient  to  determine  the  position  of  the  prin- 
cipal axes  at  the  time  t  in  terms  of  cj^,  c^,,  0)3,  which  are  functions 
of  t,  and  are  to  be  determined  from  the  equations  (29). 

The  /-variation  of  y^  however,  that  is,  the  angular  velocity  of 
ON,  see  Fig.  1,  about  the  invariable  axis  may  thus  be  found. 
Employing  (104),  Art.  42,  we  have 

dy^  _  QDi  sin  <^  +  »2  cos  ^ 
"57"  "  sin  (9 

AQ>i'-|-Bft)3» 

in  which,  if  a^  and  o>,  are  replaced  by  their  values  in  terms  of  /, 
and  the  equation  is  integrated  with  limits  corresponding  to  /  =  /, 
and  to  /  =  0,  the  precessional  angle  due  to  that  time  will  be 
determined.  As  the  right  hand  member  of  (58)  is  necessarily 
positive,  it  follows  that  ^  increases  with  t ;  so  that  the  preces- 
sional motion  in  the  plane  of  {x,  y)  is  always  frdm  x  towards  y, 
that  is,  is  direct  according  to  our  arrangement  of  signs  and  axes. 

153.]  The  instantaneous  angular  velocity  being  co,  the  direc- 
tion-cosines of  the  instantaneous  rotation-axis  relative  to  the 

principal  axes  are  —9  -^t  ^ ;  and  the  direction-cosines  of  the 

ft)  CO  » 

invariable  axis  are,  relatively  to  the  same  axes,  — - ,  — - ,  — -  ' 


G 
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thus,  if  4>  is  the  angle  between  the  instantaneous  axis  and  the 
invariable  axis,  a  «,  ■  -f  b  (o«*  +  c  co-* 

60) 

=  ,  by  reason  of  (37) ; 

.'.     wcos<^  =  — ,  (59) 

that  is,  the  component  of  the  instantaneous  angular  velocity 
about  the  invariable  axis  is  constant. 

154.]  The  complete  solution  of  the  problem  requires  a>p  »,,  03 
to  be  expressed  in  terms  of  / ;  the  following  is  the  differential 
equation  in  terms  of  dm  and  dt. 

From  (37)  and  (44)  we  have 

C^-^-A(c-A)V.  (60) 

*  B(C  — B) 


s  _  a(b— A)a)|*-~B<:'-t-o'. 

'  C(C  — B) 


(61) 
and  therefore  from  the  first  of  (29) 

d.       j(B-A)(c-.)/         B^')  (C^_.^.)l*=0;  (62) 
di       i         Bc  \  *      a(b— a)^  Va(c— a)       ^  n 

dj^ ^    j(B-.)(C-A)l* 

iK-i(ji:ij)  (1(3:11) —i')[ 

the  left  hand  member  of  this  equation  is  generally  an  elliptic 
transcendent,  and  so  does  not  admit  of  integration  in  finite 
terms.  In  certain  particular  cases,  as  we  shall  see  hereafter,  it 
may  be  integrated ;  and  in  these  cases  the  problem  admits  of 

complete  solution :  similar  equations  may  also  be  found  for  -~, 

and  -^  ;   or  co^  having  been  determined  in  terms  of  /,  we  may 

substitute  its  value  in  (60)  and  (61),  and  we  shall  thus  obtain 
»2  and  a>3  in  terms  of  /.  Hereby  (57)  and  (58)  will  assign  the 
position  of  the  body  and  the  precessional  velocity. 

156.]  The  centrifugal  forces  which  are  generated  by  the  mo- 
tion possess  some  peculiarities  which  it  is  desirable  to  indicate. 

Let  i/\  iii\  ^*  be  the  axial  components  of  the  moment  o^'  of 
the  couple  of  the  centrifugal  forces ;  then  from  (62),  Art.  83,  or 
from  the  equations  (29), 
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l"=  (b— c)w,«3,     m"=:  (c— A)o)8ft)i,     n"=  (a^b)<o^(o^;  (64) 

.-.     l"«i  -h  M"a>a  -f  N"a>3  =  0,  (65) 

L"Aa)i-|-M"B«j  +  N"C0)3  =  0  ;  (66) 

80  that  the  axis  of  the  couple  of  the  centrifugal  forces  is  at  once 
perpendicular  to  the  instantaneous  rotation-axis^  and  to  the  in- 
Tariable  axis ;  and  the  plane  of  the  couple  of  the  centrifugal 
forces  contains  the  instantaneous  and  the  invariable  axes. 
And  for  the  magnitude  of  g'^  we  have 

g">  =   (B-.C)»V«8«+(C-A)»»8««i»-h(A"B)»V«2* 
=   0)2 (a^COj*  4.  B*«,*-f  C*a>3*)  —  (Aft)i*-f  B  Wj*  +  C»3*)* 

=  G««*(8in<^)«,  (67) 

=  A*(tan0)«;  (68) 

that  is^  the  moment  of  the  couple  due  to  the  centrifugal  .forces 
varies  as  the  tangent  of  the  angle  contained  between  the  instan- 
taneous and  the  invariable  axes ;  and  is  represented  in  magni- 
tude by  the  area  of  the  parallelogram  whose  sides  are  the  line- 
representatives  of  the  instantaneous  angular  velocity  and  of  the 
moment  of  the  couple  of  impulsion. 

1 56.]  Now  of  all  these  results  a  perfect  geometrical  interpre- 
tation has  been  given  by  M.  Poinsot  in  his  admirable  "  Thforie 
nouvelle  de  la  Rotation  des  corps.''  Liouville's  Journal,  Vol. 
XVI;  and  Paris,  Bachelier,  1851.  The  following  Articles  are 
for  the  most  part  extracted  from  that  work :  he  has  extended 
his  investigations  to  a  point  beyond  the  scope  of  our  volume ; 
and  the  student  desirous  of  farther  research  must  have  recourse 
to  the  original  memoir.  Indeed  the  whole  of  it  deserves  a  most 
careful  study ;  the  reasoning  of  it  is,  for  the  most  part,  synth&- 
tical ;  and  it  is  a  model  of  such  a  treatment  of  a  mechanical 
question ;  the  difSculties  with  which  the  problem  abounded  are 
cleared  away»  and  the  motion  of  the  body  from  one  position  to 
another  can  be  traced  in  the  mind's  eye  without  any  interrup- 
tion* 

In  the  equation  to  the  momental  ellipsoid  in  Art.  98,  fi  is 
arbitrary ;  here  however  we  shall  suppose  it  to  be  equal  to  1,  as 
hereby  the  formulae  will  be  simplified.  Then  the  equation  to  it 
relatively  to  the  fixed  point,,  and  to  the  principal  axes  fixed  in 
the  body  and  originating  at  it,  is 

Id^-f  By*4-c;5*  =  1. 
Let  the  point  where  the  instantaneous  axis  meets  this  elh'psoid 
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be  called  the  Instantaneous  Pole ;  then^  if  {x,  y,  z)  is  this  point, 
and  if  k  is  its  distance  from  the  fixed  pointy 

-^=i^  =  ^  =  -?L,  (69) 

0)1        (i>a        «8         tt) 

so  that  the  instantaneous  pole  is  \-^ ,  -~ ,  -7^ j ;  and  as  r  is  the 

central  radius  vector  of  the  ellipsoid  coinciding  with  the  instan- 
taneous axis,  a>  =  ait ;  (71) 

so  that  the  instantaneous  angular  velocity  varies  as  the  radius 
vector  of  the  momental  ellipsoid  which  coincides  with  the  in- 
stantaneous axis ;  and  consequently  its  singular  values  coincide 
with  the  singular  values  of  this  radius  vector.  Of  all  possible 
values  therefore  of  this  angular  velocity  the  greatest  will  be 
when  the  instantaneous  axis  is  that  of  least  moment,  and  the 
least  will  be  when  the  instantaneous  axis  is  that  of  greatest 
moment. 
The  equation  to  the  tangent  plane  at  the  instantaneous  pole  is 
AWjj?  +  Bway  +  ca)3«  =  * ;  (72) 

and  this  is  parallel  to  the  invariable  plane  (52).    The  perpendi- 
cular distance  from  the  origin  on  (72) 

which  is  constant ;   and  therefore  the  plane  which  touches  th^ 

momental  ellipsoid  at  the  instantaneous  pole  is  absolutely  fixed 

in  space^  being  parallel  to  the  invariable  plane^  and  at  a  distance 

k 
=  —  from  it.     Now  this  fact  supplies  us  with  the  following 

image  of  the  body's  motion. 

Let  us  suppose  the  momental  ellipsoid  of  the  body  relatively 
to  the  fixed  point  to  be  described :  as  the  preceding  equations 
involve  only  the  principal  moments  of  inertia  of  the  body^  we 
may  imagine  the  body  to  be  replaced  by  its  momental  ellipsoid, 
and  the  motion  of  the  latter  will  be  a  correct  representation  of 
that  of  the  former. 

Let  the  invariable  plane  be  drawn  at  the  fixed  pointy  and  let 
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a  perpendicular  be  drawn  to  it  equal  to  - ,  (73) ;  through  the 

extremity  of  this  perpendicular  let  a  plane  be  drawn  parallel  to 
the  invariable  plane  ;  this  plane  is  that  whose  equation  is  (72), 
and  the  point  where  the  momental  ellipsoid  touches  this  plane 
at  any  time  is  the  instantaneous  pole  at  that  time.  If  then  we 
imagine  the  momental  ellipsoid,  whose  centre  is  fixed  at  the 
given  point,  to  roll  without  sliding  on  this  fixed  plane  which  it 
always  touches,  we  shall  have  a  true  image  of  the  body's  motion. 
Moreover,  the  point  of  the  contact  is  the  instantaneous  pole, 
and  the  radius  vector  to  it  is  the  instantaneous  rotation-axis ; 
the  angular  velocity  varies  as  the  length  of  this  radius  vector, 
by  reason  of  (71) ;  and  the  resolved  part  of  the  instantaneous 
angular  velocity  about  the  invariable  axis  is  constant.  These 
circumstances  are  delineated  in  Fig.  33.  o  is  the  fixed  point, 
and  the  centre  of  the  momental  ellipsoid  abc  ;  oo  is  the  in- 
variable axis,  and  is  the  axis  of  the  couple  of  impulsion ;  along 

it  is  taken  a  distance  00,  equal  to  -;  through  o  a  plane  is 

drawn  parallel  to  the  invariable  plane,  and  on  it  the  momental 
ellipsoid  rolls ;  let  i  be  the  point  of  contact  at  the  time  / ;  i  is 
the  instantaneous  pole,  01  is  the  instantaneous  rotation-axis, 
and  the  angular  velocity  =  ^.01,  and  is  consequently  propor- 
tional to  the  length  of  01.  001  is  the  angle  ^  of  Art.  153 ;  and 
if  CD  is  resolved  into  two  parts,  one  of  which  is  in  the  invariable 
plane,  and  the  other  along  the  invariable  axis,  the  latter  =  a>  cos^ 
and  is  always  constant. 

It  will  be  observed  that  the  elements  which  determine  the 
geometrical  position  of  these  lines  and  planes  depend  on  the 
original  circumstances  of  motion ;  and  these  latter  being  given, 
the  positions  of  the  invariable  axis  and  the  invariable  plane  are 
determined  from  Section  1  of  the  present  Chapter.  The  con- 
struction mentioned  in  Art.  145  is  only  the  initial  case  of  that 
motion  of  which  the  present  construction  gives  an  interpretation 
at  all  times. 

As  the  ellipsoid  rolls  on  the  plane  obf,  successive  points  on 
it  come  continually  into  contact  with  the  plane ;  and  these  points 
lie  in  two  curves,  one  eif  in  the  plane  oep,  and  the  other  iqp 
on  the  surface  of  the  ellipsoid ;  the  former  is  evidently  generally 
a  plane  curve  of  an  undulating  character,  as  we  have  indicated 
in  the  figure ;  the  latter  is  a  closed  curve  on  the  ellipsoid.   These 
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curves  have  been  named  by  M.  Poiusot  the  Herpolhode  and  the 
Polhode  respectively. 

157.]  The  polhode  will  generally  be  a  curve  of  double  curva- 
ture, inasmuch  as  it  is  the  locus  of  those  points  on  the  ellipsoid, 

the  tangent  planes  at  which  are  all  at  the  same  distance,  viz.,  - 

from  the  centre ;  so  that  the  curve  is  the  line  of  intersection  of 

the  two  surfaces.       ^  •  .       «       i  ,^a^ 

'     Aa?*+ By^-f  c«*  =  1,  (74) 

A«a?«  +  B«y2-hc»^«  =  1^,  (75) 

which  are  the  equations  to  two  ellipsoids.  For  the  projections 
on  the  principal  planes  of  the  momental  ellipsoid  we  have 

B(B-A)y»  +  c(c-A);»«  =  -^-a;  (76) 

C(c-B)««-A(B-A)a;>  =  "F""®'  ^''^^ 

A(C-A)^-fB(C-B)y»  =  c--^.  (78) 

Now  in  the  general  case  of  an  ellipsoid  with  three  unequal 
axes,  the  perpendicular  from  the  centre  on  a  tangent  plane  is 
greater  than  the  least  central  radius  vector,  and  is  less  than  the 

greatest ;  so  that  ^  is  greater  than  a,  and  is  less  than  c  ;  and 

consequently  (76)  and  (78)  are  the  equations  to  ellipses  in  the 
planes  of  (y,  z),  and  of  (a?,  y)  respectively ;  and  (77)  represents 
a  hyperbola  in  the  plane  of  {z,  x),  of  which  the  real  axis  coin- 

q2 

cides  with  the  axis  of  z  or  a?,  according  as  -r^  is  greater  than  or 
less  than  b. 

Figure  33  represents  the  case  in  which  ^^  is  less  than  b  ;  and 

the  polhode  is  a  closed  and  symmetrical  curve  situated  symmetri- 
cally relatively  to  the  vertex  a  of  the  ellipsoid ;  and  the  projection 
of  it  on  the  plane  of  (y,  z)  is  a  complete  ellipse :  the  projection 
on  the  plane  of  {z^  x)  is  an  arc  of  a  hyperbola  whose  real  axis 
coincides  with  the  axis  of  x ;  and  the  projection  on  the  plane  of 
(or,  y)  is  an  arc  of  an  ellipse. 

If -T2  is  greater  than  b,  the  polhode  is  a  closed  and  symmetri- 
cal curve  situated  symmetrically  relatively  to  the  vertex  c  of  the 
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ellipsoid ;  and  the  projection  on  the  plane  of  (or,  y)  is  a  complete 
ellipse ;  those  on  the  planes  of  (y,  z)  and  {z,  w)  being  arcs  of  an 
ellipse  and  a  hyperbola  respectively. 

In  each  of  these  cases  the  cnrve  has  evidently  four'  vertices 
situated  in  its  points  of  section  with  the  principal  planes  of  the 
ellipsoid;  these  planes  divide  the  curve  into  four  equal  parts. 
The  radii  vectores  of  the  ellipsoid  at  these  vertices  are  maxima 
and  minima^  and  the  instantaneous  angular  velocity  has  maxima 
and  minima  values  when  it  coincides  with  the  maxima  and  minima 
radii  vectores. 

If -T,  =  B^  that  is^  when  the  distance  between  the  invariable 

plane^  and  the  plane  on  which  the  ellipsoid  roUs^  is  equal  to  the 
mean  axis  of  the  ellipsoid,  (77)  represents  two  planes  ;  and  these 
are  equally  inclined  to  the  plane  of  {Xy  y)  at 

These  planes  cut  the  ellipsoid  in  two  equal  ellipses,  of  which  the 
semi-axis-major  and  the  semi-axis-minor  are  respectively 


l^^r-  "*  (;)*' 


(80) 


and  the  common  axis-minor  of  the  two  ellipses  coincides  with 
the  mean  axis  of  the  ellipsoid.  These  ellipses  we  shall  call  the 
Critical  Ellipses  of  the  ellipsoid.  They  are  the  loci  of  the  in- 
stantaneous pole  in  this  particular  case;  and  the  polhode  be- 
comes a  plane  curve.  The  motion  of  the  instantaneous  axis  in 
this  particular  case  will  be  best  understood  from  the  peculiarities 
of  the  herpolhode. 

If  -p  =  A,  and  if  Tj-  =  c,  the  polhode  is  in  each  case  reduced 

to  a  point,  which  is  at  the  extremity  of  the  maximum  and  the 
minimum  radius  vector  of  the  ellipsoid  respectively  ;  so  that  in 
these  cases  the  momental  ellipsoid  touches  the  fixed  plane  at 
these  points ;  thus,  the  instantaneous  axis  throughout  the  motion 
coincides  with  the  invariable  axis,  and  is  fixed.  The  body  always 
rotates  about  the  same  axis,  which  is  a  principal  axis,  and  is  a 
permanent  axis. 

It  is  evident  that  the  motion  of  the  body  would  be  represented 
PRICE,  VOL.  rv.  Mm 
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equally  weU^  if  the  fixed  plane  on  which  the  momental  ellipsoid 
rolls  were  parallel  to  the  invariable  plane  on  the  opposite  side  of 
the  fixed  point  o  to  that  which  is  drawn  in  the  figure  83^  and  at 
an  equal  distance  from  o. 

If  we  eliminate  the  constant  terms  from  (74)  and  (75)  we  have 

of  which  generally  the  ooefScient  of  the  last  term  is  negative^ 
and  that  of  the  first  term  is  positive ;  and  that  of  the  middle 
term  may  be  either  positive  or  negative.  Thus  (81)  will  generally 
represent  a  cone  of  the  second  degree ;  its  principal  axes  are 
coincident  with  those  of  the  momental  ellipsoid.  This  is  the 
cone  described  in  the  body  by  the  instantaneous  rotation-axis^  to 
which  we  have  alluded  in  Art.  36. 

If -p  is  less  than  b^  all  sections  of  the  cone  perpendicular  to 

the  axis  of  x  are  ellipses^  and  the  j;-axis  is  the  internal  axis  of 

the  cone ;  if  ^  is  greater  than  b,  all  sections  perpendicular  to  the 

2;-axis  are  ellipses^  and  the  ^-axis  is  the  internal  axis.    If  -rj  =  b, 

(81)  represents  two  planes,  into  which  the  cone  then  degenerates^ 
and  which  are  the  planes  of  the  critical  ellipses  of  the  ellipsoid. 

158.]  The  herpolhode,  which  is  the  curve  traced  by  the  in- 
stantaneous pole  on  the  fixed  plane  on  which  the  momental 
ellipsoid  roUs^  is  evidently  generally  a  plane  curve  of  an  undulat- 
ing character^  such  as  is  delineated  in  the  figure^  the  curves  of 
which  are  equal  and  regular^  and  their  maxima  and  minima 
radii  vectores  are  respectively  equidistant  from  the  pole ;  so  that 
the  curve  regularly  winds  between  two  concentric  circles ;  it  is 
the  locus  of  the  point  of  contact  of  the  ellipsoid  with  the  fixed 
plane ;  which  plane  touches  the  ellipsoid  along  the  polhode. 
Let  p  and  r  be  the  radii  vectores  of  the  herpolhode  and  the  pol- 
hode  respectively  from  o  and  o  as  poles  ;  and  let  dtr  and  ds  be 
length-elements  of  these  curves  respectively ;  then  we  have 

P*  =  r«--^;  (82) 

da  =z  ds',  (83) 
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whereby  the  equation  to  the  herpolhode  may  (theoretically  at 
least)  be  found :  the  equation  to  the  herpolhode  will  generally 
be  transcendental.  In  the  next  Article  we  shall  find^  in  a  parti- 
cular case^  certain  properties  of  it  which  deserve  mention. 

The  maximum  and  minimum  radii  vectores  of  the  herpolhode 
correspond  to  those  of  the  polhode;  that  is,  to  the  vertices  of  the 
polhode.  These  singular  values  therefore  will  regularly  recur  at 
equal  angles  on  the  fixed  plane.  If  the  angle  between  two  succeed- 
ing maxima  radii  vectores  of  the  herpolhode  is  an  aliquot  part  of 
a  right  angle,  the  herpolhode  reenters  and  is  a  closed  curve.  If 
however  this  angle  is  incommensurable  with  a  right  angle,  the 
curve  never  reenters ;  and,  although  the  instantaneous  rotation- 
axis  returns  periodically  to  the  same  place  in  the  body,  yet  it 
never  returns  to  a  position  which  it  has  previously  held  in  space. 

The  cone,  which  the  instantaneous  axis  describes  in  space, 
and  to  which  we  have  alluded  in  Art.  36,  is  that  of  which  o  is  the 
vertex  and  the  herpolhode  is  the  director-curve.  This  cone 
therefore  will  be  a  kind  of  circular  cone,  with  its  surface  worked 
into  ridges  and  furrows  which  correspond  to  the  undulations  of 
the  herpolhode. 

If  ^  =  A,  and  if  ^  =  0,  the  herpolhode  is  reduced  to  a  point, 

viz.,  G,  at  which  the  momental  ellipsoid  touches  the  fixed  plane ; 
in  these  cases  the  rotation- axis  of  the  body  has  the  same  position 
throughout  the  motion,  both  in  the  body  and  in  space ;  it  is 
one  of  the  principal  axes  of  the  body,  and  is  thus  a  permanent 
axis. 

159]  Let  us  however  consider  the  form  which  the  herpolhode 

o* 
takes  when  -^^  =  b  ;  that  is,  when  the  perpendicular  from  the 

fixed  point  to  the  fixed  plane  on  which  the  ellipsoid  rolls  is  equal 
to  the  mean  semi-axis.  In  this  case,  as  we  have  just  now  demon- 
strated, the  polhode  is  that  plane  curve  in  which  the  momental 
ellipsoid  is  intersected  by  the  critical  ellipses. 

Let  Ty  s,  x^  y,  z  refer  to  the  polhode  relatively  to  the  principal 
axes  of  the  momental  ellipsoid ;  then,  from  (74)  and  (75)  we 
liave  Aa^  +  Bya  +  c;?2  =  I, 

a«^4-bV  +  c2«2  =  b,    1^  (84) 


j?»  +  By2  +  c;2;2  =  1,  ^ 
*^4-B*y*  +  c2;y2  =  B,    |- 


M  m  2 
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C(Bf»-l) 


«» = 


y"  = 


««  = 


(B-A)(C-A) 
C  +  A  — B— ACf* 
(C-B)(B-A) 
A(Br«-l) 


[159- 


(85) 


(C-A)(C-B) 

Let  p,  <r,  ^  refer  to  the  plane  herpolbode,  of  which  o  is  the  pole ; 
then  from  (82)  and  (83) 


«»  — 


z*  = 


'^  B 

BCp* 

~    (B-A)(C-A)' 

C+A  — B  — AC  \J?  +  -) 


(C_B)(B-A) 
ABp» 


(86) 
(87) 


(88) 


Let 
then 


(C-A)(C-B) 

p»rf^»  =  d^-d(? 

=  rf«*  +  rfy*  +  rfa* — dp' 

_  CAdp' 

"~  (C  — B)(B  — A)— ABCp*' 

(c— b)(b— A)  =  Acn*; 

d<b  =  ^ ; 

p(n»-Bp»)* 


(89) 


(90) 


which  is  the  equation  to  the  herpolhode  in  the  fixed  plane  on 
which  the  ellipsoid  rolls.  It  is  the  same  equation  as  (122)^ 
Art.  324,  VoL  III.  The  prime  radius  is  taken  so  as  to  coincide 
with  the  maximum  radius  vector  of  the  curve,  and  also  to  cor- 
respond to  the  maximum  radius  of  the  polhode  reckoned  from 
the  centre  of  the  ellipsoid ;  for  when  ^  =  0, 

C(c-B)(B-A))i 


^    5c-hA-B         1^* 
""     (         AC  B^     ' 
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C  •+■  A^B 

and is  the  semi-axis-major  of  the  critical  ellipse.     The 

cunre  lies  symmetrically  on  the  two  sides  of  this  maximum  radius 
vector ;  and  as  <f>  increases  p  decreases^  and  ultimately  =  0,  when 
<^  =  00  ;  the  cunre  consequently  is  a  spiral,  such  as  is  drawn  in 
Fig.  84 ;  of  which  oe  is  the  maximum  radius^  relatively  to  which 
the  curve  is  symmetrical.  The  branches^  both  in  the  positive 
and  negative  directions,  fall  into  the  pole  o  after  an  infinite 
number  of  convolutions ;  and  this  occurs  when  the  instantaneous 
rotation-axis  coincides  with  the  mean  axis  of  the  ellipsoid^  and 
consequently  with  the  invariable  axis. 

In  this  case^  the  cone  in  space^  on  the  surface  of  which  the 
instantaneous  axis  lies^  consists  of  a  series  of  sheets  arranged 
spirally  in  convolutions  one  within  another^  and  ultimately  be- 
coming a  straight  line,  which  is  the  invariable  axis. 

If  then  the  instantaneous  axis  is  at  any  time  on  this  cone,  it 
will  move  along  its  surface ;  and  although  the  length  of  the  her- 
polhode  is  finite^  being  equal  to  the  length  of  the  elliptic  polhode, 
yet  the  time  requisite  for  the  passage  of  the  instantaneous  pole 
through  the  curve  is  infinite ;  so  that  however  near  the  rotation- 
axis  approaches  to  coincidence  with  the  invariable  axis,  yet  it 
never  coincides  with  it.  If  however  the  instantaneous  axis  coin- 
cides with  the  invariable  axis  at  any  epoch  of  the  motion,  it  will 
do  so  always,  unless  some  other  impressed  couple  acts  and  pro- 
duces a  change  of  rotation- axis.  Thus  the  mean  axis  of  the 
momental  ellipsoid  is  a  permanent  axis,  equally  as  much  as  the 
axes  of  greatest  and  least  moment. 

160.]  The  following  inferences  can  be  drawn  as  to  the  change 
of  position  of  the  rotation-axis  of  a  body.  Let  us  suppose  a 
body  to  be  rotating  about  its  mean  principal  axis ;  and  let  us 
suppose  a  couple  of  given  moment  to  be  impressed  on  it ;  whereby 
the  instantaneous  pole  is  moved  along  one  of  the  critical  ellipses 
of  the  body;  then  the  instantaneous  pole  will  continue  to  move 
along  this  ellipse  until  at  last  the  body  is  completely  overturned ; 
in  which  case  the  momental  ellipsoid  which  touched  the  fixed 
plane  at  b  will  ultimately  touch  it  at  b',  and  a  complete  boule- 
versement  of  the  body  will  have  taken  place.  This  is  the  great- 
est derangement  which  a  body  rotating  about  an  axis  passing 
through  a  fixed  point  can  undergo. 

If  however  the  instantaneous  pole  is  moved  by  the  action  of 
the  new  couple  from  the  extremity  of  the  mean  axis  of  the  ellip- 
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sold  to  a  point  which  is  not  in  either  of  the  critical  ellipses,  then 
the  following  consequences  will  occur.  Imagine  the  ellipsoid 
to  be  divided  into  four  districts  by  means  of  the  planes  of  the 
critical  ellipses ;  two  of  these  districts  will  contain  the  vertices 
A  and  a'  of  the  ellipsoid,  and  two  will  contain  the  vertices  c  and 
c' ;  which  are  respectively  the  vertices  of  the  axes  of  least  and  of 
greatest  moment.  Now  if  the  instantaneous  pole  is  shifted  into 
either  of  the  districts  which  contain  c  or  c\  the  polhode  will  be 
a  closed  curve  towards  and  around  c  or  d,  and  the  instantaneous 
pole  will  perform  a  complete  circuit  of  this  curve,  and  will  pe- 
riodically return  to  its  first  position  :  the  more  nearly  too  to  o 
the  instantaneous  pole  is  shifted  from  b,  the  less  will  be  the 
subsequent  motion  of  the  instantaneous  axis ;  and  should  the 
newly  impressed  couple  be  such  as  just  to  move  the  pole  from  b 
to  c,  the  instantaneous  axis  will  then  be  the  principal  axis  of 
greatest  moment,  and  will  become  permanent. 

But  if  the  instantaneous  pole  is  shifted  from  b  to  a  position 
within  the  districts  which  include  a  or  a',  the  polhode  then  be- 
comes a  closed  curve  towards  and  around  these  points,  a  complete 
circuit  of  which  the  instantaneous  pole  describes.  And  if  the 
instantaneous  rotation-axis  is  shifted,  so  as  to  coincide  with  the 
principal  axis  of  least  moment,  its  position  becomes  permanent. 

Now  these  several  results  depend  on  the  perpendicular  dis- 
tance between  the  invariable  plane  and  the  fixed  plane  parallel 
to  it,  on  which  the  momental  ellipsoid  rolls.  This  distance  is 
given  in  (73),  and  the  least  and  the  greatest  values  of  it  are  re- 
spectively — -  and  -— :  to  adapt  these  mathematical  expressions 
c*  A* 

to  the  image  of  the  present  Article,  I  shall  suppose  initially 

G«  =  B*»,  (91) 

and  the  body  to  be  rotating  permanently  about  its  axis  of  mean 
moment.  Let  us  suppose  the  position  of  the  rotation-axis  to  be 
shifted  by  the  action  of  a  new  couple,  whereby  o  becomes  o' 
and  k  becomes  k\  hereby  both  the  direction-cosines  of  the  in* 
variable  axis,  and  the  distance  of  the  plane  on  which  the  ellipsoid 
rolls  from  the  fixed  point,  will  be  changed ;  no  change  however 
will  be  made  in  a,  b,  or  c,  or  in  the  magnitude  of  the  momental 
ellipsoid,  or  in  the  position  of  the  principal  axes  of  the  body 
relatively  to  the  body.  If  then  after  the  momentum  has  been 
impressed  by  the  new  couple. 
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the  instantaneous  axis  will  move  along  the  plane  of  one  of  the 

critical  ellipses,  and  ultimately  a  complete  bouleversement  of  the 

body  will  take  place.     If  however 

k'^  k^ 

— j  is  greater  than  —^  ,  (93) 

the  plane  on  which  the  ellipsoid  rolls  is  moved  to  a  greater  dis- 
tance from  the  fixed  point ;  whereby  the  instantaneous  pole  is 
shifted  into  one  or  other  of  the  two  districts  of  the  surface  of 
the  momental  ellipsoid  in  which  is  a  or  a!,  and  the  instantaneous 

pole  moves  in  a  closed  curve  about  a  or  a'.    And  if  -7^  takes  the 

.1  ^         . 

greatest  value  which  it  admits  of,  viz.,  -,  the  rotation-axis  be- 
comes the  principal  axis  of  least  moment  of  the  ellipsoid,  and  is 
permanent. 

k'^  Ifi 

Again,  if  -7,  is  less  than  -^ ,  (94) 

the  instantaneous  pole  is  shifted  into  one  or  other  of  the  districts 
which  contain  c  or  c',  and  moves  on  a  closed  curve  about  these 

vertices.    And  if  the  impressed  couple  is  such  that  -j^  takes  the 

least  possible  value,  viz.,  -,  the  rotation-axis  becomes  the  prin- 

c 

dpal  axis  of  greatest  moment,  and  is  permanent. 

The  angles  which  are  determined  by  (79)  may  be  taken  as 
the  measures  of  the  stability  of  rotation  of  the  body  relatively 
to  the  axes  of  greatest  and  least  moment.  Thus  the  larger  the 
angles  defined  by  (79)  are,  the  larger  is  the  district  surrounding 
the  axis  of  least  moment  within  which,  if  the  instantaneous  pole 
is,  the  centre  of  the  polhode  will  be  a  or  a';  and  consequently 
the  smaller  will  be  the  districts  within  which  the  polhodes  will 
have  c  or  c'  for  their  centres.  And  thus  we  say  that  the  larger 
the  angles  are,  the  more  stable  is  the  body  relatively  to  the  axis 
of  least  moment ;  and  the  smaller  the  angles  are,  the  greater  is 
the  stability  of  rotation  relatively  to  the  axis  of  greatest  mo- 
ment. 

Hence,  the  axes  of  greatest  and  of  least  moments  are  stable 
axes ;  and  the  axis  of  mean  moment  is  an  unstable  axis. 

161.]  In  Art.  154  we  have  determined  the  most  general  dif- 
ferential equation  which  connects  the  time  and  the  angular  ve- 
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locities  about  the  principal  axes ;  and  we  have  observed  that  the 
equation  is  an  elliptic  transcendent.  In  the  particular  cases 
however  in  which  the  forces  are  such  that  the  distance  from  the 
fixed  point  to  the  plane  on  which  the  ellipsoid  rolls  is  equal  to 
one  of  the  principal  semi-axes  of  the  ellipsoid,  (63)  admits  of 
further  simplification. 

If  the  axis  of  least  moment  is  the  rotation-axis^  it  is  a  perma- 
nent axis^  and  coincides  with  the  invariable  axis,  and  g^  =  aA;^; 
thus  from  (37)  and  (44)  we  have 

B(B-A)»,*4-C(c-A)a)3»  =  0;  (95) 

and  as  the  coefficients  of  a^^  and  o),'  are  positive  quantities,  this 
equation  is  satisfied  only  when  o),  =  (»3  =  0;  in  which  case 
(29)  gives  rf« 

.•.     (»|  =  a  constant  =  n^  =  -.  (96) 

Similarly,  if  the  axis  of  greatest  moment  is  the  rotation-axis,  it 
is  also  a  permanent  axis,  and  coincides  with  the  invariable  axis, 
and  o'  =r  cA:' ;  and  by  a  process  similar  to  that  just  explained, 

dt       ^' 

.-.     »3  =  a  constant  =  flj  =  — •  (97) 

c 

If  however  the  plane  ou  which  the  ellipsoid  rolls  is  at  a  distance 

from  the  fixed  point  equal  to  the  semi-axis  of  mean  moment, 

then  o*  =  bA*  ;  and  (37)  and  (44)  become 

A»,«  +  B«,»  +  C»8»  =  A».  i 

A»«»i*+B*V+cW  =  o*  =  B**;' 

...    ±f^  =  ^:i£V  =  £V .  (99) 

C— B  C— A  B— A 

thus  the  second  equation  of  (29),  employing  the  substitution 
(89),  becomes        Brfo).  B«rf«,  .,  „^, 

...      logKj±|^  =  ^*,  (101) 

where  k  is  an  undetermined  constant  dependent  on  the  circum- 
stances of  the  body  when  /  =  0.  Thus,  for  instance,  if  when 
/  =  0,  Q>2  =  ^9  &)3id  /3  is  the  angle  between  the  invariable  axis 
and  the  axis  of  mean  moment,  then  xi,  b  =  o  cos  /3  ;  and 
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G  — Bn-        1— cos/3        /         B 

-2  =  -.*- ^  =  (ian-^ 

0-1-8^2        14-C08/3        V         2 

and  if =  m,  then  from  (101) 

B 

««  =  =  ^^UTTT'  (103) 


G— Bn«       1— cosi3        /        8  \^ 
K  =  ^  =  ^ ?  =  (l»n|-)  ;  (102) 


B  €"»'+ K 

4ko*(c  — b)         €"•' 

AB(C-A)  (e"«  +  K)»* 
J  _  4kG*(B— A)  €«« 


(104) 


«8     -      BC(C-A)        (€""H-K)^'  ^^^^^ 

If  we  take  the  invariable  plane  to  be  that  of  (a?,  y),  and  the  in- 
variable axis  for  the  axis  of  ^;  then,  as  in  Art.  152, 

jfi^^     (C~B)(6'"^  +  K)^>|-(B-A)(€">^~K)«     , 
rf/  A(C-B)(€""  +  K)2  +  C(B-A)(c"»'-K)a'  ^       ^ 

whence,  by  integration,  \fr  will  be  given  in  terms  of  t,  and  the 
problem  will  be  completely  solved. 

Prom  (103)  it  appears,  that  Wj  =  -  when  t  =  oo;  so  that  - , 

B  B 

which  in  that  case  is  equal  to  n^,  is  the  angular  velocity  to  which 
0),  approaches  and  ultimately  becomes  equal.  In  this  limit 
a>j  =  a>3  =  0,  and  the  body  revolves  permanently  about  the  mean 
axis.  The  polhode  is  the  critical  ellipse  through  which  the  in- 
stantaneous  pole  travels,  and  the  rotation-axis  ultimately  coin- 
cides with  the  mean  axis  of  the  ellipsoid.  The  herpolhode  is  the 
spiral  which  has  already  been  described  in  Art.  159 ;  and  the 
point  of  contact  of  the  ellipsoid  with  the  fixed  plane  coincides 
with  the  pole  of  this  spiral  only  when  ^  =  oo  . 

162.]  The  special  cases  which  have  been  just  discussed  depend 
on  G  and  *,  which  are  functions  of  the  forces  and  couples  by 
which  the  body  at  first  receives  its  motion.  But  there  are  other 
varieties  which  depend  on  the  constitution  of  the  body  itself. 
Let  us  briefly  examine  these ;  and  let  us  first  consider  the  case 
wherein  two  principal  moments  are  equal ;  these  we  will  take  to 
be  the  least  and  the  mean ;  that  is,  let  b  =  a  ;  so  that  the 
greatest  moment  is  the  unequal  moment;  then,  from  (29),  we 
have 

PRICE,  VOL.  IV.  N  n  i^  T 
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TWO  PRINCIPAL  MOMENTS  EQUAL. 


[162. 


A-^  +  (c-A)a),«3  =  0, 
A-^-(C-A)ft)3«i   =  0, 


dt 


=  0; 


(109) 


from  the  last  of  vhich. 

u,  =  a  constant 

=  0,  =  n  (say) ; 

(110) 

and  from  the  first  two  we  hare 

»x  (^c*i  +  «,</«*,  =  0; 

(111) 

.-.     a)i»  +  »,»  =  V  +  V. 

=  «t«(say); 

(112) 

.-.     »»  =  «i«  +  «,»  +  «)3»  =  »»»  +  n>, 

(113) 

=  n«; 

(114) 

80  that  the  angular  Telocity  is  constant  about  the  instantaneous 
axis ;  and  also  about  the  axis  of  greatest  moment.  And  if  y  is 
the  C-direction-angle  of  the  instantaneous  rotation-axis^  rela^ 
tively  to  the  principal  axes  fixed  in  the  bodj. 


cos  y  =  -^  = 


(115) 


(m*  +  n«)* 

which  is  constant :  so  that  the  instantaneous  axis  moves  in  the 
body  in  the  surface  of  a  right  circular  cone  whose  semi-vertical 
angle  is  y,  and  whose  axis  is  the  principal  axis  of  greatest  mo- 
ment. 

Again^  from  (112)^  and  the  first  of  (109),  we  have 

(w*-a)i*)*  A 

=  yindt, 


c  — A 


if 

A 

SO  that 


CD]  r=  msin(fin/  +  a) ;  \ 
(^2  =  mco%{iint' 


+  a);^ 
+  a);> 
where  a  is  a  constant,  such  that,  when  /  =  0, 


tana  =  —  - 


(116) 
(117) 

(118) 


Thus,  the  axial  components  of  the  angular  velocity  relatively  to 
the  principal  axes  of  the  body  are  expressed  in  terms  of  t ;  and 
from  these  values  it  follows  that  the  instantaneous  axis  moves 
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over  the  surface  of  the  cone  in  a  retrograde  direction,  with  a 
constant  angular  velocity  equal  to  fin. 

If  we  refer  these  to  the  invariable  plane  as  the  plane  of  (x,  y), 
we  have,  from  Art.  152, 

cos^  ^^:^—-^ •,  (119) 

tan<^  =  tan(fxn/  +  a) ; 
,-.     4»=fin^H-o;  (120) 

so  that  <^  =  a,  when  /  =  0 ;  and  thus  a  is  the  angle  between  the 
line  of  nodes  and  the  principal  axis  of  ^,  when  /  =  0. 

Also  ~  =  -; 

dt        A 

.-.      ylf-yjr.^^t.  (121) 

These  equations  completely  determine  the  motion  of  the  body, 
and  its  position  at  the  time  t.  From  (119)  it  appears  that  0  is 
constant ;  thus,  the  axis  of  greatest  moment  is  always  inclined 
at  the  same  angle  to  the  invariable  axis  ;  and  therefore  describes 
a  right  circular  cone  in  space,  the  axis  of  which  is  the  invariable 

axis.    And  since  ~jj-  is  constant,  the  processional  velocity  of  the 

at  J 

line  of  intersection  of  the  plane  of  axes  of  equal  moment  with 
the  invariable  plane  is  constant,  so  that  the  axis  of  greatest  mo- 
ment describes  the  circular  cone  imiformly.  And  from  (120)  it 
appears  that  the  right  ascension  of  the  principal  axes  of  equal 
moment  advances  uniformly. 

In  this  case  the  moving  body  is  such  that  its  momental  ellip- 
soid is  an  oblate  spheroid.  All  the  polhodes  are  circles  parallel 
to  the  equator  of  the  spheroid ;  and  all  the  herpolhodes  are  also 
concentric  circles  whose  centre  is  at  g  ;  see  Fig.  33.  The  critical 
ellipses  in  this  case  unite  and  become  the  circle  of  the  equator. 
Thus,  if  the  rotation-axis  is  ever  in  the  equator,  it  will  pass 
throughout  it,  and  a  complete  bouleversement  will  take  place 
again  and  again ;  this  will  take  place  when  e'  =:  a^,  and  the 
plane  on  which  the  spheroid  rolls  is  at  a  distance  from  the  fixed 
point  equal  to  the  equatorial  radius.  Although  in  this  case  the 
rotation-axis  moves  in  the  body  through  a  complete  circle^  yet 
in  space  it  is  coincident  with  the  invariable  axis,  and  is  fixed. 
Thus,  the  axis  of  greatest  moment  is  the  only  rotation-axis  which 
has  stability  and  permanence. 

N  n  2 
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If  the  two  equal  principal  axes  are  the  greatest  and  the  mean, 
that  is,  if  c  =  B,  the  equations  of  motion  are 


(122) 


the  results  of  which  are  so  exactly  similar  to  those  of  (109)  that 
it  is  unnecessary  to  explain  them  at  length.  In  this  case  how- 
ever the  momental  ellipsoid  is  a  prolate  spheroid^  of  which  the 
principal  axis  of  least  moment  is  the  axis  of  revolution.  The 
polhodes  are  circles  in  planes  perpendicular  to  this  axis,  and  the 
herpolhodes  are  also  concentric  circles  of  which  o  is  the  centre. 
The  critical  ellipses  unite  into  the  circle  bcb'c'.  If  the  rotar 
tion-axis  is  ever  in  this  circle,  it  will  move  throaghout  it,  and  a 
complete  bouleversement  will  take  place ;  this  is  the  case  when 
Q^  =  ck^i  and  although  the  rotation-axis  moves  in  the  body 
through  this  circle,  yet  it  is  fixed  in  space,  being  ccHncident 
with  the  invariable  axis.  The  axis  oa,  which  is  that  of  least 
moment,  is  the  only  axis  in  this  system  which  has  stability  and 
permanence. 

163.]  If  A  =:  B  =s  c,  that  is,  if  the  three  principal  moments  are 
equal,  rfaii  _  rf»g  _  rfft>8  _  a 

dt    ^   di   ~   dt  "     ' 

fij         flj         Hj        a        ' 
and  the  angular  velocity  is  constant ;  and  the  rotation-axis  is 
fixed  both  relatively  to  the  moving  body  and  to  space. 

In  this  case  the  momental  ellipsoid  is  a  sphere,  and  the  dis- 
tance of  the  fixed  plane  on  which  it  rolls  is  at  a  distance  from 
its  centre  equal  to  its  radius.  The  polhode  and  herpolhode  are 
only  points ;  and  whatever  new  couple  is  impressed,  and  what- 
ever consequently  is  the  displacement  of  the  rotation-axis,  the 
axis  in  its  new  place  is  stable  and  permanent. 

And  this  case  is  indeed  the  only  one  in  which  generally  it  is 
possible  for  the  angular  velocity  to  be  constant  throughout  the 
motion ;  for,  if  u  is  constant,  the  solution  depends  on  the  three 
equations  A^a),^  -f  b^Wj*  +  0*0)3*  =  ®^ 

A  I 


"a),*-f  B=a>2"  + 0*0)3*  =  G*,  "1 
«i«  4-  B  a)j»  +  C  wj*  =  *«,  I 
0)1*  +     0)2*  -h    «3*  =  0)* ;  J 
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whence  a>2,  o),,  o>3  are  evidently  constant ;  and  consequently 

dt   ~   dt   "^  dt   "     ' 
and  therefore  from  (29) 

(C  — B)»2<»3  =  (a  — C)a>3<»i  =  (B  — A)a)i(i)2  =  0; 

which  are  satisfied  (1)  when  a  =  b  =  c,  that  is,  when  the  prin- 
cipal moments  are  equal,  and  every  axis  is  permanent  and  stable ; 
(2)  when  two  of  the  three  quantities  o>p  oi^,  0)3  are  equal  to  zero ; 
that  is^  when  the  body  rotates  about  a  principal  axis ;  but  in 
this  last  case  on  any  shifting  of  the  axis  a  change  of  angular 
velocity  takes  place. 

164.]  The  differential  equations  (29)  are  integrable  also,  at 
least  approximately,  when  the  angle  between  the  rotation-axis 
of  the  system  and  one  of  the  principal  axes^  say  that  of  the 
greatest  moment,  is  always  small ;  so  that  the  angles  between 
the  rotation-axis  and  the  other  principal  axes  are  almost  right 
angles,  and  thereby  their  cosines  are  very  small.  In  this  case 
»i  and  a>2  are  so  small  that  their  squares  and  their  products  may 
be  neglected  in  linear  equations  which  involve  their  first  powers, 
and  a>3  may  be  replaced  by  the  resultant  instantaneous  angular 
velocity ;  then,  from  the  third  of  (29),  we  have 


dt 


r^  =  0; 


.'.     a>3  =  a  constant 
=  «(say); 
and  the  first  and  second  of  (29)  become 

A-^  +  (c-B)n«a  =  0, 

B-^-h(A-c)n«i  =  0; 


whence  we  have 


(C-A)(C-B) 


ia^  =.  A^  COS 


dt^     ^  AB 

(C  — A)(C— B 


AB 


U(C-A))* 


sin 


»2a)i  =  0 ; 

j(C-AHC-B))* 


(128) 


)■     (124) 


nt; 


the  limits  of  integration  being  such  that  mj  =  n^,  when  /  =  0,       — 
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at  which  time  «»|  =  0 ;  so  that  the  initial  rotation-axis  is  in  the 
plane  of  {$,  0 ;  &iid  if  n  is  the  initial  angular  velocitj 

c?  =  ftj*  +  n*. 
Since  o^  is  very  small,  (124)  shew  that  q>i  and  ^^  are  always 
small^  so  long  as  c— a  and  c— b  have  the  same  sign ;  that  is^  so 
long  as  the  principal  axis^  near  to  which  the  rotation-axis  is^  is 
the  axis  of  either  the  greatest  or  the  least  moment.  If  however 
c— A  and  c~B  are  of  different  signs^  the  integral  of  (123)  in- 
volves exponential  expressions ;  and  a)^  and  m^  will  increase  in- 
definitely with  the  time.  Whence  we  infer  that  if  a  body^  free 
from  the  action  of  forces  producing  rotation,  rotates  at  any  time 
about  an  axis  nearly  coinciding  with  the  principal  axis  of  greatest 
or  least  moment,  the  rotation-axis  will  always  nearly  coincide 
with  that  principal  axis.  But  if  the  principal  axis,  with  which  the 
rotation-axis  nearly  coincides  is  the  principal  axis  of  mean  mo- 
ment, the  rotation-axis  will  deviate  more  and  more  from  that 
axis.  Hereby  we  have  another  conception  of  the  stability  and 
instability  of  principal  axes ;  those  of  greatest  and  least  moment 
are  stable ;  that  of  mean  moment  is  unstable. 

165.]  We  now  return  to  the  general  case ;  althougli  the  in- 
variable axis  is  fixed  in  space,  yet  in  the  body  it  describes  a  cone 
of  the  second  degree,  the  equation  to  which  is  thus  found. 

In  reference  to  the  principal  axes  of  the  body  the  equations 
of  the  invariable  axis  are 

^=JL  =  ^;  (125) 

ACOj  Bq>2  00)3 

but  from  (37)  and  (44)  we  have 

A(A*»-0»)a)i»  +  B(B*2-0«)«j2  4.c(C*«-G*)ft>3*  =  0; 

.• .     (*2-  — )^+  (**-  —)  y*+  (**-—)  ^*  =  0;  (126) 

which  is  the  equation  to  a  cone  of  the  second  degree  coaxal  with 
the  momental  ellipsoid ;  and  is  a  circular  cone  if  two  principal 
moments  are  equal;  and  becomes  two  planes  passing  through 
the  axis  of  y,  if  o^  =  b^*,  of  which  the  equations  are 

{c(B-.A)}*a?  ±  {a(c-b)}*;5  =  0.  (127) 

Hence  also  we  have  the  following  image  of  the  body's  motion. 
Let  the  instantaneous  angular  velocity  a>  at  the  time  /  be  resolved 
into  two  components^  the  axis  of  one  of  which  is  the  invariable 
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axis,  and  the  axis  of  the  other  is  the  line  perpendicular  to  it  in 
the  invariable  plane.  Now  if  ^  is  the  angle  between  the  instan- 
taneous and  the  invariable  axes,  a>  cos  <t>  is  the  former  component, 
and  is,  by  reason  of  (59),  Art.  153,  constant :  the  latter  com- 
ponent is  a>  sin  <^ ;  about  the  axis  of  which  the  body  rotates  in 
the  time  dt  through  an  angle  a>  sitKpdt ;  and  thus  the  invariable 
axis  moves  over  a  sur&ce  element  of  the  cone  (126) ;  and  as 
this  discomposition  may  be  continued,  so  will  the  invariable 
axis  describe  a  conical  surface.  Also  the  axis  of  the  latter  com- 
ponent will  continuously  change  its  position  in  the  body,  al- 
though it  is  always  in  the  invariable  plane ;  and  as  it  is  always 
perpendicular  to  a  generating  line  of  the  cone  (126),  so  will  it  in 
its  successive  positions  generate  a  cone  which  is  the  reciprocal 
of  (126) ;  and  of  which  consequently  the  equation  is 

and  this  is  evidently  a  cone  coaxal  with  (126),  having  the  same 
internal  axis,  and  whose  major  and  minor  eltternal  axes  are 
respectively  the  minor  and  major  external  axes  of  (126).  If 
bI^  =  6^  y  =  0 ;  in  which  case  (128)  represents  a  straight  line. 
Now  in  the  motion  of  the  body  the  surface  of  the  cone  (126) 
always  contains  the  invariable  axis ;  and  the  surface  of  the  second 
is  always  in  contact  with  the  invariable  plane.  Thus  the  motion 
of  the  body  may  be  represented  by  the  rolling  of  the  cone  (128) 
on  the  invariable  plane. 

166.]  Lastly,  let  us  consider,  as  shortly  as  possible,  certain 
properties  of  the  principal  axes  of  the  body ;  and  for  this  pur- 
pose let  us  refer  them  to  the  invariable  plane  and  to  the  in- 
variable axis :  let  a,  /3,  y  be  the  direction-angles  of  the  invariable 
axis,  and  let  {a?,  y,  z)  be  the  instantaneous  pole  at  the  time  /» 
relative  to  the  principal  axes  of  the  body;  then,  from  (51)  and 
(70),  we  have 

cos  a  =  — *  = 


Kkx 


G 


cos/3  =  — 2  =  — ^ 


o  o 


cc»s        ckz 

cos  y  =  — S  s= 

'^         o  o 


(129) 


From  which  equations  we  have 
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(cos a)*       (cos /3)^       (cosy)'  __  Aa)i*-|-B«2*  +  cav,* 


C  O" 

=  5'  (130) 

that  is^  the  sum  of  the  squares  of  the  projections  of  the  three 
principal  axes  of  the  momental  ellipsoid  on  the  invariable  axis 
is  constant^  and  is  equal  to  the  square  of  the  perpendicular  from 
the  centre  of  the  ellipsoid  to  the  plane  on  which  the  ellipsoid  rolls. 
Again^  let  the  three  principal  axes  be  produced  until  they  meet 
the  plane  on  which  the  ellipsoid  rolls,  as  we  have  imagined  in 
Art.  156 ;  and  let  pi,  p^,  p,  be  the  lengths  of  these  three  lines  thus 
produced ;  then,  as  the  perpendicular  from  the  centre  on  this 

plane  is  equal  to  -,  so 

k 
p^cosa  =  Pj  cos/3  =  pg  cosy  =  -;  (131) 


(138) 


and  from  (129) 

Pi 

AX, 

2_ 

Pi 

=  By, 

P3 

=  cz; 

1 

1 

+  ■ 

1 

Adr'  +  By»  +  ca» 

=  1.  (134) 

Again,  let  the  three  principal  axes  of  the  momental  ellipsoid  be 

projected  on  the  invariable  plane ;  and  as  the  body  rotates,  let 

(i>a,  a>(,  &><•  be  the  angular  velocities  of  the  projections  of  these 

axes  respectively  in  this  plane.   Then  it  is  evident  that  the  area 

described  on  this  plane  by  the  projection  of  oa 

(sino)2       -^  ,,„^, 

=  L—L^^dt;  (135) 

but  this  area  is  evidently  equal  to  the  projection  on  the  same 
plane  of  the  sectorial  area  described  in  space  by  oa  itself,    oa 
however  has  no  motion  by  reason  of  a>^ ;  but,  by  reason  of  tt^ 
and  tfg,  OA  describes  the  sectorial  areas 
a)a  dt  ,     a>o  dt 

-JT'    '^^  -JT' 

which  are  perpendicular  respectively  to  ob  and  to  oc ;  and  of 
which  therefore  the  projections  on  the  invariable  plane  are  re- 
spectively 
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"^'^^08)3,     and     "^cosy.  (136) 


2a       ^'  2a 

Thus,  equating  these  to  (185),  we  have 

(sina)^a>a  =  (o^cos^-^oD^co^y ; 

^2(1-A^) 


Wfr   = 


(137) 


"*"  ~    G(sina)2    ' 
A:^(l-By«) 
o(8in^)»   ' 
*2(1-C2r2) 

(Off    =  7": 7^  > 

G  (sin  y)* 
.-.     a)a(sina)2  +  a)5(sin)3)*4-<»c(8iny)*  =  — (3— Aa?*— By*— cz*) 

=  ^1^ ;  (138) 

G 

that  is,  is  equal  to  twice  the  component  of  the  instantaneous 
angular  velocity  about  the  invariable  axis  ;  see  (59),  Art.  153. 

Also,  from  (137)  we  have 
Aa)a  (sin  a)*  +  b  coe,  (sin  /3)*  +  00)^  (sin  y)* 

=  —  {A-f-B  +  c— A*a?2— B*y*— c*«2} 


=  f^|A+B  +  c-J|;  (139) 


but  A,  B,  c  are  proportional  respectively  to  the  squares  of  the 
radii  of  gyration  which  lie  along  the  corresponding  axes :  and 
therefore  it  appears  that  the  sum  of  the  areas  described  on  the 
invariable  plane,  by  the  projections  on  that  plane  of  the  principal 
radii  of  gyration,  is  proportional  to  the  time. 

Other  theorems  of  the  same  kind,  relative  to  principal  axes 
and  to  the  projections  of  their  extremities  on  the  invariable 
plane,  have  been  investigated  by  Poinsot  in  the  Memoir  to  which 
reference  has  so  frequently  been  made,  but  it  is  beyond  my 
purpose  to  enter  into  the  subject  further  in  this  place ;  and  the 
student  desirous  of  other  information  must  have  recourse  to  the 
original  Memoir. 

167.]  The  problem  which  has  been  solved  in  the  preceding 
Articles  of  this  Section  is  that  of  a  rigid  body,  or  a  system  of 
material  particles  of  invariable  form,  rotating  about  an  axis  pass- 
ing through  a  fixed  point,  when  l  =  m  =  n  =  0 ;  and  is  also  that 
of  a  heavy  body  about  an  axis  passing  through  its  centre  of 
gravity,  whether  this  latter  point  is  fixed  or  not ;  because  through 
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it  the  resultant  of  the  acting  forces,  viz.,  the  weight  of  the  body, 
passes^  and  thus  produces  no  moment  to  effect  a  change  of  either 
the  position  of  the  rotation-axis^  or  the  angular  velocity. 

Let  us  now  investigate,  as  far  as  is  possible^  the  rotation  of  a 
heavy  body,  of  which  two  principal  moments  are  equal,  and  a 
point  is  fixed  in  the  axis  of  unequal  moment,  so  that  the  body 
rotates  about  an  axis  passing  through  this  point.  Let  us  more- 
over assume  the  centre  of  gravity  to  be  in  the  axis  of  unequal 
moment,  and  not  to  be  at  the  fixed  point.  It  is  evident  that  of 
many  systems  of  particles  satisfying  these  conditions,  one  is  a 
heavy  homogeneous  solid  of  revolution^  which  is  capable  of  rota- 
tion about  a  point  fixed  in  its  axis  of  figure.  Such  is  a  top,  the 
point  of  whose  peg  keeps  the  same  place  during  the  rotation, 
and  the  friction  at  which  is  neglected. 

Let  us  take  the  coordinates,  and  other  symbols  of  Arts.  2, 4, 
and  42.  llius,  let  the  fixed  point  be  the  origin ;  and  let  the  axis 
of  unequal  moment  be  the  axis  of  C  the  axes  of  i  and  17  being  in 
a  plane  perpendicular  to  that  axis^  so  that  these  coordinate  axes 
are  the  principal  axes  of  the  body  at  the  given  point.  In  refer- 
ence to  these  axes  let  the  centre  of  gravity  be  (0^  0,  h) ;  let 
m  =  the  mass  of  the  body ;  and  let  a  =  b  ;  and  let  c  be  the  un- 
equal principal  moment.  Let  the  fixed  system  of  axes  at  the 
origin  be  so  arranged  that  the  axis  of  z  is  vertical,  and  in  a 
direction  contrary  to  that  of  gravity,  and  the  plane  of  (a?,  y)  is 
horizontal.  At  the  time  t  let  0,  ^,  ^  be  those  angles  of  connec- 
tion between  the  two  systems  of  rectangular  coordinates  which 
are  given  in  Arts.  8  and  4 :  then,  since  die  weight  acting  on  any 
particle  dm  in  a  line  parallel  to  the  axis  o(z  is  equal  to  —gdm, 
for  the  components  of  this  force  along  the  principal  axes  of  the 
body  we  have  x  =  — ^rfm  sin  d  sin  0,  ^ 

Y  =  —  ^rfmsin^cos<^,  I  (140) 

z  =  —gdmco^O.  J 

Since  the  axis  of  (  passes  through  the  centre  of  gravity, 

s.^rffn  =  2.T7</m  =  0;         2.C^m  =  mA;  (141) 

and  consequently  in  reference  to  the  principal  axes  fixed  in  the 

^  ^      L  =  3.rfm(z»7— yO  =       mA^8in^cos<^, 


M  =  3.rff»(xC— zf)  =  —  wA^ sin  ^  sin  4>,    I  (142) 

N  =  a.rfm(Y^-x»/)  =  0;  J 

and  the  three  equations  of  motion  become 
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A-^ -f-(c— a)«j«3  =     mhg9lin0cos(l>,  (148) 

A -^  +  (a— 0)0)30)1  =:^mhff  sin  0  sin  <t>,  (144) 

c^  =0;  (146) 

from  the  third  we  have 

<»3  =  a  constant 

=  n(8ay);  (146) 

so  that  the  angalar  velocity  abont  the  axis  of  unequal  moment  is 
constant ;  and  therefore  substituting  in  (143)  and  (144)  we  have 


A-^  +  (c— a)w«2  =     ^f^ff  sind  cos<^^ 
A-^  H-  (a— c)no)i  =  "VnhffHinOsixKl); 

A  (  0)1  -jp  +  0),  -^j  =  m A^  sin  ^ (o)i cos  ^^--ca^  sin 


(147) 


<!>) 


sind^,  (148) 

by  reason  of  (108),  Art.  42.  Consequently,  if  A*  is  the  initial 
vis  viva  of  the  body,  and  ^^  is  the  initial  value  of  <[>,  the  integral 
of  (148)  gives 

A  (o)i*  +  0)2*)  +  c «*  =  JP  +  2mhff  (cos  ^0  —  cos  0)  ;      (149) 

which  is  indeed  the  equation  of  vis  viva,  and  might  have  been 
immediately  inferred  from  the  principle  given  in  Article  63. 
Whenever  0  =  0^  that  is,  whenever  the  angle  between  the  vertical 
line  and  the  axis  of  unequal  moment  has  its  initial  value,  the 
vis  viva  of  the  system  is  equal  to  the  initial  vis  viva ;  and  the 
vis  viva  is  increased  or  diminished  according  as  the  position  of 
the  centre  of  gravity  is  lower  or  higher  than  its  initial  position. 
This  is  in  accordance  with  the  conservation  of  vis  viva. 
From  (100)  and  (101),  Art.  42, 

V  +  V=(g)'+(«in*^;;  (150) 

SO  that  (149)  becomes 

A(g)V A(sind)«  (^)%cn»  =  *»+2mAi|f(co8(^o-cosd),  (151) 

which  is  the  equation  of  vis  viva  connecting  0,  ^,  and  L 
Again,  from  (147)  we  have 

002 
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A(8in<^^  +  co9<t>^)  +  (c-A)n(«a8in<^-a»,co80)  =  0 ;    (152) 

but  from  (104),  Art.  42, 

dylf 
a>i  sin  <^  +  a>2  cos  <^  =  sm^-^; 

therefore 

8m^-^+  co8^-^  =  -^  (sin 0-j^)-Kco8*-«,sin.^)-^ 

by  reason  of  (102),  Art.  42 ;  and  substituting  these  in  (152),  we 

and  multiplying  by  sin  Oj  and  integrating,  we  have 

A (sinj^)*  ^  +  en cos^  =  A';  (154) 

where  h'  is  a  constant  introduced  in  integration,  and  is  indeed 
the  sum  of  twice  the  product  of  each  particle  and  the  projection 
on  the  horizontal  plane  of  (a?,  y)  of  the  sectorial  area  described 
by  its  radius  vector  in  an  unit  of  time.  For  although  the  prin- 
ciple of  conservation  of  moments  or  of  areas,  see  Art.  58,  is  not 
true  of  this  motion  relatively  to  any  plane,  yet  it  is  true  for  the 
plane  of  (a?,  y),  because  the  axis  of  z  is  parallel  to  the  line 
of  gravity,  and  the  weight  consequently  does  not  produce  any 
moment  relatively  to  that  axis.  Thus,  of  equations  (70)  in 
Art.  58,  the  third  is  true,  and  (154)  is  the  form  of  its  integral  in 
this  case.  For  A^idtj  At^^dty  en  dt  sre  respectively  the  sum  of 
twice  the  products  of  each  particle  and  the  sectorial  area  de- 
scribed by  its  radius  vector  in  dt  in  the  planes  of  (rj,  0>  (£  f  )>  (f  , »?) 
respectively ;  and  the  areas  described  on  the  plane  of  (x,  y)  are 
the  sums  of  the  projections  of  these  on  that  plane  ;  and  therefore 

=  {Aa>iSin^sin4>  +  Aa>2sindcos<^  +  cncos^}  dt 

and  this  is  constant  by  the  principle  of  conservation  of  areas ; 
so  that  if  V  is  the  sum  of  twice  the  product  of  each  particle, 
and  the  protection  on  the  horizontal  plane  of  the  sectorial  area, 
described  by  its  radius  vector  in  an  unit  of  time,  (154)  is  the 
particular  form  assumed  by  the  principle  in  this  problem. 
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If  we  eliminate  —^  from  (151)  and  (154),  an  equation  will 

result  of  the  form  at  =  f^Q)  as ;  (155) 

whence  0  may  be  determined  in  terms  of  t ;  and  if  we  substitute 
this  value  of  0  in  (154),  we  shall  have  another  difi'erential  ex- 
pression of  the  form  at  =  /(V^)  d\jf ;  (156) 
whereby  yjr  may  be  expressed  in  terms  of  t.  And  lastly,  by 
means  of  (102),  Art.  42,  we  have 

which  will  give  us  <^  in  ^erms  of  t»  The  problem  will  thus  be 
completely  solved.  All  these  differential  expressions,  although 
reduced  to  simple  quadratures,  involve  elliptic  transcendents, 
and  are  functions  whose  properties  we  have  not  discussed  in  this 
treatise.  I  propose  therefore  to  consider  only  one  or  two  simple 
cases  of  the  problem. 

I  would  observe  however  that  the  three  equations  (151),  (154), 
and  (157),  on  which  the  solution  depends,  are  the  same  as  those 
found  by  Lagrange  after  his  own  process,  in  the  M^canique 
Analytique,  Part  II,  Section  IX,  35.  It  does  not  appear  that 
the  problem  had  been  solved  before  that  time.  Poisson  after- 
wards solved  it,  and  gave  the  solution  in  Cahier  XVI,  Journal 
de  TEcole  Polytechnique,  published  in  1815.  He  does  not  refer 
to  Lagrange.  Poisson  has  also  given  the  solution  in  the  second 
volume  of  the  Traite  de  M^canique. 

168.]  Let  us  suppose  the  axis  of  the  angular  velocity  which 
is  impressed  on  the  body  initially  to  be  the  axis  of  unequal  mo- 
ment ;   so  that  initially  Wj  =  ©j  =  0 ;  and  also  -^-  =  •—  =  0 ; 

and  therefore  Ifl  =  en*,  and  A'=  cncos^o;  so  that  (151)  and 
(154)  become 


a(^)  -fA(8m^)M-^j  =  2mA^(cos^o-cos^), 


<dt^  -r-v— /   V^^/ 


A(8in^)*-^  =  cn(cos^o— cos^); 


>  (158) 


the  former  of  these  shews  that  h  and  (cos  ^q  — cos  ^)  are  always 
of  the  same  sign ;  and  that  consequently  if  h  is  positive,  6  is 
greater  than  Oq  ;  and  if  h  is  negative,  0  is  less  than  $q  ;  thus,  the 
inclination  of  the  axis  of  uneqnal  moment  to  the  vertical  in- 
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creases  or  decreases  according  as  the  centre  of  gmvity  is  initially 
above  or  below  the  fixed  point.    And  from  the  latter  it  appears 

that  the  precessional  motion^  of  which  -^  is  the  symbol  and  the 

measure,  is  direct  or  retrograde,  according  as  the  centre  of  gra- 
vity is  initially  above  or  below  the  fixed  point. 

From  (158)  we  have,  by  the  elimination  of  -^ , 

dt=  ± 7 1 .  (159) 

{cos^^— cosd}*{2iiiAA(8ind)*^— c*n*(co8(9o— cos^)}» 

To  fix  oar  thoughts  in  the  discussion  of  this  equation,  we  will 
suppose  h  to  be  positive ;  so  that  the  centre  of  gravity  of  the 
body  is  initially  above  the  horizontal  plane  which  contains  the 
fixed  point,  and  the  system  is  in  unstable  equilibrium  when  the 
axis  of  unequal  moment  is  vertical,  that  is,  when  Oq  =  0.  Thus, 
the  second  radical  in  the  denominator  of  (159)  is  positive  when 
the  motion  begins ;  consequently  the  first  radical  is  also  positive, 
and  thus  $  must  be  greater  than  0^;  the  inclination  of  the  axis 

of  unequal  moment  to  the  vertical  increases  at  first,  and  ^  is 

positive.    The  angle  0  continues  to  increase,  until  it  reaches  a 
value  at  which  the  second  radical  in  the  denominator  of  (159) 

vanishes,  when  -tt  =  0,  and  there  is  no  variation  of  inclination ; 
at 

this  value  of  0  is  less  than  ir ;  for  when  0=7t,  (159)  is  imaginary ; 

let  it  be  0^ ;  and  let  t  be  the  time  in  which  the  axis  of  unequal 

moment  will  attain  this  position ;  then 

T  =  /     t; .  (160) 

\  {cos^o— cos^}*{2mAA(sin^)*^-c*ii*(cos^o— cosd)}* 

Now  T  is  finite,  although  the  elements  of  the  integral  are  infinite 
at  both  limits ;  to  prove  this,  let 

cos  0  =  Sy        cos  0^  =  Si,        cos  ^^  =  *o ;         (161) 


then  r*o  jids 

^     ^    {*o-*}*{2mAA5r(l-««)-c*n«(*o-«)}*' 


(162) 


The  form  of  the  denominator  of  the  quantity  under  the  integral 
sign,  shew  that  the  factors  s^—s  and  Si—s  do  not  enter  to  any 

power  higher  than  —  ^ ;  and  generally,  if  e  is  an  infinitesimal, 

and/(«)  is  continuous  when  «  =  a. 
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•^«       («--a)*  Ja      («— a)*  L  J. 

80  that  the  time  within  which  0  passes  from  Oq  to  ^^  is  finite. 

At  this  instant,  when  0  =  0^,  the  first  radical  in  (159)  is  still 
positive,  and  thus  the  second  must  also  be  positive,  and  there- 
fore 0  must  decrease ;  and  will  continue  to  do  so  until  0  becomes 
0Q.  This  diminution  will  continue  during  the  same  time  that 
has  been  occupied  in  the  increase  from  0q  to  0^ ;  and  thus  the 
inclination  of  the  axis  to  the  vertical  will  be  the  same  as  before^ 
and  another  change  of  position  will  take  place  similar  to  the 
former.  Thus  o  C  the  axis  of  unequal  moment,  will  make  iso- 
chronal oscillations  in  the  vertical  plane  zo(  passing  through  oz, 
see  Fig.l^  as  that  plane  revolves  about  the  vertical  oz. 

The  angular  velocity  however  of  this  vertical  plane  about  oz 
is  not  uniform^  but  the  variations  of  its  angular  velocity  are 
periodic,  the  period  of  which  is  2t  ;  and  is  the  time  in  which 
the  nutational  oscillations  of  the  axis  of  greatest  moment  takes 

place ;  for  -^  is  this  preoessional  velocity ;  and  from  the  second 

equation  of  (168),  we  have 

dyfr        cn(cos^o-cosg), 

■rfF  =  — I(riSd? — '  ^^^^ 

so  that  the  processional  velocity  vanishes  when  0  =  0^^  and  attains 
its  maximum  value  when  d= ^i ;  afterwards  it  begins  to  decrease, 
and  vanishes  again  when  0=^0q;  and  it  continues  to  make  these 
periodical  oscillations.  If  we  project  on  the  plane  of  (x,  y)  the 
curve  described  by  the  centre  of  gravity,  it  is  evident  that  it  is 
contained  between  two  concentric  circles  whose  radii  are  re- 
spectively h  sin  0Q  and  h  sin  0i ;  that  it  consists  of  a  series  of  arcs 
which  touch  the  outer  circle,  and  are  at  right  angles  to  the  inner 
circle  at  the  points  where  they  meet  it.    This  curve  is  delineated 

in  Fig.  35,  where  ac  =  ca'= =  the  precession  which  takes 

place  in  the  time  t.     I  may  observe  that  this  curve  is  a  graphic 
interpretation  of  the  oscillatory  motion  of  the  axis  of  a  spinning 
top,  in  which  its  inclination  to  the  vertical  periodically  varies. 
If  tt  is  the  instantaneous  angular  velocity, 
«*  =  Wj*  4-  »j*  -f  «* ; 
and  0)  is  a  minimum  when  (Oj*  +  w,*  =  0,  that  is,  when  /  =  0 
and  when  ^=^0^  ^^^  o)  is  a  maximum  when  tt^^-f  a>2^is  a  maxi- 
mum :  and  since 
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...^..•=0V(-«'(^)' 

=  2mA^(cosdo— co8^),  (IM) 

the  angular  velocity  is  a  maximum  when  0  has  its  greatest  value ; 
that  is,  when  $  =  6^^  and  when  the  angle  of  inclination  of  the 
axis  of  unequal  moment  to  the  vertical  is  the  greatest.  This  is 
evidently  the  case  by  reason  of  the  principle  of  vis  vi^a. 

If  h  is  negative,  similar  results  follow,  except  that  0^  will  be 
less  than  Oq  ;  thus,  the  principal  axis  of  unequal  moment  will 
come  nearer  to  the  vertical  line  than  it  was  in  its  initial  position, 
and  will  make  periodical  ascents  and  descents. 

I69.3  If  the  initial  angular  velocity  of  the  system  about  its 
axis  of  unequal  moment  is  very  great^  n  is  very  great ;  and  since 
0^  is  the  value  of  6  determined  by  the  equation^ 

2mhAff{sine)^—c^n^{eos0Q—cose)  =  0; 
0^  is  very  little  greater  than  Oq  ;  so  that  the  value  of  0  is  confined 
within  very  narrow  limits.  In  this  case  the  requisite  integra- 
tions may  be  eflfected  approximately.  Let  w  be  a  very  small 
angle  of  which  the  cubes  and  higher  powers  may  be  [neglected  ; 
and  let  0  =  0q-^u;  (165) 

then  COS0Q—COS0  =  co^0q—cob(0q-^u) 


W 


2 


cos(?Q— cosg  U  U^COS0Q 


(sin^)2  sin^o       2(8indo)^  ' 

and  thus  (159)  becomes 

dt  =  : ^ ;        (166) 

{2mhAgsin0QU—(c^n^—mhAgcoB0Q)u^]^ 

let  c^v?-fnhKgcoB0^  ^  ^2 

1:  ^^   ^  '   V  (167) 

and  ^-j \ ^-—-=b\ 

.'.     kdt  = 


(2Att-tt2)* 

u  =  ftversinA:/,  (168) 

the  limits  of  integration  being  such  that  t*  =  0,  when  /  =  0 ; 
.-.     0  =  ^o-fftversinA:/ 

=  ^0+ 6-6  cos  A:^  (169) 
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According  to  our  hypothesis  u  is  always  very  small ;  and  con- 
sequently b  must  also  be  small ;  and  therefore  either  0q  is  always 
very  small^  and  the  axis  of  unequal  moment  is  always  nearly 
vertical ;  orn  is  very  large  ;  and  as  this  is  the  assumption  which 
we  have  made^  we  have  approximately 

-       mAA^sin^o  en 

Again^  from  (163), 

rf^  __    cnu 
dt   ""  Asin^o 

sin^Q 

.-.      y^f  ^  -^t--J-—m\kt,  (171) 

the  axes  of  x  and  y  being  so  placed  that  ^  =  0  when  /  =  0. 
And  from  (157) 

=  n— A:icotdo(l  — cosA:/) ; 
.-.     <^  =  («— A:icotdo)/  +  4cot^oSin*/,  (172) 

the  axes  of  f  and  r\  being  so  placed  that  <^  =  0,  when  /  =  0. 
This  equation  completes  the  solution  of  the  problem. 

Now  these  equations,  (169),  (171),  and  (172),  enable  us  to  in- 
dicate the  motion  of  the  axis  of  unequal  moment  with  great 
geometrical  exactness.  Imagine  an  axis  for  which  6  z=:  0^-^  b, 
and  ^  =  Ardcosecd^/ ;  then  this  axis  will  describe  the  surface  of 
a  circular  cone  round  the  vertical  axis  with  a  constant  angular 
velocity.  Let  this  axis  be  called  the  mean  axis ;  and  any  point 
of  it  describes,  with  a  constant  angular  velocity  Ar^cosec^o,  ^ 
circle  whose  centre  is  in  the  axis  of  z^  and  whose  plane  is  per- 
pendicular to  that  axis.  Now  the  true  axis  revolves  about  this 
mean  axis,  with  displacements  depending  on  the  two  periodical 
terms,  —A  cos*/,     and     —  4cosecdosin*'> 

80  that  the  true  axis  is  soiiietimes  before,  and  sometimes  behind 
the  mean  axis ;  sometimes  nearer  to,  and  sometimes  farther  from 
the  vertical  axis ;  but  as  6  is  a  very  small  quantity,  these  peri- 
odical terras  are  always  very  small. 

The  path  which  the  true  axis  describes  relatively  tp  the  mean 
axis  may  be  imagined  by  the  following  figure.  Imagine  a  sphere 
of  radius  unity  to  be  described  about  the  fixed  point  as  centre ; 

PRICE,  VOL.  IV.  p  p 
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then  the  mean  axis  intersects  this  sphere  along  a  parallel  circle 
of  latitude^  whose  angular  distance  from  the  pole  is  O^-^-b;  and 
the  greatest  and  the  least  angular  distances  of  the  true  axis  from 
the  vertical  axis  are  respectively  BQ-\-2b  and  Oq  ;  so  that  the  true 
axis  intersects  the  sphere  in  an  undulating  path  contained  be- 
tween two  parallels  of  latitude  at  angular  distances  of  Oq  and  of 
BQ-\-2b  from  the  polar  axis. 

These  motions  of  the  true  and  the  mean  axis  are  delineated 
in  Fig.  36 ;  in  which  o  is  the  centre  of  a  sphere  whose  radius  is 
unity;  OA  =  OB=:oc  =  l;  con^Ooj  008  =  ^0  +  6,  coT  =  df^-^2b; 
nW,  bb',  tt'  are  three  parallels  of  latitude^  ss'  being  that  along 
which  the  mean  axis  moves,  and  rr'  and  tt'  being  those  which 
limit  the  displacement  of  the  true  axis.  The  true  axis  evidently 
describes  the  wavy  line  contained  between  these  two  latter  pa- 
rallels; and  ON,  the  projection  of  oq  on  the  plane  of  (x^y),  is 
the  line  which  moves  uniformly  in  that  plane  with  the  angular 
velocity  kbcosecSQ,  which  is  the  mean  precessional  angular  ve- 
locity. 

Now  suppose  the  point  where  the  mean  axis  pierces  the  sur- 
face at  the  time  /  to  be  an  origin,  at  which  let  coordinate  axes 
of  (  and  77  be  taken  along  the  tangent  to  the  meridian,  and  the 
tangent  to  the  parallel  of  latitude  respectively ;  then,  if  (f,  17)  is 
the  place  of  the  point  of  intersection  of  the  true  axis  with  the 
sphere  at  the  time  /, 


f  =  —  icos*/, 

Tf  =  —  sin^o  X  icosec^oSinA:/  =  —6  sin 


»<;}       '"*» 


the  second  being  multiplied  by  sin  6q,  because  sin  0q  is  the  ap- 
proximate value  of  the  radius  of  the  parallel  of  latitude ;  there- 
fore squaring  and  adding, 

f*  +  7;»  =  A*,  (174) 

which  is  the  equation  to  a  circle ;  and  thus  the  true  axis  de- 
scribes uniformly  a  circular  cone  of  small  angle  about  the  mean 
axis,  and  intersects  the  surface  of  the  sphere  in  a  small  circle 
whose  centre  is  the  point  of  intersection  of  the  mean  axis  with 
the  sphere  ;  this  motion  of  the  true  axis  relatively  to  the  mean 
axis  is  called  Nutation ;  its  amplitude  is  always  the  same,  viz.,  &, 
but  varies  in  the  two  directions  of  latitude  and  longitude ;  that 
is,  of  the  axes  of  (  and  77. 


Since  t^nz^^W  ^  J2*  =  ?:£J?,  (175) 

at  A 
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it  appears  that  the  angular  velocity  of  the  true  axis  about  the 
mean  has  the  same  sign  as  n  >  and  therefore  the  direction  of  the 
nutational  motion  about  the  mean  axis  is  the  same  as  that  of 
the  body  about  its  axis  of  unequal  moment. 

2ir 
Also,  the  periodic  time  of  the  nutation  =  —7- 

=ril±;  (176) 

no  ' 

and  therefore  the  greater  n  is^  the  less  is  the  periodic  time  of  the 
nutation ;  and  consequently  the  greater  the  angular  velocity  of 
the  body  about  the  axis  of  unequal  moment  is^  the  less  is  the 
periodic  time  of  the  true  axis  relatively  to  the  mean  axis. 

The  angular  velocity  of  the  body,  and  the  place  of  the  instan- 
taneous axis  at  the  time  t  may  thus  be  found.  From  (169)^ 
(171),  and  (172),  we  have 

d  =  ^0  + A  — Acos*/,  1 

i|r  =  Acosec^o(*'-8in*/),      I  (177) 

<l>  =  n/— ftcot^o(*/  — sin*/).  J 

Let  us  substitute  from  these  in  (100),  (101),  (102),  of  Art.  42 ; 
and,  omitting  terms  containing  squares  and  higher  powers  of  b, 
we  have  ^  ^  AA{sinn/-f  8in(A-»)/},  ^ 

tfg  =  i*{co8n/-co8(*— n)/},   I  (178) 

a>3  =  n ;  J 

••.    0)*  =  4A**»  (sinyjV »*;  (179) 

and  the  direction-cosines  of  the  instantaneous  axis  are  also  de- 
termined. 

170.]  And  now  we  will  investigate  the  problem  in  a  still  more 
special  form :  in  the  case  wherein  the  angle  of  inclination  of  the 
axis  of  unequal  moment  to  the  vertical  is  constant  throughout 
the  motion.     Let  $q  be  the  constant  value  of  0 ;  then 


dt-^' 

and, 

taking 

the  most 
dt 

general  forms,  firom  (151)  we 

{  *»-cn»  )  * 
=  1 — 2 J  oosecflo, 

=  a  (say); 

p  p  a 

have 

(180) 
(181) 
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the  position  of  the  axes  oix  and  y  being  such  that  ^  =  0,  when 

/  =  0 ;  so  that  the  precessional  velocity  is  constant ;   and  the 

axis  of  unequal  moment  describes  uniformly  the  surface  of  a 

right  cone  whose  axis  is  the  vertical  axis  of  z. 

And  from  (157)  we  have 

d<b  ^  dyjf 

_=n-cos^o^; 

.-.     <f>  =  nZ-cos^oV^^  (182) 

the  position  of  the  axes  of  $  and  17  being  such  that  <f}  =zO,  when 
/=:0;  .-.     (f>  =  nt—acosOQi 

=  (»  — acos^o)^ 

=  /3/(say);  (183) 

if    /3  =  n  — acos^o;  (184) 

and  thus  <^  varies  directly  as  / ;  and  thus,  using  the  language  of 

astronomy,  the  angular  velocity  /3  of  the  right  ascension  of  the 

(-axis  is  constant.     And  thus  the  motion  of  the  principal  axis  of 

unequal  moment  is  completely  determined. 

The  angular  velocity  of  the  body^  and  the  position  of  the 

instantaneous  axis  at  the  time  t,  may  thus  be  found.     From 

Art.  42  we  have 

dylf   ,         . 
0)1  =  -^sm^oSm*^  =  asm^oSm/S/, 


oig  =  -~-  sm  6q  cos<f>  =  a  sm  ^0  cos  pt, 
dib       dyU 


(186) 


(186) 


.-.     afl  =  o*  +  2aj3cos^o-hi8*^ 

=  a«(8ine?o)'  +  '»';        i 
and  hereby  the  position  of  the  instantaneous  axis  at  the  time  t 
is  also  known. 

Hence  also  we  can  deduce  the  conditions  under  which  the 
invariability  of  the  angle  of  inclination  of  the  axis  of  unequal 
moment  to  the  vertical  is  possible.     Equations  (185)  are  the 
three  final  integrals  of  (143)^  (144),  and  (145) ;  let  us  substitute 
the  former  in  the  latter ;  then  the  first  two  become 
8in(9o{Aai3-f  (c-.A)na-wA^}cos/3e  =  0,  l 
sindo{Aa)3-h(c— A)»a— mA^}sin/3/  =  0;) 
but  these  are  to  be  satisfied  for  all  values  of  t ;  and  therefore 
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sineQ{Aap'\-{C'-A)na'-mhg}  =  0;  (188) 

which  is  an  equation  to  be  satisfied  by  the  elements  of  the  body, 
the  angle  6q,  and  the  velocities  of  precession  and  right  ascension, 
when  the  axis  of  anequal  moment  is,  throughout  the  motion,  in- 
clined at  the  same  angle  to  the  vertical. 

This  is  satisfied,  firstly,  when  sin  0q  =  0,  that  is  when  Oq  =  0, 
and  Oq  =  180^ ;  in  both  cases  the  axis  of  unequal  moment  is 
vertical ;  and  in  the  former  case  the  centre  of  gravity  is  above, 
and  in  the  latter  case  is  below  the  fixed  point.  In  both  cases  the 
velocities  of  precession  and  of  right  ascension  are  arbitrary,  for 
a  and  /3  may  have  any  values.  In  the  former  case  a>  =  a  4-  i3« 
and  in  the  latter  w  =  a  — jS;  a)j  =  Wj  =  0,  and  the  rotation-axis 
is  vertical,  and  the  body  rotates  about  it  with  an  uniform  an- 
gular velocity. 

171.]  Again,  (188)  is  satisfied  when 

AaP-^(c—A)na—mhg  =  0; 
and  if  we  replace  n  by  its  value  from  (188),  we  have 

a^(c-'A)coseQ-\-cpa—mhff  =  0;  (189) 

which  is  a  quadratic  equation  in  terms  of  a,  but  only  a  simple 
equation  in  terms  of  /3 ;  consequently  for  a  given  value  of  p  we 
have  generally  two  values  of  a ;  but  for  a  given  value  of  a,  only 
one  value' of  j3. 

There  is  however  only  one  value  of  a,  when  (1)  ^^  =  90° ;  (2) 
c — A  =  0.  In  the  former  of  these  two  cases  the  centre  of  gravity 
of  the  moving  body,  and  the  principal  axis  of  unequal  moment, 
move  in  the  horizontal  plane  which  contains  the  fixed  point,  and 
we  have,  what  at  first  view  appears  an  impossibility,  a  heavy 
body  rotating  about  a  horizontal  axis,  passing  through  its  centre 
of  gravity,  and  supported  at  one  point,  when  that  one  point  is 
not  the  centre  of  gravity.  In  the  latter  case,  the  momental 
ellipsoid  of  the  body  at  the  fixed  point  is  a  sphere ;  and  the  body 
must  be  constituted  in  accordance  with  the  conditions  investi- 
gated in  Axt.llO;  and  if  a,  b,  c  are  the  principal  central  mo- 
ments, c  —  A 

m 

In  both  these  cades  mha 

a/3  =  ^;  (190) 

and  thus  a  and  j3  vary  inversely  as  each  other ;  and  the  product 
of  them  varies  directly  as  the  distance  of  the  centre  of  gravity 
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from  the  fixed  point,  and  inversely  as  the  moment  of  inertia 
about  the  axis  of  greatest  moment.  And  a  and  p  have  the  same 
sign  if  h  is  positive,  and  opposite  signs  if  h  is  negative ;  thus^  if 
/3  is  given  and  is  positive,  a  is  greater,  the  greater  the  distance  is 
between  the  centre  of  gravity  and  the  fixed  point,  and  the  greater 
the  weight  (mg)  of  the  body ;  and  is  less  the  greater  c  is ;  and 
is  positive  or  negative,  that  is,  the  precession  is  direct  or  retro- 
grade, according  as  the  centre  of  gravity  is  above  or  below  the 
fixed  point,  when  ^  =  0.     In  the  former  of  these  two  cases 

tt>]  =  a  sin  91^,         a>2  =  acosn/,         oi,  =  n. 

Also,  if  A  =  Oy  that  is,  if  the  centre  of  gravity  is  at  the  fixed 
point,  then,  from  (189),  we  have 

(1)     «  =  0;         (2)     a=-.       °^^.  ;  (191) 

(C  — A)  COS^Q 

thus,  when  /3  is  positive,  the  precession  is  direct  or  retrograde, 
according  as  ^^  is  an  obtuse  or  an  acute  angle. 

Let  us  return  to  the  general  equation  of  condition ;  the  two 
values  of  a  given  by  (189)  are  real,  equal,  or  imaginary,  accord- 

^^^     4wA^(c-A)cosdo+c*^«  is   >,  =,  or  <0;        (192) 

thus,  so  long  as  h  and  cos  0q  are  both  positive,  the  two  values  of 
a  are  both  real,  and  unequal  and  of  opposite  signs ;  so  that  the 
precession  may  be  either  direct  or  retrograde.  If  however  h  is 
negative,  or,  what  amounts  to  the  same  configuration,  6q  is 
obtuse,  then  the  two  values  of  a  may  be  equal ;  and  may  be 
imaginary. 

Lastly,  let  us  suppose  the  body  to  have  no  motion  in  right 
ascension,  so  that  )3  =  0 ;  and  consequently  from  (189), 

«  =  4^  =  +  ]_^L*Ll*.  (198) 

at        —  ((c— A)cosdo) 

This  is  the  case  of  the  common  conical  pendulum  of  such  a  form, 
that  relatively  to  the  fixed  point  all  moments  of  inertia  about 
axes  perpendicular  to  the  rod  of  the  pendulum  are  equal,  and 
that  relative  to  the  rod  of  the  pendulum  is  c ;  thus,  in  the  com- 
mon form  of  this  pendulum,  c— a  is  negative  and  6q  is  obtuse; 
and  thus  (198)  is  possible,  and  indicates  the  angular  velocity  of 
the  pendulum  about  a  vertical  line  through  its  fixed  point  of 
attachment ;  hence  we  have,  taking  the  positive  sign. 
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^  ((C— A)C08do)        '  ^         ' 

and  the  periodic  time  of  the  pendulum 

For  a  heavy  particle  m,  placed  at  the  end  of  a  rod  of  small 

thickness  whose  length  is  h,  c  may  be  neglected,  and  a  =  mh^ ; 

and  if  a  is  the  inclination  of  the  rod  to  the  vertical^  taken 

downwards,  then  ,     _     .x 

^=    _X_y;  (196) 

^Acosa^ 

and  the  periodic  time  =  2v  ( )  .  (197) 

This  solution  completes  the  theory  of  small  oscillations  of  heavy 
bodies.  Huyghens  first  gave  a  solution  of  the  problem  of  cy- 
cloidal  and  circular  pendulums.  Clairaut  gave  the  solution  of 
conical  pendulums*,  which  we  have  already  explained  after  La- 
grange and  Bravais,  in  Art.  370,  Vol.  Ill ;  this  kind  of  oscilla- 
tion taking  place  when  the  pendulum,  drawn  out  of  its  place,  of 
rest,  receives  an  impulsion,  the  line  of  which  is  not  in  the  plane 
containing  its  line  of  rest.  If  however  the  pendulum  at  the 
same  time  receives  a  motion  of  rotation  about  its  axis,  the  oscil- 
lations are  deranged  by  reason  of  the  centrifugal  forces  thereby 
developed ;  and  this  most  general  problem  of  small  oscillations 
is  that  which  we  have  discussed  in  the  immediately  preceding 
Articles. 

172.]  Now  many  machines  have  been  devised  for  the  purpose 
of  exhibiting  the  phsenomena  which  are  expressed  in  the  pre- 
ceding equations ;  the  construction  of  some  is  so  curious  that 
they  are  for  the  most  part  found  only  in  collections  of  mecha- 
nical apparatus ;  others  are  so  simple  in  form  that  they  are  the 
toys  of  children.  Of  the  latter  kind  is  the  common  spinning  top, 
of  the  several  motions  of  which  the  preceding  Articles  give  ex- 
planations, provided  that  the  point  of  its  peg  continues  in  the 
same  place,  and  the  friction  of  the  point  is  neglected.  Of  the 
former  kind  is,  in  the  first  place,  Bohnenberger's  machine,  which 
we  have  already  described  in  Art.  28 ;  it  is  delineated  in  Pig.  8, 
and  the  first  account  of  it  is  given  in  Oilbert's  Annalen,  Bande 

*  Memoirs  of  the  French  Academy  of  Sciences  of  the  year  1735. 
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60,  Leipzig,  1819.  The  rotating  body  in  the  middle  is  in  our 
figure  a  sphere,  but  any  other  body  may  be  substituted  for 
that ;  and  if  the  centre  ofrgravity  of  it  coincides  with  the  centre 
of  the  three  several  rings,  then,  according  to  the  notation  in 
the  preceding  Articles,  A  =  0.  Let  us  suppose  the  central  body 
whether  it  is  a  sphere,  an  oblate  spheroid,  a  cone,  a  cylinder,  or 
any  other  body  such  that  a  =  b,  which  rotates  about  the  axis 
aa',  to  be  capable  of  removal  from  the  ring  aba'b'  ;  and  to  it 
when  so  removed  let  a  rapid  rotation  be  given  by  means  of  a 
suitable  machine  ;  let  it  be  replaced  with  its  pivots  in  the  holes 
at  A  and  a'  ;  then  the  construction  of  the  machine  allows  the 
several  movements  consequent  on  the  rotation  of  the  body  to  be 
exhibited,  when  A  =  0 ;  for  throughout  the  centre  of  gravity  will 
remain  in  the  centre  of  the  rings,  and  be  unmoved.  And  if  the 
pivots  at  B  and  b'  are  fastened  so  that  no  rotation  takes  place 
about  the  axis  bb',  the  inclination  of  the  axis  a  a'  to  the  vertical 
cc'  is  constant  throughout :  this  is  the  case  wherein  6  =i  Oq  and 
A  =  0,  &c.     Thus,  if  the  central  body  is  a  sphere  of  radius  a, 

and  therefore,  from  (191),  a  =  0,  and  a  =  ac  ;  and  therefore  the 
equatorial  plane  of  the  sphere  always  intersects  the  horizontal 
plane  along  the  same  line  ;  and  no  rotation  can  be  given  to  the 
sphere  whereby  its  axis  will  describe  a  conical  surface  about 
the  vertical  cc'. 

Again,  let  the  body  which  rotates  about  a  a'  be  a  right  cone 
whose  altitude  is  a,  and  the  radius  of  whose  base  is  b  ;  then 
TtpaU^  .  ft     4JL2V  itpab^^ 

and  from  <191) 

a  =  0,     and     a  =  —  -—-7^ r r  > 

'  (46*-a2)co8^o 

the  latter  of  which  by  its  sign  shews  that  the  precessional  motion 
is  retrograde. 

Another  machine  of  the  latter  kind  is  that  devised  by  Fessel, 
which  is  described  in  Poggendorff's  Annalen,  Bande  90,  Leipzig, 
1853,  and  which  is  delineated  in  Fig.  37.  q  is  a  heavy  fixed 
stand,  the  vertical  shaft  of  which  is  a  cylinder  bored  smoothly, 
in  which  works  a  vertical  rod  cc',  as  far  as  possible  without 
friction,  carrying  at  its  upper  end  a  small  frame  bb'.  In  bb'  a 
horizontal  axis  works,  at  right  angles  to  which  is  a  smaU  cylinder 
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B,  with  a  tightening  screw  h,  through  which  passes  a  long  rod 
oo'^  to  one  end  of  which  is  affixed  a  large  ring  aa'^  and  along 
which  slides  a  small  cylinder  carrying  a  weight  w^  which  is  ca- 
pable of  being  fixed  at  any  point  of  the  rod ;  and  so  that  it  may 
act  as  a  counterpoise  to  the  ring^  or  to  the  ring  and  any  weight 
attached  to  it.  An  axis  aa'  works  on  pivots  in  the  ring,  in  the 
same  straight  line  with  gg';  to  aa^  a  disc,  or  sphere^  or  cone, 
or  any  other  body  can  be  attached^  and  thus  can  rotate  about 
aa'  as  its  axis ;  to  the  body  thus  attached  to  aa'  a  rapid  ro- 
tation can  be  given,  either  by  means  of  a  string  wound  round 
AA^,  or  by  a  machine  contrived  for  the  purpose  when  aa'  and 
its  attached  body  are  applied  to  it  It  is  evident  that  the  coun- 
terpoise w  can  be  so  adjusted  that  the  centre  of  gravity  of  the 
rod,  the  ring,  the  attached  body,  and  the  counterpoise,  should 
be  in  the  axis  bb';  or  at  any  point  on  either  side  of  it;  that 
is,  h  may  be  positive,  or  be  equal  to  0,  or  may  be  negative.  Also 
by  fixing  bb'  in  the  arm  of  cc'  which  carries  it,  the  inclination 
of  the  rod  og'  to  the  vertical  may  be  made  constant,  that  is, 
6  may  be  equal  to  0q  throughout  the  motion.  When  the  coun- 
terpoise is  so  adjusted  that  the  centre  of  gravity  of  the  rod  gg^ 
and  its  appendages  is  in  cc\  then  A=0,  or,  what  is  equivalent, 
mff  =  0. 

If  the  counterpoise  is  adjusted  so  that  the  centre  of  gravity  of 
the  rod  gg',  of  the  ring,  and  of  w,  without  aa'  and  its  attached 
body,  is  in  bb',  then  the  weight  of  the  body  will  produce  its  full 
effect,  and  the  results  indicated  in  the  foregoing  Articles  will'  be 
exhibited. 

178.]  In  application  of  the  general  equations  of  rotatory  mo- 
tion we  may  here  insert  another  problem  which  is  of  great  in- 
terest and  importance,  although  perhaps  it  more  properly  comes 
into  the  following  Chapter. 

When  a  body  has  motion  of  both  translation  and  rotation, 
the  investigation  into  these  several  motions  may  be  conducted 
separately,  by  virtue  of  those  fundamental  theorems  which  have 
been  proved  in  Section  2  of  Chap.  Ill,  and  the  rotation  may  be 
considered  relative  to  the  centre  of  gravity  and  an  axis  passing 
through  it ;  just  as  if  the  centre  of  gravity  was  a  fixed  point  and 
had  no  motion  of  translation.  This  is  precisely  what  I  propose 
to  do  now :  I  propose  to  consider  the  rotatory  phenomena  of 
the  earth,  having  its  centre  of  gravity  fixed  at  least  hypotheti- 
cally,  under  the  action  of  the  attracting  forces  of  the  sun  and 
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the  moon ;  I  shall  indeed  consider  it  as  merely  a  mathematical 
problem  ;  but  it  will  have  its  application  to  these  three  bodies: 
and  as  the  resulting  differentiid  equations  will  not  admit  of  in- 
tegration exactly  in  their  general  form^  I  shall  make  those  hy- 
potheses as  to  small  quantities  which  are  given  to  us  by  the 
circumstances  of  these  bodies.  Our  inquiry  too  will  be  general^ 
and  will  include  the  action  of  all  bodies  by  which  the  rotation 
of  the  earth  is  affected ;  that  is^  of  not  only  the  sun  and  the 
moon^  if  there  are  others  whose  influence  affects  the  earth's 
motion  of  rotation.  The  law  of  action  of  these  bodies  on  the 
earth  is  of  course  that  of  gravitation.  The  attraction  varies 
directly  as  the  product  of  the  masses,  and  inversely  as  the  square 
of  the  distance. 

Let  m  be  the  mass  of  the  body  whose  action  on  the  earth  we 
are  considering ;  let  the  centre  of  gravity  of  the  earth  be  the 
origin,  and  let  the  central  principaJ  axes  of  the  earth  be,  as 
heretofore,  the  axes  of  f,  *?,  C;  the  C-axis  being  the  geometrical 
polar  axis ;  and  let  a,  b,  c  be  the  central  principal  moments  of  the 
earth  relative  to  these  axes  respectively ;  let  dm'  be  a  mass-ele- 
ment of  the  earth,  of  which  the  density  is  p,  and  let  its  place 
be  (f,  rj,  C)f  a^d  of  these  coordinates  p  is  a  function ;  let  (v,  y,  z) 
be  the  centre  of  gravity  of  m ;  /=  the  distance  of  (a?,  y,  z)  from 
($9 19  0  9  and  let  r  be  the  distance  of  m  from  the  centre  of  gravity 
of  the  earth ;  and  let  the  attraction  which  two  unit-particles  at 
an  unit-distance  exert  on  each  other  be  the  unit  of  attraction, 
and  be  unity ;  then 

f^  =  x^  +  v^  A-  z^  ) 

Now,  for  two  reasons,  we  consider  the  attraction  of  m  on  the 
earth  to  be  the  same  as  if  m  were  condensed  into  a  particle  of 
mass  m  at  its  centre  of  gravity;  (1)  because  the  distance  be- 
tween m  and  the  earth  is  supposed  to  be  very  great,  and  con- 
sequently the  theorem  proved  in  Art.  191,  Vol.  Ill,  is  applicable 
to  its  action ;  (2)  because  the  bounding  surfitce  of  m  is  nearly 
spherical,  and  m  is  supposed  to  consist  of  a  series  of  concentric 
spherical  shells,  the  attraction  of  each  of  which  on  an  external 
particle  dm'  is  the  same  as  if  it  were  condensed  into  its  centre 
of  gravity. 

Let  X,  Y,  z  be,  relatively  to  the  earth's  principal  axes,  the  axial 
components  of  the  attraction  of  m  on  the  earth ;  then 
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(197) 


(198) 


the  int^rations  in  each  equation  being  such  that  all  the  ele- 
ments of  the  earth  are  included. 

As  the  distance  of  the  centre  of  m  from  the  centre  of  the 
earth  is  very  great  in  comp^son  with  the  mean  radius  of  the 
earthy  and  consequently  with  the  coordinates  of  any  element  of 
the  earthy  even  when  m  is  the  moon ;  so  the  quantities  under 
the  signs  of  integration  in  the  right  hand  members  of  the  pre- 
ceding equations  may  be  expressed  as  series  of  terms  rapidly 

(    ri    C 
converging  in  powers  of  - »  -»  - :  the  greatest  value  of  either  of 
r    r    r  j 

these  quantities  is^  in  the  case  of  the  moon,    ^  „ ;   and  in  the 


case  of  the  sun. 


23984 


;  in  the  following  expansion  therefore  I 


shall  omit  all  powers  of  these  quantities  above  the  second. 

For  the  effect  of  subsequent  terms  in  the  series,  the  student 
may  consult  a  Memoir,  having  for  its  title,  "  Th^orie  du  mouve- 
ment  de  la  Terre  autour  de  son  Centre  de  Gravite,''  by  M.  J.  A. 
Serret ;  and  contained  in  Vol.  V  of  '' Annales  de  I'Observatoire 
Imperial  de  Paris,''  1859.  He  will  there  find  the  mode  of  cal- 
culating the  terms  which  arise  on  the  hypothesis,  that  the  oblate- 
ness  of  the  northern  and  southern  hemispheres  of  the  earth  is 
different ;  and  on  the  hypothesis,  that  the  earth  is  not  symme- 
trical relatively  to  the  polar  axis  of  figure. 

Now,  from  (196), 

^=  {(^-f)*  +  (y-t;)a  +  («-0*}-« 

Qq  9 
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+  :^-' ^;-^^^'};     (199) 


15  (arf+yiy  +  gQ' 

2 

let  U8  substitute  this  value  in'  (198) ;  then,  since  the  centre  of 
gravity  of  the  earth  is  the  origin^  and  the  central  principal  axes 
are  the  coordinate  axes^ 

fffpid(dndC^fffpfld^dridC  =  JffpCd€drjd{:=.0;    (200) 

JfJpvCd^dndC  ^fJfpiididfidC  =  Jfjp(vd€drjd(:^0;   (201) 

and  consequently^  omitting  all  powers  of  small  quantities  above 
the  second^  (198)  become 

L  =  8m(c-B)^, 

M  =  3f»(A-c)^,  y  (202) 

N   =8f»(B-A)^. 

With  regard  to  the  last  two  terms  of  (199)  which  do  not  appear 
in  these  equations,  having  been  omitted  on  account  of  the  small- 
ness  of  the  quantities^  I  would  observe^  that  they  disappear  of 
themselves  in  the  integration,  if  the  earth  is  supposed  to  be 
symmetrical  in  the  distribution  of  its  elements  in  the  northern 
and  southern  hemispheres,  and  with  respect  to  its  polar  axis  of 
figure.  So  that  under  this  hypothesis  the  equations  (202)  are 
much  more  approximate  than  they  appear  to  be  at  first  sight. 

Since  ->  ^»  -,  are  the  direction-cosines  of  the  line  joining 
r    r    r 

the  centres  of  the  earth  and  the  attracting  body,  it  appears  that 
L,  M,  and  N  vary  directly  as  the  mass  of  the  attracting  body, 
and  inversely  as  the  cube  of  the  distance  of  its  centre  from  the 
centre  of  the  earth.  Hence,  if  we  calculate,  from  a  synoptic 
table  of  the  elements  of  the  moon  and  of  the  planets,  this 
quantiiy,  it  will  at  once  be  seen  that  the  sun  and  the  moon  are 
the  only  bodies  which  produce  any  sensible  effect  on  the  rota- 
tion of  the  earth ;  the  effect  of  the  sun  is  due  to  its  very  large 

Digitized  by  VjOOQIC 


174-]  0^  '^^  BABTH.  301 

mass  i  and  the  effect  of  the  moon,  which  is  much  greater,  to  its 
nearer  distance. 

174.]  Equations  (202)  admit  of  further  simplification ;  and 
let  us  first  consider  them  with  respect  to  the  sun. 

Let  n'=  the  mean  angular  velocity  of  the  earth  about  the 

sun ;  let  B  =  the  mass  of  the  earth ;  then,  as  the  eccentricity 

of  the  earth^s  orbit  is  very  small,  r  may  be  taken  as  the  mean 

distance  of  the  earth  from  the  sun ;  and,  equating  the  earth's 

periodic  time  in  terms  of  n'  with  that  given  in  Vol.  Ill,  Art  882, 

(154),  we  have  o^  o^^l 

fL  =  -f^!2__;  (208) 

«  (m  +  B)* 

now  —  =  oQQKe-i  f  according  to  Encke,  quoted  by  sir  John 

Herschel ;  and  this  quantity  being  small  may  be  neglected,  so 
that  m 

and  therefore  for  the  action  of  the  sun,  the  equations  (202)  be- 
come 


L  =  8«'»(C-B)^    "• 


z» 


M  =  8ll'»(A-C)^ 
N  =  8n'«(B-A)?f. 


(205) 


Again,  let  us  consider  (202)  with  respect  to  the  moon ;  and 
let  all  the  quantities  which  refer  to  the  sun  receive  an  accent, 
and  thus  refer  to  the  moon. 

Let  n"  be  the  mean  angular  velocity  of  the  moon  about  the 
earth ;  then,  if  we  neglect  the  eccentricity  of  the  moon's  orbit, 
and  take  /  to  be  the  mean  distance,  by  the  same  theorem  as 
that  which  we  have  just  now  applied  to  the  sun, 

2v         2vri 


fi'  (W'+B)* 

but  —7  =  81.84  nearly,  =  e  (say) ;  so  that 
and  substituting  this  value  in  (202)  we  have 


(206) 


(207) 
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[175- 


f  = 


M    =: 


n'  = 


8«"»  Ji! 

(C-B)ijj- 


1  +  e 
8n"» 


8»"»  yV 

1  +  e  r » 


(208) 


and  the  equations  of  rotation  of  the  earth  become 


dt 

dttf 

It 


C— B 


•«»»•»  = 


8(c-b: 


l\^ 


A  — C 


;(A- 


(1  +  e)/* 


!• 


B 
8(B- 


c)  ( fi^zx      j^2^l 


B-A  8(B-A)(fl'> 


(209) 


rf/  ^     c    "'^"'»'"        c         (    r»     ^(l+e)/M 

The  complete  integration  of  these  equations  is  beyond  the 
power  of  analysis;  and  we  are  obliged  to  have  recourse  to 
methods  of  approximation^  taking  advantage  of  those  circum- 
stances as  to  small  quantities  which  the  relations  of  the  sun, 
earth,  and  moon  offer  to  us :  these  we  proceed  to  explain. 

175.]  In  the  first  place,  geodetic  measurements  shew  that  th^ 
figure  of  the  earth  is  nearly  that  of  a  solid  of  revolution,  whose 
axis  is  the  polar  axis  of  figure ;  and  as  there  is  no  reason  to 
suppose  any  great  want  of  symmetry  in  the  distribution  of  the 
material  elements  in  the  interior  of  the  earth,  we  may  suppose 
the  two  principal  moments  in  the  plane  of  the  equator,  and  con- 
sequently all  the  moments  of  inertia  in  that  plane,  to  be  equal ; 
thus,  B  =  A ;  and  this  equality  exists  whatever  are  the  positions 
of  the  axes  of  x  and  y  in  the  plane  of  the  equator. 

I  may  moreover  observe,  that  the  most  profound  calculations*, 
based  on  the  hypothesis  of  an  unsymmetrical  distribution  of 
material  within  the  earth,  lead  to  the  conclusion  that  <a^  is  con- 
stant to  a  first  approximation,  and  that  consequently  b  =  a  ;  this 
result  follows  from  the  fact  that  the  action  of  the  sun  and  moon 
is  very  small  in  comparision  of  the  actual  vis  viva  of  the  earth. 

Observations  made  with  the  pendulum  are  in  accordance  with 
direct  measurement,  and  shew  the  earth  to  be  a  solid  of  revolu- 
tion, whose  polar  axis  is  shorter  than  the  equatorial ;  and  that 

®^  ^®  Memoir  of  Serret  quoted  above;  also  Le  Vcwier,  Aniudes  de 
1  Obsenratoire  Imperial  de  Pane,  Tome  II. 
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its  figure  is  approximately  an  oblate  spheroid ;  and  thas  c^  which 
is  the  central  principal  moment  relative  to  the  axis  of  revolution^ 
is  the  greatest  of  all  moments.  Now^  putting  b  =  a  in  (209),  it 
is  plain  that  c  and  a  enter  into  the  equations  of  motion  only  in 

C  —A 

the  form :  the  value  of  this  quantity  cannot  be  determined 

by  direct  observation,  because  we  are  ignorant  of  the  law  of 
density  of  the  matter  of  the  earthy  and  we  are  obliged  to  have 
recourse  to  indirect  methods.  The  observed  values  of  precession 

and  nutation  give  it  a  value  of  nearly  kk^**  ^hich  is  beyond 

doubt  almost  correct ;  also  a  hypothesis  of  Laplace,  discussed  in 
the  Mecanique  Celeste,  Livre  XI,  gives  a  result  nearly  identical ; 
this  value  we  shall  take.  Since  the  physical  constitution  of  the 
earth  enters  into  the  equations  of  motion  only  by  means  of  these 
quantities,  it  is  evident  that  the  phaenomena  of  precession  and 
nutation  would  be  the  same,  whatever  change  took  place  in  the 

C  "•  A 

earth,  so  long  as  the  ratio was  unaltered. 

Again,  the  actual  axis  of  rotation  of  the  earth  is  almost  fixed 
in  it,  and  is  almost  identical  with  the  axis  of  figure ;  that  is,  the 
poles  of  the  earth  are  almost  fixed  points  on  its  surface.  Were 
they  not  so,  geographical  latitudes  would  vary  from  time  to  time ; 
whereas  no  variation  has  been  indicated  by  observation,  so  far  as 
I  know.  Moreover,  as  the  true  rotation-axis  of  the  earth  in  all 
its  positions  nearly  coincides  with  the  axis  of  figure,  the  true 
angular  velocity  a>,  which  is  the  resultant  of  co^,  <o^  ^3,  is  nearly 
equal  to  0)3,  which  is  the  angular  velocity  about  the  earth's  axis 
of  figure,  and  is  constant ;  and  thus  (o^  and  »,  are  very  small 
quantities.  Thus,  if  we  image  the  actual  rotation  of  the  earth 
by  the  rolling  of  one  cone  on  another,  that  cone  which  the 
eartVs  axis  describes  in  itself  has  a  very  small  vertical  angle, 
the  cone  fixed  in  space  having  a  vertical  angle  a  little  greater 
than  46°. 

This  is  the  information  which  observation  gives  as  to  the  cir- 
cumstances of  the  constitution  and  the  figure  of  the  earth,  and 
as  to  the  approximate  invariability  of  its  angular  velocity,  and  of 
the  position  of  its  rotation-axis. 

Under  these  circumstances  the  equations  of  motion  become 

*    See  the  Memoirs  of  Serret  and  Le  Venrier. 
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rf»i      c-A  8(c-A)   ( 

~dt 


n'*yz 


<fa>,      c— A         _       8(c-A)  5  n'»2f«        in^af  \ 
~dt         I"""*^  -  I —  |~H~  +  (TRl)?*^  ' 


dt 


=  0; 


[176. 


(210) 


from  the  third  of  these         m,  =  n^  (211) 

if  n  is  the  angular  velocity  of  the  earth  about  its  polar  axis  of 
figure. 

Alsoj  for  convenienoe  of  expression^  let 
c— A 


then  the  first  two  of  (210)  become 


«"» 


y^ 


I' 


(212) 


and  from  these  equations  all  the  phsenomena  of  the  rotation  are 
to  be  deduced. 

Equations  (210)  shew  that  the  action  of  both  the  sun  and  the 
moon  on  the  earth  is  due  to  the  physical  constitution  of  the 
earth  itself.   If  c  =  a,  that  is,  if  all  the  principal  central  moments 

of  the  earth  were  equal,  -  !^  =  -^  =  -J^  =  0 ;  and  thus  the 

at        at        at 

angular  velocity  would  be  constant^  and  the  earth's  rotation-axis 

would  be  fixed  in  itself^  and  would  be  absolutely  fixed  in  space ; 

the  protuberant  matter  at  the  earth's  equator  which  causes  the 

inequality  of  the  central  principal  moments,  is  thus  the  indirect 

cause  of  the  peculiar  motion  of  the  earth's  rotation-axis^  which 

we  are  about  to  investigate. 

176.]  The  arrangement  of  the  bodies  which  is  convenient  for 
our  system  of  symbols  and  equations  is  exhibited  in  Fig.  38. 

o  is  the  centre  of  the  earth ;  and  the  plane  xot  is  the  fixed 
plane  of  the  ecliptic ;  ox  being  the  line  of  the  vernal  equinox  when 
/  =  0.  About  o  as  a  centre  a  sphere  is  described  whose  radius 
is  equal  to  unity ;  and  the  several  curved  lines  of  the  figure  are 
the  intersections  of  the  surface  of  this  sphere  by  various  planes 
and  lines  drawn  through  o,  and  all  refer  to  the  configuration  of 
the  system  at  the  time  / ;  y^N  is  the  plane  of  the  earth's  equator^ 
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80  that  ON  is  the  line  of  the  vernal  equinox,  andrxoN  is  the  pre- 
cession; oz  is  the  earth's  polar  axis  about  which  the  angular 
velocity  is  n,  and  ox  and  oy  are  the  earth's  principal  axes  in  the 
plane  of  the  equator,  ox  being  so  chosen  that  it  coincides  at 
the  same  time  with  ox,  os,  and  on  ;  os  is  the  radius  vector  of 
the  sun,  which  is  always  in  the  plane  of  the  ecliptic;  om  is  the 
radius  vector  of  the  moon,  mn'i  being  the  plane  of  the  moon^s 
orbit ;  on'  is  the  line  of  intersection  of  that  plane  with  the  plane 
of  the  ecliptic,  and  is  the  line  of  the  moon's  nodes  ;  01  is  the 
line  of  intersection  of  the  plane  of  the  moon's  orbit  with  the 
plane  of  the  earth'^s  equator.  Let  i  be  the  angle  of  inclination 
of  the  plane  of  the  moon's  orbit  to  the  ecliptic  ;  then  i  is  nearly 
constant,  and  has  a  mean  value  of  5"^  8' 48";  we  shall  take  it  to 
be  constant.  Now  the  line  of  nodes  of  the  moon  revolves  in  the 
plane  of  the  ecliptic,  and  performs  a  complete  revolution  in  about 
6793  days.  Thus  on'  revolves  about  oz  :  let  /3  be  its  angular 
velocity  ;  then,  if  n  =  1,  we  have  approximately, 

«'-_L_    «"~-J_    ^--L' 

*"  365.25  '  27.32  '     '^  ""  6793 

so  that  )3  is  much  less  than  the  other  quantities ;  the  small  frac- 
tion a  is  also  a  factor  of  all  the  terms  into  which  tliese  quantities 
enter. 

As  the  angular  motion  of  the  line  of  equinoxes  is  very  small, 
the  angle  xon  is  very  small  compared  with  no^,  or  xos ;  so 
that  approximately  nos  =  xos  =  n'/ ;  and  no^  =  nt.  We  shall 
also  in  calculating  small  terms  neglect  variations  of  (?.  From 
this  arrangement  we  have 

X 

-  =  coso^os  =      cosn/co87»'/  +  sin  n  /  Sinn'/ cos  d, 
r 

^  =  cosyos  =  —  sinn/cosn'/  +  cosn/sinn'f cos^,   >•   (218) 

-  =  cos^ros  =  —  sinn'/sind; 
r 

which  are  thus  expressed  in  terms  of  /  and  of  constants. 

Again,  as  to  the  moon  ;  let  us  in  the  first  place  refer  it  to  the 
ecliptic ;  then,  if  '^\  is  the  longitude  of  the  moon's  node  at  the 
vernal  equinox,  that  is,  when  /  =  0,  non'=  x/r'^  +  i^'  =  V'*  say ; 
and  if  ^^  is  the  moon^s  right  ascension  at  the  vernal  equinox, 
n'om  =  <f/Q-^n"t  =  <f)\  say  ;  then,  as  t  is  very  small,  n'om  and  its 
projection  on  the  plane  of  the  ecliptic  may  be  considered  to  be 
equal ;  so  that  the  longitude  of  m  is  ^'  -f  ^' ;  and,  if  w^e  replace 
fsmi  by  i,  cos  moz  =  tsin^'; 
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x' 

~f  =  cosa^oM  =  {siii(<ji'  +  >/r')co8(?  -f  tsiiK^'sind}  sinn/+ C08(<f>'  +  ^')co8n/, 

^  =  cosyoM  =  {8iii(0'  +  >/r')co8d  +  fsin<^'sin^}  cosn/— co8(0'  +  i/^'jainn/. 


2; 


-7  =  cos^oM  =  t8m<^'cos(?— 8in(i/>'  +  >/r')8iii^  ; 

and  as  <^'  + V^'=  <^'o  + ^^'0+ O +  "")'*  *l^^8®  quantities  are  ex- 
pressed in  terms  of  t,  and  of  known  quantities  ;  they  are  to  be 
substituted  in  the  equations  (212);  which  are  then  to  be  in- 
tegrated. 

The  linear  form  of  the  equations  (212)  shews  that  the  effects 
of  the  action  of  the  sun  and  the  moon  may  be  calculated  sepa- 
rately ;  and  that  the  whole  effect  is  the  sum  of  the  two  separate 
effects.  We  shall  consequently  calculate  each  by  itself.  Instead 
of  determining  oij  and  0)3  by  means  of  these  equations,  it  will  be 
more  convenient  to  calculate  B  and  ^  directly,  as  the  position  of 
the  earth  will  hereby  be  determined  with  reference  to  fixed 
lines. 

The  equations  which  connect  these  angles  with  the  principal 
angular  velocities  are  given  in  Art.  42 ;  and  are 

-,-  ==  a>j  cos  <^  —  a>2  81^9* 

sm0-^  =  a»ism^-f  Wjcosc^. 

177.]  Our  object  in  this  inquiry  is  not  to  calculate  accurately 
the  motion  of  the  earth's  rotation-axis,  and  the  earth's  angular 
velocity  which  determines  the  length  of  a  day;  but  to  trace 
roughly,  and  to  indicate  in  their  salient  points  the  results  of  the 
action  of  the  sun  and  moon.  We  shall  therefore  retain  as  far 
as  possible  only  finite  quantities,  and  small  quantities  of  the  first 
order ;  and  we  shall  only  notice  the  kind  of  change  which  is 
produced,  with  a  view  rather  to  the  general  effect  of  such  action 
than  to  numerical  calculations. 

We  will  first  consider  the  terms  in  (212)  which  refer  to  the 
sun,  and  which  will  be  replaced  by  their  values  in  (213). 

Now  the  earth's  axis  is  inclined  to  the  normal  of  the  ecliptic 
at  an  angle  which  is  nearly  constant ;  let  i  be  its  mean  value, 
which  is  about  23°27'32";  this  angle  being  that  between  the 
earth's  equator  and  the  ecliptic  is  called  the  obliquity  of  the 
ecliptic.     It  is  the  mean  value  of  B  according  to  our  arrange- 
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meiit^  and  we  shall  replace  0  by  it  in  terms  involving  small 
quantities.  Also,  as  the  earth  rotates  uniformly  about  its  polar 
axis  with  the  angular  velocity  n,  and  as  the  angular  velocity  of 
ON  is  very  small,  <(>  =  nt,  omitting  small  quantities  ;  and  thus 
the  equations  of  the  last  Article  become 
do 


d\U  .  I 


(215) 


dt^  dt  dt         ^  ^  *  ^ 

=  coBnt  —rr  —  sinw^  -^  —  n sini  -^  ;  (216) 

at  at  at 

Mmi^  =  Binnt-^  +  co,nt-^+n-^^;  (217) 

substituting  for  --^and  —rp  their  values  given  in  (212)  taking 

only  the  terms  which  depend  on  the  sun's  action,  we  have 

3-f  -f  (H-a)wsini-j^  +  3on'2(8inn'/)*8inicosi  =  0;  (218) 
ai^  at 

sin  I  -TT?  —  (1  +  a)»  37  —  3an'*8inn7cosn7sini  =  0.     (219) 
at^  at 

Integrating  (218)  we  have 

do     ,^       V     •      ,       3an'*   .             /.     sin2«'A     ^     ,„--.^ 
^  +  (l+a)«smiVr  +  — ^— smicosi(/ ^-^j  =  0;  (220) 

no  constant  being  added,  because  if  no  disturbing  force  acts^ 

that  is,  if  n'=  0,  ^  =  0;  and  Vr=0,  when  /=0.  Substitute  for  ^ 

in  (219),  and  we  have 

^V  ,  ,1  .    xa  a,           8a(l  +  o)n'*nco8l 
^  +  (l  +  a)«n>i/r= t 

_|.i^{(H.a)ncosi  +  2«'}sin2n7;  (221) 

8a«'*cosi^     3an' (lH-a)«C08i  +  2n'  .   „  ,^ 
^  2(l  +  a)»  4       (l+a)2«^— 4w* 

+  o'sin{(l  +  a)n/  +  y};    (222) 

where  d  and  y  are  constants  introduced  in  integration ;  but 

since  >/r  =:  0  when  ^  =  0,  and  -^  is  independent  of  /  when 

n'sr  0,  c'=0,  andy  =  0. 

R  r  a 
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Also,  in  the  coefficient  of  sin2nt  we  may  omit  -y,  on  ac- 
count  of  its  smallness ;  and,  since  a  =  — ; — , 


A 

c  — A 


(223) 


1  -fa  c 

and  thus  (222)  becomes 

Sn'^cosic  — A^      Sn'cosi  c  — a  .    .  ,.        .-..^ 

^  = jr 1  +  — 5 8m2«  t,      (224) 

^  2n  c  4n         c 

Replacing  ^  in  (220)  by  this  value  we  have  an  identity ;  which 
shews  that  the  terms  herein  retained  destroy  each  other  in  the 
variation  of  0,  although  they  give  a  finite  result  in  the  value  of 
^.  We  must  therefore  replace  i/r  by  the  value  which  it  has  before 
small  terms  are  omitted  ;  that  is,  we  must  substitute  for  yjr  the 
value  given  in  (222),  putting  however  c'  =  0 ;  then  (220)  becomes 

Tt  =  --2^ ^sm2«/;  (225) 

.      ^^^^Sn'sinjc-A^g^,^.  ^226) 

4»  c 

where  i  is  the  constant  of  integration  and  is  the  mean  value  of  $. 
Equations  (224)  and  (226)  exhibit  the  effects  of  the  sun's 
action  on  the  rotation  of  the  earth.  \fr  is  the  angle  through 
which  the  line  of  equinoxes,  on  in  Fig.  38,  moves  in  the  time  t, 
and  is  called  the  Solar  Precession  of  the  equinoxes ;  (224)  shews 
that  it  consists  of  two  terms,  from  the  former  of  which  it  ap- 
pears that  yjf  increases  directly  as  the  time  ;  and  from  the  latter, 
that  this  continual  motion  is  accompanied  by  a  periodical  varia- 

tion,  of  which  the  periodic  time  is  —^ ,  that  is,  is  half  a  year. 

This  periodical  quantity  is  called  the  Solar  Nutation  of  the 
Earth's  Axis  in  Longitude,  or,  the  Nutation  of  the  Equinoxes. 
Thus,  the  line  of  equinoxes  is  sometimes  a  little  in  advance  of, 
and  sometimes  a  little  behind,  its  mean  place;  and  coincides 
with  its  mean  place  every  half  year ;  but  as  the  coefficient  of 
this  periodical  part  is  very  small,  so  does  the  term  scarcely  ever 
acquire  a  sensible  magnitude. 

From  (226)  it  appears  that  6  has  a  mean  value  i ;  but  that 
the  earth's  axis  has  a  small  oscillatory  motion,  depending  on  the 
second  term  of  which  the  period  is  also  half  a  year ;  and  this 
second  term  is  always  very  small  because  its  coefficient  is  small. 
It  is  called  the  Solar  Nutation  of  the  Earth's  Axis  in  Latitude, 
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or,  the  Nutation  of  the  Obliquity.  Thus^  the  rotation-axis  of 
the  earth  would  have  a  very  slow  progressive  motion  in  space^ 
inclined  at  a  constant  angle  i  to  the  normal  of  the  ecliptic^  if  it 
were  disturbed  by  only  the  sun's  action. 

178.^  The  effect  of  the  moon  on  the  rotation  of  the  earth  is 
expressed  by  the  latter  terms  in  the  right  hand  members  of  (212) ; 
these  we  now  proceed  to  inquire  into^  and  by  a  process  similar 
to  that  by  which  we  have  investigated  the  action  of  the  sun. 

For  abridgment  of  notation  let  the  moon's  longitude  =  /x-f- 1;^; 
so  that  /x  =  *o4->^o;         i;  =  /3  +  «";  (227) 

and  let  us  replace  Ohy  i;  (214)  become 


X 


-r  =  {sin(/i4-  rOcosi  -hi  sin(<^'o  +  n'7)sini}  sinn/  +  cos(/x-f  y^cosn/, 

T 

w 

—-=  {8in(fA-f  f^cosi-f  tsin(<^'o  +  w'7)sini}co8»^— cos(/i4  vi)mint,  >-(228) 

-T  =  tsin(<^'o4  »"/)cosi--sin(fi-f  vOsini ; 

T 

as  t  is  a  small  angle^  the  squares  and  higher  powers  of  it  will  be 
omitted.  Substituting  these  quantities  in  (212)  and  in  (216), 
we  have 

^jj  =  — (l+o)nsmi-^+  ^j r{sin(/x-f  i;Ocosi-|-ism(<^o-|-»  Osi^i} 

rf^/'      3an"M      sin2i,- 
=  -(1  H- o)nsini  -^  +  y^^^  |  ~     4""  {l-cos2(/i-f  vt)} 

+  ^^f^(cos{Vr'o-fi3/}-cos{2<^'o  +  V^'o+(^  +  2«")/.})[  ;    (229) 

and  substituting  again  in  (217), 
.     dV      „       ,    de     3an"Msini  .   „, 

+  *^'(sin{Vr'o  +  ^^}-8in{2<^'o  +  i/r',+  (/3  +  2n')/})|  ;  (230) 

From  (229)  we  have 
d0         ,1  .    X     .      ,      3a«"M      sin2i/^     8in2(/xH-rO\ 

^fcos2i/sin(xfr-o-fff0     8in{2»^o  +  Vr-^  +  y+2^")/}\^     ^^^^ 

Now  substituting  this  in  (230),  we  have  ^ 
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San'*  ((H-a)«cosi  +  2i;  .   „, 

(l+a)«co82i  +  (/3  +  2n")cosi .  .    ,^   -       .,      ,^     «//v^i?    .««« 

3an"*co8i       ^     3on"2  C    (1 +a)«co9i  +  2i/     .   ^, 
••   ^  =  -2(I+e)(l+a)n^-^T+7U.{(l  +  a)V-4.^}''"^^^  +  ''^) 

(lH-a)ncos2n-(j3-h2«")cosi  ..    ..  ^,       w    .  ,^     «  //v^i )    ,ftoox 

-2(ff;2«>mi{(l  +  a)»«^-(^  +  2«T}""^^'^''-^^''-'^-^^"^'^r^'^> 

the  constants  being  omitted  for  the  same  reason  as  they  are 
omitted  in  (222). 

Now  j3  is  very  small  compared  with  n'\  and  thus  v  may  be  re- 

n" 

placed  by  n";  and  the  squares  and  higher  powers  of  —  may  be 
omitted ;  so  that  after  all  reductions  (233)  becomes 

3a«"*cosi      ^  3a«"co8i        -   ^  e  ^f       .^      ,^       /^v^i 

^--2(l+.)(l  +  «)«^+4>Kl+.)(l+«)"°'^'^"-^'^''  +  ^-^"^^^ 

8on"*co82i     ■..,,,      «,, 
+  2-;3^1+-eHr+«)sini»"°('^o+^^) 

-4-^^J^x"^'^^^*>'^'o  +  (^+2„")/}.  (234) 

If  we  substitute  this  value  for  ^  in  (231)  it  leads  to  an  identity, 
and  thus  it  appears  that  the  terms  which  are  herein  retained 
cancel  each  other  in  the  variation  of  6;  we  must  therefore  replace 
yjf  in  (231)  by  its  more  approximate  value,  which  is  given  in 
(233) ;  and  we  have 
do  San''*         ^  — sini  .    _,         ^,      cost.  .    ^,, 

rf7=(l+.)(l  +  a)«>-T-"°^^-^''^>-^*"°<^'>  +  ^^> 

+  ?^'t8in{2<^'o+V''o  +  (^+2n")/}| ;  (285) 

COS  I  ) 

-  2^tco8{2^'o+ V''o+0+2»")'}  [ ;  (286) 
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where  i  is  the  mean  valae  of  6,  and  is  the  constant  introduced  in 
integration. 

In  (234)  and  (236)  the  last  terms  which  involve  the  angle 
2<t>o'\-\lf'o'\-iP-h^n'')t  are  to  be  omitted,  because  of  the  small- 
ness  of  the  coefficient  in  which  t  is  a  factor ;  the  next  preceding 
terms  in  each  however  must  be  retained,  because  p,  which  is  a 
very  small  quantity,  is  in  the  denominator  of  the  coefficient, 
and  this  brings  it  into  importance,  although  it  contains  i  as  a 

factor ;  thus,  if  we  replace  y^—  by  its  value,  given  in  (223),  we 

1  -f  a 

have  from  (234)  and  (236), 

37l"*COSIC— A^      3«"C0SIC  — a(    .     ^f,,     .     1/     .    /«  .      //v^i 

4n"cos2i  i     .    ,.,      ^,  )      ,^^^ 

3«"      c  — A  (sini       ^.,       .,      ,^       „^.^ 
^  =  ^-*-2T(rT^—  \-2-'^^^^^o^iro-^(^^n  )t} 

-l-«"cosi-^co8(^'o  +  w|;  (288) 

On  comparing  these  values  with  (224)  and  (226),  which  express 
the  sun's  action,  it  is  evident  that  they  produce  effects  on  the 
earth^s  axis  of  precisely  the  same  kind.;  so  that  what  has  there 
been  said  of  solar  precession  and  nutation,  may  here,  mutatis 
mutandis,  be  said  of  lunar  precession  and  nutation ;  but  the 
effect  of  the  terms  in  these  latter  expressions  is  much  greater 
than  that  of  those  in  the  former,  because  n''  is  much  greater 
than  n'. 

179.]  The  whole  precession  and  nutation  is  the  sum  of  the 
two  separate  effects ;  but  before  we  add,  we  must  make  a  re- 
mark or  two  on  the  signs  of  our  quantities.  We  have  taken  all 
the  angular  velocities  to  be  positive ;  that  is,  we  have  supposed 
the  bodies  to  revolve  from  the  axis  of  x,  towards  that  of  y  in 
Fig.  38 ;  and  this  hypothesis  is  in  accordance  with  the  conven- 
tion of  signs  which  has  been  adopted  throughout  the  volume ;  it 
is  not  however  necessarily  that  of  the  actual  motion  of  the  earth 
and  moon,  of  the  moon's  line  of  nodes,  and  of  the  apparent  mo- 
tion of  the  sun :  let  ox  be  east  on  the  ecliptic,  and  let  oz  be  the 
normal  to  the  ecliptic  towards  the  north :  now  all  the  bodies 
revolve  in  their  orbits,  as  well  as  about  their  axes,  from  west  to 
east ;  so  that  the  signs  of  n  and  of  n'^  are  to  be  changed  ;  that 
of  n'  is  correct,  because  the  sun^s  motion  is  apparent  only,  being         -^ 
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due  to  the  actual  motion  of  the  eartli.  The  line  of  the  moon'^s 
nodes  also  retrogrades,  that  is,  goes  from  east  to  west,  so  that 
the  sign  of  p  is  correct. 

Also  let  St  be  the  longitude  of  the  moon's  line  of  nodes  at 
the  time ;  let  Q  and  ([  be  the  longitudes  of  the  sun  and  moon 
respectively*;  then 

SI  =  ytf'o-^pi,  O  =  n7,  d  =  *'o  +  V^'o  +  (^-0^;  (239) 
80  that  for  the  whole  precession  and  nutation  we  have 


-)' 


+  — ; irz — ,  .    o    -:5sm^~= 8m2 «  -u  8m20>  ;(240) 

3  c  — A  (n'^cosi  i  ^       n"sini        „^      w'sini       ^^)       .._^ 

the  terms  involving  n"  and  n'  arise  from  the  action  of  the  moon 
and  sun  respectively. 

The  second  of  these  equations  shews  that  the  earth's  axis  is 
inclined  to  the  normal  of  the  ecliptic  at  an  angle  which  is  nearly 
constant ;  yet  that  there  are  small  variations  of  the  angle  which 
are  expressed  by  the  latter  terms  of  (241);  these  terms  are 
periodic,  and  are  very  small  because  their  coefficients  are  small ; 
they  depend  on  the  longitude  of  the  moon's  ascending  node  on 
the  ecliptic,  on  the  longitude  of  the  sun,  and  on  the  longitude  of 
the  moon ;  they  constitute  the  luni-solar  nutation  in  latitude 
or  in  obliquity. 

Equation  (240)  shews  that  the  line  of  equinoxes  has  a  general 
retrograde  motion  along  the  ecliptic,  with  an  angular  velocity 
3co8ic  — A/  ,,       n"*  \       ,  ,_.^, 

this  quantity  is  called  the  luni-solar  precession  of  the  equinoxes; 
yet  that  this  retrograde  motion  is  not  uniform,  but  is  subject  to 
slight  variations,  which  are  periodic,  and  are  expressed  by  the 
last  three  terms  of  the  right  hand  member  of  (240) ;  that  these 
periodical  quantities  are  very  small,  because  their  coefficients 
are  small :  they  likewise  depend  on  the  longitude  of  the  moon's 
line  of  nodes,  and  on  the  longitude  of  the  sun  and  the  moon ; 
and  they  constitute  the  luni-solar  nutation  in  longitnde. 

*  It  will  be  observed  tbat  no  distinction  has  been  made  between  true  and 
mean  longitude,  true  and  mean  ecliptic,  &c. ;  our  calculations  have  not  been 
carried  far  enough  for  such  accurate  positions. 
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The  motion  therefore  of  the  earth's  axis  in  space  will  be  well 
represented  by  the  Fig.  86 ;  in  which  o  is  the  centre  of  the  earth 
and  is  supposed  to  be  fixed,  and  the  radius  of  the  sphere  is 
unity.     The  axis  whose  motion  is  defined  by  the  equations 

e=zi,        ylf  =  ^ty  (243) 

may  be  called  the  mean  axis  of  the  earth,  i  and  ^/  being  re- 
spectively the  mean  obliquity  and  the  mean  precession.  And 
the  axis  which  is  defined  by  the  complete  expressions  (240)  and 
(241)  will  be  the  true  axis.  Let  cor  =  i;  then  the  circle  rs 
will  be  that  along  which  the  mean  axis  will  intersect  the  surface 
of  the  sphere ;  and  if  oq  is  the  mean  axis  at  the  time  t,  and  op 
is  the  true  axis,  the  angle  poq  will  be  small ;  and  as  t  varies  of 
will  be  sometimes  before,  and  sometimes  behind  oq  ;  and  some- 
times nearer  to,  and  sometimes  farther  from  the  pole  of  the 
ecliptic.  Thus^  the  true  axis  of  the  earth  will  intersect  the 
sphere  in  a  wavy  line  contained  between  two  parallels  of  the 
sphere  at  distances  from  rs^  determined  by  the  greatest  positive 
and  negative  values  of  the  periodic  terms  of  6  given  in  (241). 

The  motion  of  the  true  axis  relatively  to  the  mean  axis  may, 

as  to  its  principal  and  its  most  important  terms,  be  exhibited  in 

the  following  way.     Suppose  the  point  of  intersection  of  the 

mean  axis  with  the  sphere  to  be  an  origin,  at  which  two  axes 

originate,  say  of  f  and  ?;,  in  the  plane  touching  the  sphere ;  that 

of  77  being  a  tangent  to  the  parallel  along  which  the  mean  axis 

moves,  and  the  £-axis  being  perpendicular  to  it,  and  thus  being 

a  tangent  to  the  meridian  through  the  place  of  the  mean  axis. 

Now  the  most  important  periodic  terms  in  (240)  and  (241)  are 

those  which  depend  on  the  longitude  of  the  moon^s  ascending 

node,  on  account  of  the  smallness  of /9,  as  we  have  before  observed; 

let  these  principal  terms  in  the  directions  of  the  two  axes  of  ( 

and  77  be  represented  by  (  and  77,  so  that 

^  3    c  — An'*cosi   i 

f  =       7% 5 TT  cos  D , 

2fi      c        l-i-e     fi        ^' 

3    c  — A  n'*cos2i   i    . 


i!_  +        ^        ^  /  8    C-A 


(cos i)»  "^  (cos2i)«  ■"  \ 2«  c  l+e  p''  ^^^^ 
which  is  the  equation  to  an  ellipse  whose  axes  are  in  the  ratio 
of  cos  I  to  cos  2 1,  and  of  which  that  directed  towards  the  pole  of 
the  ecliptic  is  the  greatest;  and  thus  it  follows  that  so  far  as 
the  most  important  terms  affect  the  motion,  the  true  axis  de- 
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scribes  a  small  ellipse  on  the  surface  of  the  sphere  relatively  to 
the  mean  axis  which  passes  through  the  centre  of  the  ellipse ; 
This  ellipse  is  called  the  Ellipse  of  Nutation. 

In  the  preceding  image  of  the  motion  of  the  earth^s  axis,  we 
have  assumed  the  earth's  centre  to  be  fixed,  and  the  radius  of 
the  sphere  to  whose  surface  we  have  referred  the  motion  of  the 
axis,  has  also  been  assumed  to  be  unity.  The  earth's  centre  how- 
ever is  not  fixed ;  yet  the  image  is  a  correct  representation  of  the 
facts,  because  we  refer  the  motion  of  the  earth's  axis  to  the 
sidereal  vault,  of  which  we  may  say  the  radius  is  so  great  that,  in 
comparision  of  it,  the  distance  through  which  the  earth's  centre 
moves  is  infinitesimal.  Thus,  the  mean  axis  describes  a  circle 
about  the  pole  of  the  ecliptic,  the  angular  radius  of  which  circle 
is  23^27' 32'^;  and  the  true  axis  describes  a  wavy  line  symmetri- 
cally situated  with  reference  to  this  circle ;  and  if  the  mean  axis 
is  considered  fixed,  the  true  axis  describes  an  ellipse  on  the 
sidereal  vault,  the  centre  of  which  is  the  place  where  it  is  pierced 
by  the  mean  axis. 

The  periodic  time  in  which  the  mean  pole  describes  its  cirde 

is  — ;  and  the  true  pole  will  describe  its  ellipse  about  the  mean 

pole  in  the  same  time  as  that  in  which  the  moon's  line  of  nodes 
describes  a  complete  revolution. 

The  value  of  the  annual  luni-solar  precession  is  found  as 
follows:  Scosic-A/  ,,      n"«  \ 

2n        c     V  1-^e' 

c-A  n'  5,  n"«      )    W 

=   3C0SI— ^1  +  rz r-75f   -^} 

so  that  the  annual  luni-solar  precession 

c      n    (    ^(l-fe)n'>) 
Now  if  we  take  the  epoch  to  be  Jan.  1, 1850*,  i=23°2r82", 

c     ""806'     »  ""365.25'     n' ""  "27:32''  *^^  "^  ""  ^'^^ 

and  therefore        .           n"*  « ,i.«/,^ 

1  +  71 r-T*  =  3.15764 ; 

also  cos  23^27' 32"  =    .91735; 

therefore  the  annual  luni-solar  precession 

*  See  the  Memoir  of  M.  Serret  in  Vol.  V  of  '*  Annales  de  rObservatoire 
Imperial  de  Paris/'  page  321. 

Digitized  by  VjOOQIC 


l8o.]  OP  THE  EARTH.  316 

.91735  315.764  .^  ^  _„ 
=  -102-"  ^-36525-^^^^^^^^' 
=  50".  3828.  (245) 

The  observed  value  of  the  luni-solar  precession  is  50^.37140 ; 
so  that  our  result  is  very  nearly  correct^  although  it  is  only  ap- 
proximate. I  may*  in  passing  remark^  that  the  coefficients  of 
sin  SI  and  of  cosi^  in  (240)  and  (241)  respectively,  are  — 17".251, 
and  -f  9".  223 ;  the  former  being  the  largest  value  of  the  princi- 
pal term  of  the  nutation  of  the  equinoxes,  and  the  latter  being 
the  largest  value  of  the  principal  term  of  the  nutation  of  the 
obliquity.  Also  the  mean  axis  describes  a  complete  circle  in  the 
heavens  in  25724  years. 

180.3  ^^  ^^^  problem  of  precession  and  nutation  an  approx- 
imate solution  has  also  been  given  by  M.  Poinsot  in  the  Addi* 
tions  to  the  "  Gonnaissance  des  Temps''  for  1858.  The  principal 
terms  only  are  found  by  it ;  but  it  exhibits  the  problem  in  such 
an  elementary  form,  and  dissects  the  results  of  the  action  of  the 
sun  and  moon  into  the  several  phsenomena  so  distinctly,  that  it 
is  peculiarly  fitted  for  an  elementary  treatise.  We  shall  employ 
the  symbols  of  the  preceding  Articles,  and  shall  make  use  of 
the  couples  of  the  impressed  momenta  which  have  been  therein 
determined. 

We  consider  all  quantities  at  the  time  /,  and  investigate  the 
effects  which  accrue  during  the  infinitesimal  time  dt.  If  n  is 
the  angular  velocity  of  the  earth  about  its  rotation-axis,  and  g  is 
the  moment  of  the  effective  couple  and  c  is  the  moment  of  in- 
ertia relative  to  that  axis  ;  then 

G  =  no.  (246) 

Let  L  and  m  be  the  moments  of  the  impressed  couples  relative  to 
the  axes  o{x  and  y  in  the  plane  of  the  earth's  equator;  as  the 
position  of  these  axes  in  that  plane  is  indeterminate,  and  as  we 
shall  consider  the  effects  for  only  the  time  di,  we  may  suppose 
the  axis  of  x  to  lie  along  the  line  of  equinoxes,  and  the  axis  of 
^  to  be  perpendicular  to  it.     Thus  (213)  and  (214)  become 

-  =  cosn7,  •    -  =  cos  I  sinn7,      -  =  —  sini  sinn  / ;      (247) 
r  r  '      r  »      \       / 

*  On  this  subject  see  the  Memoir  entitled  *'  Numerus  constans  Nutationis 
ex  ascensionibus  rectis  stellae  polaris  in  SpecuU  Dorpatensis  annis  i8a3  ad 
1838  observatis  deductus/'  by  C.  F.  Peters,  and  contained  in  <' Memoirs  de 
I'Acad^mie  Imperial  des  Sciences  de  Saint  P^tersbourg,  6«  s^rie,  premiere 
partie.  Sciences  math^matiques  et  physiques.  Tome  111,  Saint  P^tersbourg, 
1844." 
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-p- =        CO»(/x  +  p/), 

^  =       C08 1  sin  (/x  -f  r /)  + 1  sin  i  ain  {4/^ + »"/),    ^      (248) 

-^  =  —  8ini8m(/i  +  y/)  +  ico8i8m(<^'o+»"0; 

and  therefore 

L  =  -^(c-A)8mico8i(l-co82n'0,         (249) 


u  = 


2 
8»'> 


(c  —a)  8m  1 8m2fi'/ ; 


(250) 


L  = 


and  if  we  omit  the  terms  in  l'  and  m^  which  involve  the  angle 
"^^f^'o  +  V^'o+O^+^O^  because  the  coefficient  is  small  and  does 
not  rise  into  importance  in  the  subsequent  integration^ 

8n"»(c-A)  <     8inicosi{l-co82(fi  +  i'0}+«cos2icos(Vf'o+^oL(251 


M^s 


2(1- 

2(1+7)^^  |Bini8in2(M  +  i'0  +  »cosi8in(Vr'o+i8oJ; 


(262) 


the  moments  of  these  couples  in  the  time  dt  are  severally  hdt, 
udt,  h'dt,  and  u'dt ;  and  besides  them  we  have  also  the  couple 
o.    Their  effects  are  to  be  considered. 

The  axis  of  hdt  is  the  line  of  equinoxes,  and  as  the  axis  of  o 
is  perpendicular  (approximately)  to  the  plane  of  the  equator,  it 
is  perpendicular  to  this  line.  Consequently  the  axis  of  the 
resultant  of  Ldi  and  o  is  the  diagonal  of  the  rectangle,  of  which 
the  line-representatives  meeting  at  the  earth^s  centre  are  the 
adjacent  sides  :  let  00  be  this  diagonal ;  and  let  d\  be  the  angle 
at  which  it  is  inclined  to  the  axis  of  o,  d\  being  necessarily  infi- 
nitesimal because  Ldt  is  infinitesimal  and  o  is  finite.     And  thus 


dK  = 


Ldt 


3n'»  c-A 


-  sinicosi(l-cos2n7)rf/.     (258) 

As  d\  lies  in  the  plane  which  contains  the  axes  of  l  and  o, 
the  axis  about  which  the  body  revolves  through  d\  is  the  line  in 
the  plane  of  the  equator  perpendicular  to  the  line  of  equinoxes ; 
this  infinitesimal  rotation  therefore  will  not  produce  an  appre- 
ciable change  of  obliquity,  but  only  a  change  of  position  of  the 
line  of  equinoxes  ;  and  if  dylf  is  that  angle, 
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=  _  ^  ^-± COB  1  {1  -C082n7} dt ;         (254) 
,  8n'»c-A  <       8m2»'<)  ^„„^ 

which  result  is  the  same  as  (224). 

As  the  axis  of  i!  is  the  same  as  that  of  l,  it  may  be  treated  in 
the  same  way  relatively  to  o ;  thas,  if  ^'  is  the  angle  of  pre- 
cession due  to  the  effect  of  i!di,  from  (251)  we  have 
.,        8«"*     c— a(  ^     cofli  .   ^,        ^^     icos2i  .    ,,,      ^,  )    ,«..^. 

and  replacing  /x  and  v  by  their  values,  and  omitting  small  quan- 
tities, this  becomes 
.-         3n"*co8i  c— A^     3n"cosi  c— A  i  .  „,^,       ,,      ^_      ,,^^, 
*--2-<n:^— '+i<rT^—  J«n2{<^„+V''o4(^+»")/} 

,  4n"cos2i  t     .    ,.,      ^^  )    ^^^^^ 

+-riS2r-^-"°('''»+^'U'<^'^> 

which  is  precisely  the  same  result  as  (237).  The  sum  of  (255) 
and  (257)  is  the  total  luni-solar  precession,  and  nutation  of  the 
equinoxes. 

T^^xt  let  us  consider  the  effects  of  m  and  m'.  Since  the  axis 
of  M  is  in  the  plane  of  the  equator,  and  perpendicular  to  the 
line  of  equinoxes,  the  rotation-axis  of  the  resultant  of  m^^  and 
o  is  in  the  plane  perpendicular  to  the  line  of  equinoxes  ;  and  if 
diJ.  is  the  angle  at  which  the  axis  of  this  new  couple  is  inclined 
to  that  of  G,  ,. 

rfM  =  ^;  (258) 

as  d^k  lies  in  the  plane  of  the  axes  of  o  and  udt^  this  shifting  of 
the  rotation-axis  is  equivalent  to  a  rotation  of  the  body  through 
a  small  angle  d\i,  about  the  line  of  equinoxes ;  but  hereby  B  will 
be  diminished  by  dO ;  so  that  dfi^  —dO  -, 
udt 


d0  = 

0 

-sini8in2n7^/; 


2n       c 

...       ^  =  x+^I^^cos2n7,  (259) 

which  is  the  same  result  as  (226). 
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As  the  axis  of  m'  is  the  same  as  that  of  m^  it  may  be  combined 
in  the  same  way  with  o ;   and  if  &  is  the  obliquity  due  to  the 
action  of  yCdtj 
^  3»"2      c-A  5    .      cos2(fi-hi'0      .         C08(>/r'o  +  i30) 

+  n"cosijCos(fo+^/)|;  (260) 

which  is  the  same  result  as  (238).  And  thus  the  addition  of 
(255)  and  (257)  will  give  (240) ;  and  that  of  (259)  and  (260)  will 
give  (241).     But  it  is  of  course  unnecessary  to  repeat  them. 

An  account^  with  great  exactness,  of  the  effects  of  all  the  terms 
in  the  lunar  and  solar  precession  and  nutation,  will  be  found  in 
the  Memoir  of  M.  Poinsot;  but  it  would  be  out  of  place  to 
insert  it  here. 

181.]  It  remains  for  us  still  to  examine  the  pressure  borne 
by  the  fixed  point  of  the  body  through  which  the  rotation-axis 
always  passes. 

The  pressure  p,  as  well  as  the  direction-cosines  of  its  line  of 
action,  are  to  be  determined  by  means  of  equations  (24)  or  (26), 
Art.  148. 

Let  us  refer  the  line  of  pressure  to  the  principal  axes  fixed  in 
the  moving  body  ;  let  if  be  the  mass  of  the  body^  and  (^,  y,  z) 
the  place  of  its  centre  of  gravity  at  the  time  t ;  then  from  (26), 
Art.  148, 


FC0sA=:2.mx— M  \^''^'^y-yf\  —  Ma)i(a)iJ?  +  a)jy +  «8^) -|-M»*a?, 
FCOSjui  =  2.mY->M  j^-^— 5-^^— Ma>2(«i^  +  a)jy  +  «35)  +  Mw*y, 
i;=:a.mz  — M  |y-~— a?-^^— Ma)g(a)ia?-|-ft)ay-|-«3^)  +  Mw'^; 


PCOS 


W261) 


of  these  equations  we  have  the  following  particular  results. 
If  the  centre  of  gravity  is  the  origin,  ^  =  y  =  ^  =  0 ;  therefore 
PcosA  =  s.mx,       Fcosfi  =  a.mY,       Pcosi;  =  2.mz;     (262) 

that  is,  the  pressure  at  the  origin  is  due  to  the  impressed  forces 
only. 

And  if  the  body  is  not  subject  to  the  action  of  any  force, 
then  p  =  0,  and  there  is  no  pressure  at  the  fixed  point. 
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If  no  forces  act,  so  that  s.mx  =  a. my  =  s.mz  =  0 ;  and  con- 

afl>|         ^(0a         dfOn   .  f        . 

sequently  l  =  m  =  n  =  0 ;  then,  replacing  -^ ,  -^ ,  -^  by  theur 
values  in  (29),  Art.  149,  we  have 

PC08X  =  M^(a>g»  +  a)8*)+M(A-B— C)a)i  1^  -f-??if  >, 

pco8^  =  My(«,«+V)  +  M(B-c-A)«,  1^  +  !^|,  y     (263) 

PC08I>=M;j(«1*4-»8*)+^(C— ^  — »)<»S  ]-^  +  — [• 

Let  us  consider  what  properties  are  involved  in  these  equa- 
tions when  p  =  0.     If 

B  — C  C  — A  A  — B  .^^.. 

AO)j  Ba>j  ^^  CWj  ^  ^ 

these  equations  take  the  symmetrical  forms 

»*5— «i(a)i^+o>ay  +  <W8^)  +  (a8y— «2^)»i«2®3  =  0>  1 
w*y— «8(«i^  +  «2y  +  ^8^)  +  («i^-a3^)<*>i®a«s  =  0,  I  (265) 
0)"^— «3(«i^  +  a>jy  +  «3^)  +  (aa^— aiy)<»i«2ai3  =  0;J 
multiplying  these  severally  by  ^,  y,  z,  and  adding,  we  have 

.-.     —  =  1.  =  :?-;  (266) 

«1  «2  «8 

and  replacing  ta^,  a>^^  <a^  in  (265)  by  the  proportionals  given  in 
these  last  equations,  we  have 

B  — C  C  — A  A  — B 

which  can  only  be  satisfied,  if^  =  y=^  =  0;  so  that  when- 
ever the  equations  (265)  are  true,  the  centre  of  gravity  is  the 
origin. 
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THE  MOTION  OF  A  RIGID  BODY,  OR  OF  AN  INVARIABLE  MATE- 
RIAL SYSTEM,  FREE  FROM  ALL  CONSTRAINT. 

Section  1. — Motion  of  a  free  invariable  system  under  the  action 
of  instantaneous  forces. 

182.]  As  our  inquiry  proceeds,  our  problem  becomes  more 
general ;  and  the  conditions  of  constraint  become  fewer.  The 
subject  of  motion  is  still  a  rigid  body,  or  a  system  of  particles  of 
invariable  form;  and  thus  all  the  internal  forces,  \?hich  enter 
into  the  equations  of  motion  in  the  most  general  problem,  in 
this  disappear^  because  they  are  introduced  in  pairs  neutralizing 
each  other.  We  return  therefore  to  the  equations  which  are 
given  in  Chap.  Ill,  Art.  48 ;  viz.,  (34)  and  (35)  which  are  ap- 
plicable to  instantaneous  forces ;  and  (37)  and  (38)  which  ex- 
press the  action  of  finite  accelerating  forces. 

In  the  solution  of  the  problem  we  shall  find  it  most  convenient 
to  employ  the  principle  of  the  independence  of  the  motion  of 
translation  of  the  centre  of  gravity,  and  of  the  rotation  about  an 
axis  passing  through  it,  which  has  been  proved  in  Section  2  of 
Chapter  III.  For  we  shall  thereby  resolve  into  two  distinct 
parts  complicated  motion  which  arises  from  the  action  of  given 
forces;  we  shall  consider  the  forces  as  they  produce  either 
simple  translation  or  rotation,  and  shall  investigate  their  efiects ; 
and  the  whole  motion  will  be  the  result  of  these  two  separate 
motions.  And  the  process  too  is  most  convenient  for  the  course 
taken  in  our  treatise ;  for  the  motion  of  a  free  invariable  system 
is  thus  resolved  into  that  of  simple  translation  of  a  particle  at 
its  centre  of  gravity,  and  that  of  rotation  about  an  axis  passing 
through  the  centre  of  gravity  considered  as  a  fixed  point ;  mo- 
tion of  the  former  kind  has  been  completely  discussed  in  Vol.  Ill ; 
and  that  of  the  latter,  as  far  as  is  possible,  in  the  Chapter  prece- 
ding the  present ;  and  we  have  investigated  these  as  the  efiects 
of  forces  similar  to  those  which  we  have  now  to  consider. 
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This  mode  of  resolution  is  most  convenient  for  a  dynamical  rea- 
son also :  because  all  the  forces  which  act  on  the  several  particles 
of  the  system  may  be  transferred,  each  in  its  own  line  of  action, 
direction,  and  intensity,  to  the  centre  of  gravity ;  and  may  there 
act  on  a  particle  of  mass  equal  to  that  of  the  whole  system ;  and 
the  motion  of  the  centre  of  gravity  will  be  that  of  the  particle 
under  the  action  of  the  forces  thus  transferred ;  and  because 
the  rotation  relative  to  the  axis-  passing  through  the  centre  of 
gravity,  which  we  may  suppose  to  be  a  fixed  point,  is  the  effect 
of  the  forces,  as  they  act  at  their  several  points  of  application. 
At  no  point,  except  the  centre  of  gravity,  or  centre  of  masses, 
are  these  dynamical  propositions  true.  And  an  examination 
of  what  has  preceded  shews  the  reason  of  this.  The  centri- 
fugal forces  generated  in  the  motion  neutralize  themselves  at 
the  centre  of  gravity ;  they  produce  thereon  no  pressure ;  and 
thus  cause  no  acceleration  or  retardation  of  it :  whatever  is  the 
pressure  at,  or  the  motion  of,  thp  centre  of  gravity,  this  is  due 
to  the  impressed  forces,  and  to  them  alone.  This  fact  has  been 
presented  to  us  again  and  again  in  the  course  of  our  work. 

Cinematically  indeed  other  modes  of  estimating  motion  might 
have  been  taken.  In  Chapter  II  it  has  been  proved  that  what- 
ever is  the  motion  of  a  body,  it  always  consists  of  a  motion  of 
translation  of  any  particle  of  it  along  a  definite  path,  and  of  a 
motion  of  rotation  about  an  axis  passing  through  that  particle ; 
and  the  choice  of  the  particle  whose  motion  of  translation  is 
considered  is  arbitrary.  And  when  force  acts  on  the  body,  the 
effect  of  it,  in  combination  with  the  centrifugal  forces  developed 
in  the  motion,  will  be  to  change  the  line  of  motion  and  velocity 
of  the  particle,  the  rotation-axis  of  the  body  passing  through 
that  particle,  and  its  angular  velocity  about  that  axis ;  and  the 
equations  of  motion  will  be  formed  in  a  manner  which  indicates 
these  several  changes :  these  we  shall  hereafter  exhibit.  Or, 
again,  the  motion  which  takes  place  in  an  infinitesimal  time- 
element  always  consists  of  a  rotation  about  the  central  axis,  and 
of  a  sliding  or  of  a  motion  of  translation  along  that  axis  ;  and 
the  effects  of  the  impressed  forces  and  of  the  centrifugal  forces 
developed  in  the  motion  will  be  a  shifting  of  the  central  axis, 
a  change  of  velocity  along  it,  and  a  change  of  angular  velocity 
about  it ;  and  as  the  shifting  of  the  central  axis  may  take  place 
in  the  most  general  way  possible,  so  will  it  consist  of  both  a 
displacement  of  translation  and  of  a  subsequent  rotation  about 
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one  of  its  points^  so  that  the  central  axes  in  the  new  and  the 
old  positions  do  not  intersect  each  other ;  and  these  four  sepa- 
rate effects  will  be  produced  by  the  acting  forces ;  they  will  be 
exhibited  therefore  in  the  equations  of  motion^  which  will  evi- 
dently be  greatly  complicated  ;  and  the  acting  forces  will  have 
to  be  resolved  along  lines^  the  position  of  which  is  continually 
changing. 

It  is  right  to  say  thus  much  as  to  other  modes  of  considering 
the  motion  of  a  free  invariable  system ;  although  we  shall  for 
the  most  part  confine  ourselves  to  that  motion  of  the  centre  of 
gravity,  and  of  rotation  about  it^  to  which  our  equations  of 
motion  most  conveniently  adapt  themselves. 

183.]  In  the  present  Section  I  shall  consider  the  motion  of  a 
free  invariable  system  under  the  action  of  instantaneous  forces. 
In  the  notation  of  Art.  48,  the  general  equations  of  motion  ap- 
plicable to  this  problem  are 


2. in 


s«(v,-§)  =  0. 


dz\ 


,.„(v,_^)  =  0; 


(1) 


i.m 


l^(-S)-(v.-|)|=o. 

j.m|r(v,-g)-^y,-g)|=0. 
,..|.(.,_|)_,(.,_|)|=0. 


(2) 


Now  if  H  is  the  mass  of  the  moving  system,  and  if  (x,  y,  z)  is 
the  place  of  the  centre  of  gravity  at  the  time  t,  and  {x',  y',  /)  is 
the  place  of  m  relative  to  a  system  of  axes  originating  at  the 
centre  of  gravity,  and  parallel  to  the  original  axes,  then,  by  means 
of  Section  2,  Chap.  Ill,  the  equivalents  of  these  are 

-dx 


dt 

-  dy 

Mj  =  s.mv„ 

M^  =  2.mv.; 


(3) 
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^a     ,.™{^(v.-f)-.'(v,-f)5=o,- 

-{''('•-^)-''Mf)h»-^         <*> 

Now  (3)  express  the  motion  of  the  centre  of  gravity  relative  to 
a  system  of  axes  fixed  in  space^  and  do  not  generally  admit  of 
farther  reduction.  Whereas  (4)  express  the  motion  of  rotation 
of  the  body,  or  material  system  of  invariable  form,  relative  to  a 
system  of  axes  originating  at  the  centre  of  gravity,  and  in  other 
respects  undetermined.  If  n^,  n^,  n^  are  the  axial  components 
of  the  instantaneous  angular  velocity  n  which  is  due  to  the  im- 
pulsive forces,  these  equations  become,  see  Art.  76^ 

AXi^—  PHy— EXl,  =    L,     "I 

—  pn^P  +  BHy  — nn,  =  M,    I  (5) 

—  En^c  — nny  +  cxis  =  n  ;  J 

where  l,  m,  n  are  the  axial  components  of  the  moment  of  the 
couple  or  couples  due  to  the  forces  of  impulsion. 

If,  as  in  the  last  Chapter,  we  refer  the  rotation  to  two  sys- 
tems of  axes,  one  of  which  is  the  central  principal  system  fixed 
in  the  body  and  moving  with  it,  and  the  other  is  a  system  fixed 
in  space,  then,  in  reference  to  the  former,  d  =  e  =  p  =  0,  and 
(5)  assume  the  simple  form 

ACl^  =  L,  Bflg  =  M,  Cflg  =  N ;  (6) 

where  l,  m,  and  n  are  the  axial  components  of  the  moments  of 
the  couples  of  impulsion  relative  to  the  central  principal  axes. 

The  solution  of  every  problem  depends  on  these  equations ; 
they  will  hereafter  be  applied  to  particular  cases  ;  but  some 
corollaries  from  them  require  investigation. 

184.]  When  a  free  material  system  of  variable  or  invariable 
form,  which  was  at  rest,  has  been  acted  on  by  one  or  more  im- 
pulsive forces,  the  preceding  equations  express  the  momentum 
which  has  been  communicated  to  it ;  and  if  no  other  momentum 
has  been  imparted,  and  if  no  momentum  is  lost,  they  also  ex- 
press the  whole  momentum  of  the  system,  and  consequently 
that  which  is  capable  of  abstraction  from  it.  This  fact,  which 
is  a  consequence  of  the  law  of  inertia,  is  commonly  termed  the 
principle  of  conservation  of  momentum  or  of  force.  Now  when 
a  material  system  has  been  put  into  motion  by  one  or  more 
forces  of  translation,  these  will  generally  be  reducible  to  a  single 
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force;  and  therefore  a  single  force  equal  to  this^  and  acting  in 
the  opposite  direction,  will  bring  the  system  to  rest.  If  the 
system  has  been  put  into  motion  by  a  couple,  no  one  force 
generally  can  bring  it  to  rest,  because  no  one  definite  force  act- 
ing at  a  definite  distance  can  neutralize  a  couple.  Generally, 
I  say,  in  both  cases ;  because  in  the  course  of  our  inquiry  it 
will  be  seen  that  under  certain  circumstances,  which  will  be  ex- 
pressed in  an  equation  of  condition,  a  single  force  of  impulsion, 
or  moving  forces  which  will  compound  into  a  single  resultant, 
will  cause  a  system  to  rotate  about  an  instantaneous  axis,  either 
with  or  without  a  motion  of  translation  along  that  axis. 

As  the  position  of  the  axes  fixed  in  space  is  arbitrary,  let  us 
take  them  to  be  paraUel  to  the  central  principal  axes  of  the 
body  at  the  instant  when  the  impulsive  forces  act.  Let  x,  y,  z 
be  the  axial  components  of  the  impressed  momenta ;  and  let  m 
be  the  mass  of  the  system ;  then  the  axial  components  of  the 
resulting  velocity  of  the  centre  of  gravity  are 


M  * 


Y 
M 


(7) 


let  V  be  the  velocity  of  the  particle  at  the  place  {x,  y,  z)  relative 
to  the  central  principal  axes ;  and  let  v^  v^,  Vg  be  the  axial  com- 
ponents of  t; ;  then,  as  n^,  n,,  03  are  the  axial  components  of  a 
relative  to  these  central  axes, 


=  ^  +  ^^~y«3» 


M 


(8) 


and  if  n^,  n^,  a^  are  replaced  by  their  values  given  in  (6), 


—  ^      E2L  — 


Y 


V*    = 


z 


B 

c 

y± 

A 


C 
Z-L 

A 
XU 

B 


(9) 


which  give  the  components  of  the  velocity  of  any  particle  of  the 
system,  and  consequently  the  velocity  thereof. 

185.]  For  the  first  application  of  these  equations,  I  propose 
to  determine  the  locus  of  all  points  of  the  system  which  move 
at  the  first  instant  with  the  same  velocity  v. 
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Let  v^,  Vy,  V,  be  the  axial  components  of  v ;  then,  if  {x,  y,  z) 
is  the  place  of  a  particle  which  moves  with  this  given  velocity. 


v*  =  ■J'  +  ^^-y^ 


(10) 


+  (|-+yni-a:n,)  ;  (11) 

which  is  evidently  the  equation  to  a  cylinder  of  the  second  order, 
since  it  is  of  the  form  given  in  (33),  Art.  356,  Vol.  I,  2nd.  Ed. ; 
all  the  generating  lines  of  which  are  parallel  to  that  whose  equa- 
tions are  X         V         z 

^      ^      ^ 

If  not  only  v  is  constant  for  all  points  of  the  required  locus, 
but  Vxy  Vy,  Yn  which  are  the  axial  components  of  v,  are  also 
constant ;  then  each  equation  of  (10)  separately  holds  good ;  and 
the  locus  is  evidently  a  straight  line  whose  equations  are 

*    -X-  — S ~~  a 

=  ...  =  ... ;  (16) 

Equations  (10)  however  are  not  independent ;  but  are  evidently 
subject  to  the  condition 

M(v,ni4-Vynj-hv,fl3)  =  xxji+Ynj  +  zfl,;  (14) 

and  consequently  instantaneous  forces  can  produce  the  preced- 
ing effect  only  when  this  condition  is  satisfied. 

Again,  let  us  suppose  the  motion  which  results  £rom  the  in- 
stantaneous forces  to  consist  of  a  rotation  about  an  instantane- 
ous axis,  and  of  a  translation  along  that  axis.  In  this  case,  if 
Xjy,z  are  the  current  coordinates  of  the  rotation-axis,  Vjr,Vy,v, 
are  constant  for  all  points  along  that  axis,  and  consequently 
(18)  are  the  equations  to  the  axis,  and  its  direction-cosines  are 
proportional  to  xij,  n,,  fi, ;  and  as  v  is  the  velocity  of  a  particle  in 
and  along  that  axis, 

^  =  >  =  ^  =  -;  (15) 


Digitized  by  VjOOQIC 


326  A  FREE  MATERIAL  SYSTEM.  [l86. 

in  which  case  the  condition  (14)  becomes 

Mnv  =  xxij-hYXij+zng;  (16) 

so  that  xn,  4- Yn--|-zn«  ,_^^ 

v=  ——z^ — ^;  (IT') 

AM 

which  shews  that  the  velocity  of  displacement  along  the  rota- 
tion-axis is  the  sum  of  the  resolved  parts  of  the  components  of 
the  velocity  of  the  centre  of  gravity  along  that  axis. 
The  equations  to  the  axis  are 

-iii^  =  ...  =  ...  (18) 

186.]  Lastly^  let  us  suppose  the  system  to  rotate  about  an 
axis  without  any  motion  of  translation ;  so  that  for  all  points 
along  that  axis  v^  =  Vy  =  Vg  =  0;  then  from  (8),  if  (x,  y,  z)  is  a 
point  on  that  axis^  we  have 

-L-  -^jcn^—zoi^zo,  y  (19) 

which  are  the  equations  to  the  axis ;  and  may  be  expressed  in 
the  form  given  in  (18).  This  axis  is  called  the  spontaneous  axis 
of  rotation.  Its  direction-cosines  are  evidently  proportional  to 
Aj,  Aj,  A3,  so  that  it  is  parallel  to  what  would  be  the  instantane- 
ous axis,  if  the  centre  of  gravity  were  a  fixed  point.  It  passes 
through  the  centre  of  gravity,  ifx  =  Y  =  z  =  0;  which  will  be 
the  case  when  the  impressed  forces  of  impulsion  compound  into 
'a  couple. 

Equations  (19)  are  not  independent,  but  are  subject  to  the 
equation  of  condition, 

XAi-|-YA2  +  ZA3   =  0;  (20) 

which  shews  that  the  line  of  action  of  the  resultant  of  the  im- 
pressed momenta  is  perpendicular  to  the  instantaneous  rotation- 
axis,  which  is  the  spontaneous  axis.  This  condition  is  the  same 
as  that  determined  in  Art.  34,  and  numbered  (52). 

If  in  (20)  Ai,  Ag,  Ag  are  replaced  by  their  values  given  in  (6), 
the  condition  for  the  existence  of  a  spontaneous  axis  becomes, 

±£  +  ^  +  211  =  0.  (21) 

ABC 
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If  the  motion  is  due  to  a  single  blow  applied  at  the  point  i(,rjX) 
whose  momentum  is  q,  of  which  x,  y,  z  are  the  axial  components ; 
then 

L  =  T?Z-fY,  M  =  <x-fz,  N  =  ^Y-»;x;  (22) 

and  (21)  becomes  after  division  by  x,  y,  z, 

^(i_l)  +  l(i_l)+f(l_i)=0;  (23) 

X  ^B         C'         Y  ^C         A'         Z   ^A         b'  ^       ^ 

SO  that  (20),  (21)  or  (23)  is  the  condition  to  be  satisfied,  when  a 
body  being  struck  by  a  blow  rotates  at  the  first  instant  of  its 
motion  about  an  axis,  without  any  other  motion  of  translation. 
I  may  in  passing  observe,  that  the  necessary  condition  is 
satisfied  when  the  line  of  action  of  the  blow  is  parallel  to  a  cen- 
tral principal  axis,  say  that  of  z ;  because  in  that  case  x  =  y  =  0 ; 
and  XI3  =  0.  These  circumstances  however  will  be  hereafter 
considered  at  length. 

187.]  When  the  impulsive  forces  which  act  on  a  given  system 
satisfy  the  condition  (21),  so  that  the  system  rotates  about  a 
spontaneous  axis,  that  axis  has  the  following  property :  the  sum 
of  the  vires  vivae  of  all  the  particles  of  the  system  due  to  the  im- 
pulsive forces  is  greater  for  that  axis  than  it  would  be  for  any 
other  rotation-axis.  So  that  the  spontaneous  axis  may  be  de- 
fined as  that  axis  for  which  the  sum  of  the  \4res  viv»  of  all  the 
particles  due  to  the  impulsive  forces  is  greater  than  for  any 
other  axis. 

Although  the  theorem  is  true  for  any  system,  I  will,  for  the 
sake  of  simplicity,  confine  the  proof  in  this  Article  to  that  of  an 
invariable  system,  the  components  of  the  velocity  of  any  particle 
of  which  are  given  in  equations  (8) ;  at  least  as  to  form :  for 
herein  we  must  assume  the  position  of  the  rotation-axis  to  be 
undetermined,  and  we  shall  shew  that  the  vis  viva  is  a  maximum 
when  the  rotation-axis  coincides  with  the  spontaneous  axis. 

Let  o>  be  the  angular  velocity  about  the  assumed  axis  which 
passes  through  the  centre  of  gravity ;  and  let  a»i,  a>2>  ^3  ^^  ^^^ 
axial  components  of  a> ;  then 


=    ^-|-ZG)2-.yo)3, 


M 


(24; 
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As  the  change  of  the  velocity  is  supposed  to  be  due  to  a  change 
only  in  the  position  of  the  rotation-axis^ 
dvx  =  zd<d2  —  yrf^3^  1 
dVy  =  xdf^—zdi^i,    r  (25) 

dVg  =  yrfwi— arrfwj.  J 
Let  x^  T,  z  be  now  the  components  of  the  velocity  impressed  on 
m  ;  then  the  equation  of  motion  given  by  D'Alembert's  Princi- 
ple, in  combination  with  the  principle  of  virtual  velocities,  is 

2.»»{(x— rx)8a?-i-(Y-i?y)dy+(z-v,)8;K}  =  0.  (26) 

In  this  problem  bx,  by^  bz  may  be  replaced  by  the  actual  velo- 
cities Vjc,  Vy,  Vg,  whereby  we  have, 

2,m{V:?-\'V^-\-v^)   -  2.m(xVx  +  Yt;y  +  zr,).  (27) 

Let  the  vis  viva  thus  generated  =  u  ;  then 
u  =  s.mr*, 

=  2.m(t?x*  t  Vy^^v^)\ 
.".     Du  =  2,^.m(Vxdvx-\  VjfdVf-^-VgdVg)'^  (28) 

and  we  have  to  shew  that  by  reason  of  (27)  this  quantity  vanishes. 

From  (27)  we  have 
2x.m{Vxdvg'\-v^dv^-\-VadVg) 

=  ^.fn{xdvx'\-ydvy\-zdvg) 

=  2.W  {(yz  — «Y)rfa)i-|-(zx— J?z)rf«j  +  (*Y— yx)rfai3}  ; 
and  as  doa^^  dta^,  doo^  are  independent  of  x,  y,  z^  x,  t,  and  z  in 
the  right  hand  member,  we  may  substitute  from  (85),  Article 

48,  observing  that  v,,  Vy,  v«,  ^ »  ^  >  ^  are  severally  x,  y,  z, 

Vxy  Vyy  Vg  in  our  present  notation ;  so  that  we  have 
Zx^miv^dVjc-^-Vpdv^-^-VgdVg) 

=  a.w{(yt;,--evy)rf«i  +  («t;,  — a7t;,)rfa)2+  (arvy  — yt;x)rf»3}, 

=  S.m{(«rf«2— yrfa)3)t;,-|-(^rf»3— ;8da)i)Vy+(yrf«j— a?dai2)v,}, 

=  2.m(Vj,  dVjc  -f  Vp  dVy + v,  dv,) ; 

.  • .     2.m  {Vgdvg  -h  VpdVp  +  v,  dVg)  =  0 ;  (29) 

and  therefore  from  (28),  du  =  0 ;  and  consequently  n  is  a  maxi- 
mum or  a  minimum. 

And  it  is  evidently  a  maximum  ;  for  if  we  give  to  t?,,  r^,  Vz  in- 
crements dvg^  dvy,  dvz  of  such  a  finite  magnitude  that  their 
squares  are  not  to  be  neglected,  then  the  right-hand  member  of 
(28)  becomes 

22.m(Vjrrft;jp  +  t;yrft;y  +  v*rfv*)  +  2.m{(rfr,)*-f  (dvy)*4-(rft;,)*}  ; 
and  we  shall  eventually  have 
^.miVxdvx-^VpdVy-^Vgdv,)  -|-xw{(rfvx)*  +  (rfvy)*  +  (rfv*)*}  =0 ;  (30) 
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that  is,  the  increment  of  the  vis  viva  for  the  finite  variation  is 
less  than  it  is  for  the  infinitesimal  variation  by 

that  is,  by  the  sum  of  the  vires  vivae  due  to  the  velocities  lost 
by  the  different  particles  of  the  system ;  and  consequently  the 
vis  viva  determined  as  above  is  a  maximum. 

The  preceding  proof  of  this  theorem  is  due  to  Lagrange* ; 
and  the  proof  that  the  vis  viva  corresponding  to  the  spontaneous 
axis  is  a  maximum  is  due  to  his  editor,  M.  Bertrand.  The 
theorem  was  originally  discovered  by  Eulerfi  ft^d  restated  by 
Lagrange;  and  although  the  proof  given  by  the  latter  holds 
true  for  a  material  system  of  invariable  form,  yet  his  mode  of 
expression  is  so  obscure,  that  it  is  almost  impossible  to  under- 
stand his  meaning  when  it  is  applied  to  a  system  of  variable 
form.  Another  proof  is  given  by  M.  Delaunayt>  and  this  is 
sufficient  for  all  material  systems. 

Let  u  be  the  vis  viva  of  the  system  arising  from  the  angular 
velocities  due  to  the  impulsive  forces,  then 

U  =  A(Oi2-|-B«2*  +  Ca)3*. 

And  if  /,  m,  n  are  the  direction-cosines  of  the  undetermined  axis, 
this  becomes  u  =  ( a  /*  +  b  w^  -|-  c  n*)  o* ; 

A/»  +  BOT*  +  Cn2'  ^ 

and  equating  to  zero  the  total  differential  of  this,  we  have 

(BLw'-fCLn*— AM/m— AN/n)rf/+  ...  +  ...  =  0; 
also,  ldl-i-mdm'\-ndn  =  0; 

whence  we  have  -il-  =  —  = ;  (32) 

a/        Bm        en 

and  therefore  by  means  of  (6) 

ni       n,       n, 
so  that  the  vis  viva  is  a  maximum  or  a  minimum  when  the  ro- 
tation-axis through  the  centre  of  gravity  is  parallel  to  the  spon- 
taneous axis. 

188.]  In  the  concluding  paragraph  of  Art.  186  I  have  ob- 

*  See  M^canique  Analytique,  tome  I,  p.  371,  ed.  3,  par  M.  J.  Bertrand, 
Paria,  1853. 

t  Theoria  Motua  corporum  aolidorum,  cap.  IX,  Theorema  8  (Art.  637.) 
Gryphiswaldin,  1790. 

X  LiouviUe*8  Journal,  tome  V,  p.  355. 
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served,  that  if  a  body  is  put  into  motion  by  a  single  blow,  the 
condition  necessary  for  the  existence  of  a  spontaneous  axis  is 
satisfied  whenever  the  line  of  action  of  the  blow  is  parallel  to  a 
central  principal  axis.  I  propose  to  consider  this  circumstance 
more  at  length.  The  investigation  is  for  the  most  part  due  to 
Poinsofi^ ;  and  although  fuller  explanation  will  be  found  in  his 
Memoirs  than  I  am  able  to  insert  in  this  place,  still  all  his  im- 
portant theorems  are  here  given. 

In  the  first  place,  let  us  assume  the  line  of  action  of  the  blow 
to  be  not  only  parallel  to  a  central  principal  axis,  but  also  to  lie 
in  a  central  principal  plane.  Let  q  3=  the  momentum  of  the 
blow  ;  let  the  central  principal  plane  in  which  its  line  of  action 
lies  be  that  of  (x,  y),  and  let  the  line  of  action  be  parallel  to  the 
axis  of  y ;  these  several  lines  are  represented  in  Fig.  39 ;  where 
G  is  the  centre  of  gravity,  and  is  the  origin ;  got,  oy,  qz  are  the 
three  central  principal  axes ;  cq  is  the  line  of  action  of  the  blow 
Q,  and  c  is  the  point  at  which  it  intersects  g^;  c  is  called  the 
centre  of  percussion  f.  Let  gc  =:  A ;  the  mass  of  the  body  =  m ; 
mk*  =z  c  =  its  central  principal  moment  of  inertia  about  the 
axis  of  z;  a  =  the  angular  velocity  which  is  due  to  q  ;  then,  in 
this  case,  x=:z=0;  y  =  q; 

fii  =  Hg  =  0;         nj  =  —  =  n ;  (34) 

and  thus  the  equations  (19)  to  the  spontaneous  axis  are 

y  =  0;  .=  g;         ,^.^=-^;         (85) 

which  represent  a  line  parallel  to  the  axis  of  z^  and  intersecting 

the  axis  of  a?  at  a  distance  =  -t-  on  the  negative  side  from  the 

origin :  this  is  the  line  or  in  Fig.  89,  which  is  therefore  the 
spontaneous  axis ;  the  point  o,  in  which  the  spontaneous  axis 
intersects  the  plane  of  {x,  y\  is  called  the  centre  of  spontaneous 
rotation.  Thus  the  effect  of  the  blow  q  is  to  cause  the  body  to 
rotate  about  the  axis  or  with  the  angular  velocity  a,  which  is 
given  in  (84).  The  centre  of  gravity  at  the  first  instant  moves 
along  the  axis  of  y  with  a  velocity 

=  -S--  (36) 

*  liouville'B  Journal,  Deuxi^me  S^rie,  tome  II,  1857,  P-  281. 
t  The  reader  will  observe  the  difference  between  the  term  '  centre  of  per- 
caussion'  as  here  used,  and  as  used  in  Art.  137. 
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Let  OG  =  A';  SO  that  omitting  the  negative  sign  which  enters 
into  (35).  AV=  it«;  (87) 

and  hence  it  appears  that  if  c  is  the  centre  of  percussion^  o  is 
the  centre  of  spontaneous  rotation ;  and  if  o  is  the  centre  of 
percussion^  c  is  the  centre  of  spontaneous  rotation.  Thus  the 
centres  of  spontaneous  rotation  and  of  percussion  are  reciprocal. 
Also,  since  the  product  hK  is  constant,  it  follows  that  the 
smaller  h  is,  the  greater  is  h\  and  vice  vers&.  If  A  =  0,  V = 00  ; 
that  is,  if  the  blow  is  given  at  the  centre  of  gravity,  the  axis  of 
spontaneous  rotation  is  at  an  infinite  distance,  so  that  the  body 
has  only  a  motion  of  translation.  If  the  axis  of  spontaneous 
rotation  passes  through  the  centre  of  gravity,  K  =  0,  and  conse- 
quently A  =  00  ;  which  indicates  that  the  blow  must  be  given  at 
an  infinite  distance  from  o,  or  that  the  impressed  force  must  be 
a  couple.  .  . 

Hence  also  n  =  —  =  —rzy 

c        m«* 

=  4^.  (38) 

mh 

Let  oc  =  /  =  A-|-A';  therefore 

and  consequently,  corresponding  to  a  variation  of  A,  /  is  a  mini- 
mum, when  A  =  A: ;  in  which  case  00  =  A:  =  oc,  and  oc  =  2A: ; 
and  this  is  the  shortest  possible  distance  between  the  centres  of 
percussion  and  of  spontaneous  rotation. 

In  all  these  expressions  occurs  k,  which  is  a  central  principal 
radius  of  gyration ;  of  this  there  are  generally  three  different 
values,  corresponding  to  the  three  central  moments  of  inertia ; 
of  which  the  greatest  and  least  are  those  corresponding  to  the 
greatest  and  least  moments  of  inertia,  and  the  mean  corresponds 
to  the  mean  moment  of  inertia.  Thus  /  is  the  minimum  mini- 
morum  when  k  is  the  least;  and  is  the  maximum  minimorum 
when  k  is  the  greatest. 

The  velocity  of  the  centre  of  percussion  after  the  blow 
=  (A  +  A')a; 

w  \*  '    A' 

189.]  The  preceding  investigation  leads  to  this  result:  when 
a  body  is  rotating  freely  about  an  axis  parallel  to  one  of  its  cen- 
tral principal  axes,  and  lying  in  one  of  its  central  principal  planes, 

u  u  2 
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tlie  whole  momentum  of  the  body  may  be  considered  to  be  due 
to  a  single  blow  impressed  on  it  in  a  line  parallel  to  the  central 
principal  axis  which  is  perpendicular  to  the  former  principal 
plane^  and  lying  in  the  principal  plane  which  is  perpendicular  to 
the  former  principal  axis.  And  consequently^  if  the  body  at  that 
instant  met  with  a  fixed  obstacle  at  the  point  where  the  blow 
acted,  the  whole  momentum  would  be  taken  from  the  body,  and 
the  body  would  be  brought  to  rest,  the  fixed  obstacle  being 
struck  with  a  momentum  equal  to  that  which  was  originally 
imparted  to  the  body.  Now,  in  reference  to  the  given  rotation- 
axis  considered  as  a  spontaneous  axis,  the  centre  of  percussion 
would  be  the  position  of  the  fixed  obstacle,  and  the  momentum 
of  the  blow  which  it  would  receive  would  evidently  be  q.  Is, 
however,  the  point  c  thus  determined  the  position  of  the  fixed 
obstacle  against  which  the  body  m  would  impinge  with  the 
greatest  momentum?    Let  us  consider  this  question. 

Suppose  the  body  to  impinge  on  an  obstacle  fixed  at  c',  whose 
distance  from  o  =  ^,  see  Fig.  40,  and  suppose  the  momentum 
which  the  obstacle  receives  to  be  f;  let  o'  be  the  point  recipro- 
cal to  c' ;  that  is,  o'  is  the  spontaneous  centre  of  rotation,  when 
c'  is  the  centre  of  percussion  ;  and  thus 

00'=—.  (89) 

J? 

At  the  instant  of  impact  of  the  body  on  c',  q  is  the  whole  mo- 
mentum of  the  body,  and  its  line  of  fiction  is  c  q  ;  let  us  suppose 
it  to  be  resolved  into  two  parts  p  and  p',  acting  at  c'  and  o'  with 
lines  of  action  parallel  to  cq  ;  then,  by  the  laws  of  composition 
of  parallel  forces,  q  =  p  +  p' ; 

QX0'C  =   .X0V,) 

Q  X  cc'  =  p'x  oc  ;) 
so  that  p  =  Q  -p — -5-;  (41) 

As  o'  is  reciprocal  to  c',  p'  produces  no  momentum  at  c' ;  so 
that  p  is  the  only  part  of  q  which  affects  the  obstacle  at  c'. 

If  a?  =  — ^  =  — A'=  —00,  p  =  0;  that  is,  an  obstacle  placed 

at  the  spontaneous  centre  receives  no  blow. 

If  a?  =  0,  p  =r  Q ;  that  is,  an  obstacle  placed  at  the  centre  of 
gravity  receives  a  blow  equal  to  the  whole  momentum. 
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Kw  =  h,v  =  Q ;  that  is^  an  obstacle  placed  at  the  centre  of 
percussion  receives  a  blow  equal  to  the  whole  momentum. 

Thus,  a  body  strikes  with  the  same  momentum  at  its  centre 
of  gravity  and  at  its  centre  of  percussion ;  but  with  this  differ- 
ence ;  when  it  strikes  an  obstacle  placed  at  its  centre  of  percua* 
sion^  it  is  brought  to  rest ;  when  it  strikes  an  obstacle  placed  at 
its  centre  of  gravity^  its  angular  velocity  continues  what  it  was 
before  impact. 

If  a?  =  C5C ,  p  =  0,  p'= Q ;  and  go'= 0,  so  that  the  body  strikes 

at  its  centre  of  gravity  with  a  momentum  p'=  q. 

A* 
If  X  is  negative,  and  less  than  -^  or  h\  p  is  still  positive ;  but 

if  X  is  negatively  greater  than  h%  p  is  negative.  In  this  case,  c' 
falls  on  the  negative  side  of  o,  and  the  body  strikes  an  obstacle 
in  a  direction  contrary  to  that  for  all  points  on  the  right  hand 
side  of  o ;  and  thus  the  obstacle  must  be  placed  on  the  opposite 
side  of  the  line  00c. 

190.]  To  determine  the  position  of  the  obstacle,  when  the 
momentum  of  the  blow  with  which  the  body  strikes  it  is  a  max- 
imum  or  minimum,  we  must  take  the  ^-differential  of  (41)  and 
equate  it  to  zero.     Thus, 

5i=Q (FT^S)5 =  0>>f 

x=  -A'±  (A'^H-**)*;  (48) 

and  changes  sign  from  +  to  —  for  the  upper  sign,  and  from 
—  to  +  for  the  lower  sign.  Hence  we  have  two  critical  values 
of  p,  which  are  respectively  a  maximum  and  a  minimum :  let 
these  be  t  and  t',  where  t  is  the  maximum  corresponding  to 
x=  —  A'+  (h'^  +  k?)^;  in  which  case 

which  is  manifestly  greater  than  q. 

And  corresponding  to  a?  =  —  A'—  (A'* +  **)*, 


(45) 


which  is  evidently  negative,  and  acts  in  a  direction  opposite  to 
that  of  T ;  and  thus  satisfying  the  criteria  of  a  minimum,  it  is 
indeed  the  greatest  negative  value. 

The  former  result  is  apparently  paradoxical ;  for  as  t  is  greater 
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than  Q^  the  momentum  of  the  blow  with  which  the  obstacle  is 
struck  is  greater  than  that  of  the  whole  moving  body  ;  a  mo- 
mentum therefore  is  extracted  from  the  body  greater  than  that 
which  it  has.  The  explanation  of  the  seeming  paradox  is,  that 
an  opposite  momentum,  viz.  t',  has  been  generated ;  and  t  +  t' = q; 
so  that  the  sum  of  the  two  resulting  momenta  is  equal  to  the 
whole  momentum  of  the  body ;  and  the  principle  of  the  con- 
servation of  momentum  still  rules  this  case :  more  however  will 
be  said  on  this  subject  hereafter. 

Let  the  points  of  application  of  t  and  t'  be  a  and  a';  see  Fig. 
41 ;  these  are  called  the  centres  of  greatest  percussion ;  they 
are  evidently  reciprocal  to  each  other,  as  centres  of  percussion 
and  of  spontaneous  rotation.    Also,  since 

a?  +  A'=  ±  (*'»  +  !«)*; 
or  =  or'=  (A'«4-A/*')*, 

=  (go  X  oc)* ;  (46) 

so  that  the  two  centres  of  maximum  percussion  are  equally  dis- 
tant from  the  spontaneous  centre ;  and  the  distance  is  a  mean 
proportional  between  the  distances  of  the  centre  of  gravity  and 
of  the  centre  of  percussion  from  that  same  centre.  This  pro- 
perty gives  an  easy  geometrical  construction  for  the  determina- 
tion of  the  centres.  Also  this  distance  is  equal  to  the  radius  of 
gyration  of  the  body  about  the  spontaneous  axis ;  because  k  is 
the  radius  of  gyration  about  the  axis  through  the  centre  of 
gravity  parallel  to  the  spontaneous  axis. 

If  A  =  0,  that  is,  if  the  original  blow  q  is  given  at  the  centre 
of  gravity,  so  that  the  spontaneous  centre  is  at  an  infinite  dis- 
tance, and  the  body  has  only  a  motion  of  translation,  then 

■•   di=-W+^)  =  ^'  ^^^ 

if  a?  =  0,  and  changes  sign  from  +  to  -- ;  and  the  greatest 
value  of  p  is  Q ;  that  is,  the  greatest  blow  which  the  body  is 
capable  of  giving  is  at  its  centre  of  gravity. 

If  the  body  is  originally  put  into  motion  by  a  couple  whose 
moment  is  n,  so  that  the  body  has  only  a  motion  of  rotation 
about  an  axis  passing  through  its  centre  of  gravity,  then  in 
(41),  Q  =  0,  A  =  oo ,  and  qA  =  n  ;  so  that 
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if  07  =  ±  k;   and  p  has  two  corresponding  values^  which  are 

respectively  positive  and  negative ;  each  of  which  =  ^ ;  and 

their  lines  of  action  are  equidistant  from  the  centre  of  gravity, 
the  distance  being  equal  to  the  central  radius  of  g3rration. 

Thus,  if  a  sphere  of  radius  a  rotates  about  a  vertical  diameter, 
the  greatest  blow  will  be  given  on  an  obstacle  at  a  distance 
=  a(A)i  from  the  centre  of  the  sphere. 

If  a  circular  plate  of  radius  a  revolves  about  an  axis  through 
its  centre  perpendicular  to  its  plane,  it  will  strike  an  obstacle  in 
its  plane  with  the  greatest  effect  when  that  obstacle  is  at  a  dis- 
tance =  a  (.5)^  from  the  centre. 

If  a  is  the  angular  velocity  of  the  body,  v  =  mk^a;  and 
therefore  from  (49),  f^jfi 

Now  the  velocity  of  a  point  in  the  body  at  a  distance  =  df  from 
the  rotation-axis  through  the  centre  of  gravity  is  Ad? ;  and  since 
momentum  is  equal  to  the  product  of  the  mass  and  the  velocity, 

a  mass  =  -g — ^  moving  with  the  velocity  with  which  the 

body  impinges  on  the  obstacle  at  its  point  of  impact  would  pro- 
duce a  blow  of  equal  momentum.     And  since,  when  jp  =  k,  this 

mass  =  -^ ,  it  follows,  that  when  the  body  impinges  on  the  ob- 
stacle with  the  greatest  effect,  the  momentum  of  the  blow  is  the 
same  as  that  of  a  particle  of  half  the  mass  of  the  body,  moving 
directly  with  a  velocity  equal  to  that  of  the  corresponding  cen- 
tre of  maximum  percussion. 

A  similar  result  is  true  for  the  centre  of  maximum  percussion 
corresponding  to  4?  =  —  A:. 

191.]  The  subject  from  this  point  of  view  requires  more  con- 
sideration. For  suppose  the  body  to  impinge  against,  not  a 
fixed  obstacle,  but  a  finite  moveable  mass  m',  then  the  velocities 
after  impact,  both  of  the  body  and  of  m',  depend  on  the  mass  of 
m',  and  on  the  mass  which,  moving  with  the  velocity  of  impact, 
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would  have  the  same  momentum  as  the  blow  p  due  to  the  mov- 
ing body. 

In  the  general  expressions  for  f  and  p'  given  in  (41)  and 
(42),  let  Q  be  replaced  by  its  value  mh'a  given  in  (88) ;  and  let 
us  inquire  what  masses  moving  with  the  velocities  at  the  points 
of  impact  of  p  and  p'  respectively,  will  produce  the  momenta 
p  and  p';  let  m  and  m'  be  the  masses  required ;  then,  since  the 
velocities  of  the  points  of  impact  are  respectively 

(A'+a?)n  and  (a'-— )n, 
.  .     M(A+a?)n=Q^^-p^; 

simUarly  m' =:  j^——:  (51) 

these  equations  assign  the  fractions  of  m,  which,  moving  with  the 
velocities  of  the  body  at  c'  and  o',  would  produce  momenta  equal 
to  p  and  p'  respectively. 

In  reference  to  these  values,  let  it  be  observed,  that 

(1)  mh-m'=:  f»;  so  that  the  sum  of  the  two  masses  is  equal 
to  that  of  the  whole  moving  body. 

(2)  mo?  =  m'  — ;  so  that  the  two  masses  statically  equilibrate 

about  o,  the  centre  of  gravity  of  the  body  ;  and  thus  m  and  m' 
have  the  same  centre  of  gravity  as  m. 

And  thus  the  masses,  which,  placed  at  two  reciprocal  centres, 
may  equivalently  replace  a  body  so  far  as  impact  at  these  centres 
is  concerned,  are  equal  to  the  whole  body,  and  are  to  each  other 
inversely  as  the  distances  from  the  centre  of  gravity. 

(3)  M  ^  +  m'  -^  =  m  A' ;  so  that  the  moment  of  inertia  of  the 

Or 

two  masses  relative  to  the  central  principal  axis,  which  is  per- 
pendicular to  the  line  of  blow,  is  equal  to  that  of  the  body ; 
and  consequently  the  moment  of  the  two  relative  to  the  spon- 
taneous axis  is  equal  to  that  of  the  body  relative  to  the  same  axis. 
In  all  these  respects,  then,  a  rigid  inflexible  straight  bar,  whose 

mass  must  be  neglected,  of  any  length  =  jr-f  — ,  with  masses 
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equal  to  if  and  m'  at  its  two  ends,  will  equivalently  replace  a 
body ;  it  will  have  the  same  mass,  the  same  centre  of  gravity, 
and  the  same  moment  of  inertia ;  and  when  it  is  charged  with 
the  same  momentum  of  impulsion,  it  will  have  the  same  spon- 
taneous axis^  and  the  same  percussion  at  a  corresponding  point. 
From  (50)  it  appears^  that  m  =  f»  only  when  a;  =  0 ;  the 
centre  of  gravity  therefore  is  the  only  point  at  which  the 
momentum  of  the  blow  is  the  same  as  that  of  the  whole  body. 

tn  A' 

If  ^  =  A,  M  =  -p,  which  is  only  a  fraction  of  m.    Now  we 

have  already  shewn  that  p  =  o,  both  when  the  point  of  impact 
is  at  the  centre  of  percussion  and  at  the  centre  of  gravity ;  in 
the  latter  case  the  momentum  is  due  to  the  mass  m,  moving 

with  the  velocity  — ;  in  the  former  it  is  due  to  the  mass  -7-, 

moving  with  a  velocity  — r? ;  see  (89) ;  that  is,  in  the  former 

case  we  have  a  smaller  mass  and  a  greater  velocity.  Although 
the  effects  will  be  the  same  when  the  impact  takes  place  against 
a  fixed  obstacle,  yet  they  will  not  be  the  same  when  the  object 
impinged  upon  is  a  moveable  finite  mass,  say  m\  Thus,  if  m'  is 
at  rest,  when  the  body  strikes  it,  and  its  elasticity  is  6,  then,  if 
v*  is  the  velocity  of  m  after  impact,  we  have,  from  Vol.  Ill, 
Art.  215,  (9),  the  following  values : 

K  the  centre  of  gravity  is  the  point  of  impact, 

v'=^^.  (52) 

And  if  the  centre  of  percussion  is  the  point  of  impact, 

y=«a±£)/  (53J 

and  therefore  is  greater  in  the  latter  case  than  in  the  former. 

192.]  Let  us  however  investigate  the  position  of  m',  when  the 
velocity  communicated  to  it  at  rest  by  the  impact  of  the  body 
is  a  maximum. 

Let  the  distance  of  ni  from  the  centre  of  gravity  =  x ;  then 
p,  the  momentum  of  impact,  is  given  by  (41),  and  the  mass 
corresponding  to  the  momentum  of  the  blow  is  given  by  (50) ; 
so  that  by  (9),  Art.  215,  Vol.  Ill, 

Q(l-he)A(A-+a;) 

(»i  +  m')iP+f»'^  •  ^  ^ 

PEICE,  VOL.  IV.  X  X 
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Of  this  quantity  let  the  a;-differential  be  taken  and  equated  to 
zero ;  thence  we  have 

.-.     a?  +  A'=  +   |a'* +  (!+£-)*»  I*;  (55) 

80  that,  as  in  the  case  of  greatest  percussion  against  a  fixed 
obstacle,  two  points  give  critical  effects ;  to  one  of  which  corre- 
sponds a  positive^  and  to  the  other  a  negative  maximum  :  these 
points  are  equidistant  from  the  spontaneous  centre ;  and  the 
distance  of  each  from  that  centre 

this  distance  depends  on  m,  the  mass  of  the  particle  impinged 
upon^  and  is  less  the  greater  m'  is.  The  points  determined  will 
coincide  with  the  centres  of  greatest  percussion  only  when  f»'= oo; 
which  is  a  result  in  accordance  with  the  fact,  that  a  fixed 
obstacle  is  nothing  else  than  a  particle  or  body  of  infinite  mass. 
Thus  we  have  arrived  at  two  new  points  ;  which,  however,  are 
not  reciprocal  to  each  other,  as  the  centres  of  greatest  percussion 
are. 
Also,  corresponding  to  the  values  of  w,  given  in  (55), 


^=^^[±i'-('-5)ir-o^ 


(56) 


which  are  the  greatest  values  of  the  velocity  with  which  the  par- 
ticle m'  can  be  projected  after  impact  by  the  body. 

When  the  body  impinges  on  m'  at  rest  at  a  distance  of  from 
the  centre  of  gravity,  the  velocity  of  m  is  given  in  (54) ;  if  v  is 
the  velocity  of  the  impinging  point  of  the  body  after  collision, 
then,  by  (8),  Art.  215,  Vol.  Ill, 

and  the  momentum  at  that  point  after  collision 

If  we  take  the  ^-differential  of  (57)  and  equate  it  to  zero,  the 
point  will  be  determined  at  which  the  body  must  impinge  on  m', 
and  continue  to  proceed  with  the  greatest  velocity. 

Thus,  iTa  body,  which  has  been  put  into  motion  by  a  blow  whose 
momentum  is  q,  impinges  on  a  particle  m  at  a  distance  =  ^ 
from  its  centre  of  gravity,  under  the  circumstances  of  the  pre- 


Digitized  by  VjOOQIC 


1 93*]  INSTANTANEOUS  FORCES.  339 

ceding  Articles  so  that  the  momentum  of  a  blow  given  against 
a  fixed  obstacle  at  the  point  =  q  ^       ^  ;  then  after  impact 

on  ra'  the  momentum  is  given  by  (58).  Now  as  the  point  at 
which  V,  see  equation  (42),  acts  is  the  point  reciprocal  to  that 
at  which  f  acts^  so  p'  will  not  affect  the  momentum  given  by 
(58),  and  consequently  the  spontaneous  axis  is  not  altered  by 
the  collision.  But,  if  o!  is  the  angular  velocity  about  the  spon- 
taneous axis  after  the  collision, 

',_  (m-cm')*»-gmV  {Kx^af^)a 

Urn!  =^  00 ,  then  the  momentum  of  the  blow  which  the  body  is 
capable  of  at  a  distance  =  x  from  the  centre  of  gravity  after 
impact  1fi-\-hx 

=  -ep;  (60) 

that  is,  is  e  times  the  momentum  before  impact,  and  acts  in  an 
opposite  direction.     And 

,  h'x  +  afl  ,^,. 

«  =  --lp^-«-  (61) 

In  this  case,  if  a;  =  A,  n'  =  —  en ;  and  the  effect  of  the  impact 
is  to  change  the  direction  of  the  angular  velocity  about  the  spon- 
taneous axis,  and  to  diminish  it  in  the  ratio  of  6  :  1. 

198.3  Suppose  however  that,  when  the  body  impinges  on  the 
fixed  obstacle  at  a  distance  =  x,  from  the  centre  of  gravity,  the 
point  of  impact  is  brought  to  rest,  and  has  no  further  motion ; 
that  is,  suppose  that  in  the  preceding  Article  m'  =  oo  and 
e  =  0 ;  then  the  momentum  of  the  body  is  reduced  to  a  quantity 
p',  whose  value  is  given  in  (42),  and  which  acts  at  a  distance 

= from  the  centre  of  gravity.     Let  us  consider  the  effect 

of  this.  o     , 

Since  p=Q___, 

the  velocity  of  the  centre  of  gravity 
Q  ofl — hx 

and  the  angular  velocity  about  an  axis  passing  through  the 
centre  of  gravity,  which  is  also  the  angular  velocity  about  the 
spontaneous  axis  which  passes  through  the  fixed  point, 

X  X  2 
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If  0?  =  A,  tt'=  0,  and  n'=0  :  in  this  case  the  fixed  obstacle  is  at 
the  centre  of  percussion,  and  the  body  is  brought  entirely  to 
rest. 

From  these  values  however  of  vl  and  n',  some  interesting 
questions  arise :  we  can  determine  the  values  of  x^  which  wUl 
render  %i  a  maximum ;  or  will  give  it  a  given  value ;  say,  will 
make  it  equal  to  the  original  velocity  of  the  centre  of  gravity, 
and  in  an  opposite  direction.  Similar  values  too  may  be  found 
for  n'. 

Let  us  first  take  %i\  \i%i  is  a  maximum,  then 

which  give  the  two  centres  of  greatest  percussion.  In  reference 
to  this  property  M.  Poinsot  has  called  these  points  the  centres 
of  greatest  reflexion.  One  will  be  a  centre  of  reflexion  in  a 
direction  opposite  to  that  in  which  the  centre  of  gravity  was 
going  previously  to  the  impact ;  and  the  other  will  be  the  centre 
of  reflexion  in  the  same  direction. 
For  if  we  take  the  upper  sign, 

=  -|{(A''+*^)*-A'};  (64) 

which  is  evidently  negative ;  and  therefore  the  centre  of  gravity 
of  the  body  moves  after  the  impact  in  a  direction  contrary  to 
that  of  its  former  motion ;  and  thus  has  undergone  a  true  re- 
flexion. 

If  we  take  the  lower  sign, 

=  f  {A' +(*'*  + *^)*};  (65) 

in  which  case  the  centre  of  gravity  of  the^  body  proceeds  in  the 
same  direction  as  before  the  impact,  and  with  an  increased 
velocity. 

If  the  velocity  of  the  centre  of  gravity  after  the  impact  is  the 
same  as  it  was  before  the  impact,  but  in  an  opposite  direction  ; 
then,  from  (62),        q  a^-Aa?  q 


^  =  Z±z(^'-8*«)i;  (66) 
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these  two  points  have  been  called  by  Foinsot  centres  of  perfect 
reflexion.  They  are  however  only  possible  when  h^  is  not  less 
than  8  Ifl ;  that  is,  only  when  the  original  blow  q  has  been  given 
at  a  greater  distance  from  the  centre  of  gravity  than  the  limits 
thus  assigned. 

Next  let  us  consider  the  value  of  a',  given  in  (63).     a'  has  a 
maximum  value  when  the  or-differential  of  it  =  0 ;  in  which  case 

0?  =  A  +  (A*+*»)*;  (67) 

which  are  two  values  always  real,  one  being  positive  and  the 
other  negative.  These  points  are  situated  at  equal  distances 
from  the  original  centre  of  percussion ;  and  the  distance  is  equal 
to  the  radius  of  gyration  of  the  body  about  an  axis  passing 
through  the  centre  of  percussion,  and  parallel  to  the  spontane- 
ous axis.  These  points  have  been  named  by  Poinsot  centres 
of  greatest  conversion.  On  comparing  the  values  of  x  which 
assign  these  centres  with  those  which  assign  the  centres  of  great- 
est reflexion,  it  is  evident  that  these  bear  the  same  relation  to  the 
centre  of  percussion  as  those  do  to  the  spontaneous  centre.  So 
that  the  centres  of  greatest  conversion  in  a  body  become  the 
centres  of  greatest  reflexion,  and  vice  vers^,  if  the  centre  of 
percussion  and  the  spontaneous  centre  are  interchanged. 

If  in  the  value  for  a'  given  in  (63)  we  substitute  for  x  the 
value  given  in  (67)  with  the  upper  sign, 

n'=  -■^{(A*+**)*-M;  (68) 

which  is  negative,  and  thus  indicates  that  for  this  centre  of  con- 
version the  angular  velocity  of  the  body  is  in  a  direction  the 
contrary  of  what  it  was  before  the  impact. 
If  we  take  the  lower  sign  in  (67), 

o'=^{(A»+*»)*+A},  (69) 

which  is  positive ;  and  this  shews  that  the  direction  of  the  an- 
gular velocity  for  this  centre  of  greatest  conversion  is  the  same 
as  that  of  the  body  before  impact. 

If  the  angular  velocity  of  the  body  after  impact  is  the  same  as 
before  impact,  but  in  an  opposite  direction,  then  a'=  —  a ;  and 

Q     h—x    _         qA 

m   ifc*— a?*  ""        ml^  ' 
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which  gives  possible  values  only,  provided  that  k^  is  not  less 
than  8  JP.  These  two  points  have  been  called  by  Poinsot  centres 
of  perfect  conversion. 

If  the  angular  velocity  after  impact  is  to  have  a  given  value  ; 
say,  if  the  angular  velocity  after  impact  =  n  times  the  angular 
velocity  before  impact,  it  is  only  necessary  to  equate  the  value 
of  a'  given  in  (63)  to  na,  and  the  resulting  quadratic  equation 
will  give  the  positions  of  the  corresponding  points  of  impact, 
and  will,  by  the  nature  of  its  roots,  also  assign  the  limits  of 
possibility  of  the  problem. 

I  may  in  conclusion  observe,  that  in  the  Memoir  by  M.  Poin« 
sot  a  geometrical  construction  is  given  whereby  the  several 
centres  may  be  determined. 

194.]  Let  us  now  consider  a  problem  of  the  same  kind,  though 
somewhat  less  special,  in  which  the  condition  (21),  necessary 
for  the  existence  of  a  spontaneous  axis,  is  also  satisfied ;  that, 
namely,  in  which  the  line  of  action  of  the  impulsive  blow  is 
parallel  to  a  central  principal  axis,  although  it  does  not,  as  in 
the  problem  just  discussed,  lie  in  a  central  principal  plane. 

Let  the  line  of  the  blow  be  parallel  to  the  central  principal 
axis  of  z ;  and  let  the  point  of  impact  be  {Xq,  j/q)  in  the  principal 
plane  of  (<r,  y) ;  let  q  =  the  momentum  of  the  blow ;  and  let  all 
these  circumstances  be  delineated  in  Fig.  42;  wherein  o,  the 
centre  of  gravity,  is  the  origin,  ox,  ay,  gz  are  the  three  central 
principal  axes,  relative  to  which  the  moments  of  inertia  of  the 
body  are  a,  b,  c  respectively,  and  the  corresponding  radii  of 
gyration  are  severally  a,  4,  c.  Let  c  be  the  point  (a?^,  y^)  in  the 
plane  (x,  y),  whereat  the  blow,  whose  moment  is  q,  strikes  the 
body ;  the  point  c  will  be  called  the  centre  of  impulsion.  Now, 
in  this  case,  x  =  y  =  0;  z  =  q;  (71) 

ni=---,  n2= — ,  ng  =  0.  (7Z) 

A  O 

Let  the  mass  of  the  body  =  m,  and  let  x^  y,  z  be  the  current 
coordinates  of  the  spontaneous  axis ;  then  its  equations,  which 
are  given  in  (19),  Art.  186,  become 

^  =  0, 

■S-  +  7yyo+^^^o  =  0;  (73) 

971  A  B 

which  are  the  equations  to  a  line  in  the  plane  of  (<r,  y).  Let  a 
and  B  be  replaced  respectively  by  their  equivalents  mc?  and  mft^, 
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then  the  equation  to  the  spontaneous  axis  in  the  plane  of  {x,  y) 

becomes  xxt.      vVa 

^  +  ^+1=0;  (74) 

which  is  the  line  bf  in  Fig.  42 :  thus  the  body  by  reason  of  the 
blow  Q  begins  to  revolve  about  a  line  which  is  in  the  central 
principal  plane  perpendicular  to  the  line  of  blow. 

Let  CO  be  produced,  and  cut  the  spontaneous  axis  in  the  point 
o ;  of  which  let  the  coordinates  be  o/q,  y^ ;  then 

_  g^y^o  ,/    -.  _  _?!*!yo_  .  f^K. 

which  give  the  coordinates  of  o  in  terms  of  those  of  c. 

Since  x,  y  and  x^,  y^  are  symmetrically  involved  in  (74),  it 
follows  that  the  points  to  which  they  correspond  are  thus  far 
at  least  reciprocal.  And  as  c  is  called  the  centre  of  impulsion, 
o  is  called  the  spontaneous  centre.  Thus,  if  o  is  the  centre  of 
impulsion,  c  is  the  spontaneous  centre  through  which  the  spon- 
taneous  axis  passes ;  and  vice  vers4. 

Let  h  and  K  be  the  distances  of  c  and  of  o  respectively  from 
o;  then  ^2  ^  ^2  ^yt^ 

(a^V  +  A^yo^)'' 

and  aW-^l^Vo'^^P^'  (77) 

Let  us  interpret  this  result  by  means  of  the  central  momental 
ellipsoid.  The  equation  to  that  ellipsoid  which  is  given  in 
Art.  102  is  Af«  +  B7?»  +  cf«  =  /*, 

where  fi  is  undetermined.  Let  a,  b,  c  be  replaced  by  ma*,  mi^, 
mc^  respectively;  and,  for  the  sake  of  simplification,  let  fA=f7ia' 6^; 
then  the  equation  becomes 

and  thus  the  trace  of  this  on  the  plane  of  {x,  y)  is  the  ellipse 

a«f«-f*«i,»  =  a*ft«;  (78) 

which  we  will  call  the  central  ellipse.  The  f-  and  the  ?j- 
principal  semi-axes  of  this  ellipse  are  evidently  b  and  a  respect- 
ively ;  and  the  moments  of  inertia  about  these  axes  are  a  and 
B  ;  which  are  respectively  equal  to  ma*  and  m6^ ;  so  that 
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A  =  ma^  =  -^;         b  =  mt^  =  -^; 

and  consequently  the  moments  of  inertia  are  inversely  propor- 
tional to  the  square  of  the  corresponding  radii  vectores  of  the 
ellipse.  If  K  is  the  moment  of  inertia  about  a  radius  rector  d  of 
this  ellipse,  _  /*   _  mg^y 

^  ""  F  "  "W^ '  ^^^ 

Let  ((,  17)  be  the  point  p  where  this  ellipse  is  intersected  by 

the  line  g  c  ;  see  Fig.  43 ;  and  let  the  radius  vector  o  p  =  5 ;  then 

and  consequently  from  (76), 

AA'=f»-|-T^  =  5^  (80) 

.-.      GC  X  GO  =  OP*;  (81) 

and  thus,  if  the  central  ellipse  is  described,  the  spontaneous 
centre  which  is  relative  to  a  given  centre  of  impulsion  can  be 
determined  immediately.  Of  this  theorem,  (37),  Art.  188,  is 
evidently  a  particular  case. 

Hence,  if  c  is  the  focus  of  the  ellipse,  the  spontaneous  axis  is 
the  farther  directrix. 

Again,  draw  the  diameter  gd  which  is  conjugate  to  gp;  its 

equation  is  ^(yv       o-  (S<<l^ 

j2+-^=0,  (82) 

and  the  spontaneous  axis  is  evidently  parallel  to  this  line.  Thus, 
if  through  o  we  draw  os  parallel  to  gd,  or  to  the  tangent  of  the 
central  ellipse  at  p,  o  s  is  the  spontaneous  axis. 

Similarly,  if  through  c  the  line  ct  is  drawn  parallel  to  on  and 
OS,  CT  is  the  spontaneous  axis  relative  to  o  as  a  centre  of  im- 
pulsion. 

If  c  is  at  p,  o  is  at  v' ;  and  ct  and  os  are  tangents  to  the 
central  ellipse  at  p  and  p'  respectively.  In  this  case  pp'  is  the 
shortest  possible  distance  along  the  line  coo,  between  the  centre 
of  impulsion  and  the  spontaneous  centre.  But  of  all  minima 
distances  between  these  centres,  a  a'  is  the  least  and  bb'  is  the 
greatest. 

195.]  The  spontaneous  axis  jand  spontaneous  centre,  which 
are  relative  to  a  given  centre  of  impulsion,  give  rise  to  many 
interesting  theorems. 
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(1)  The  equation  to  the  spontaneous  axis,  in  reference  to  a 
given  centre  of  impulsion,  being 

62   "^   a»    "     ' 
it  is  evident  that,  if  a  series  of  spontaneous  axes  pass  through 
the  same  point  {af^y  y'^),  all  the  corresponding  centres  of  impul- 
sion lie  along  the  straight  line 

-ja-  +  -^  =  1.  (83) 

This  line  is  parallel  to  on,  which  is  conjugate  to  the  diameter 
oop'  of  the  central  ellipse :  and  thus  all  the  centres  lie  along 
the  line  ct,  which  is  the  spontaneous  axis  relative  to  o  as  a 
centre  of  impulsion. 

Similarly,  of  centres  of  impulsion  lying  in  the  line  os,  the 
corresponding  spontaneous  axes  pass  through  the  point  c. 

Thus,  wherever  in  os  the  centre  of  impulsion  is,  c  does  not 
move;  and  wherever  in  ct  the  centre  of  impulsion  is,  o  does 
not  move. 

(2)  Let  us  suppose  the  centre  of  impulsion  to  move  on  a  given 
curve ;  then  the  spontaneous  axis  will  envelope  another  curve, 
of  which  the  equation  may  be  found. 

Thus  suppose  the  centre  of  impulsion  to  move  on  the  circle 

V  +  yo'  =  ^;  (84) 

then  the  equation  to  the  spontaneous  axis  is 

^+?^  =  l;  (85) 

let  these  be  differentiated,  on  the  supposition  that  jCq  and  y^ 
vary ;  then  the  envelope  of  the  last  is 

^  +  fr  =  ;^^  (86) 

which  is  the  equation  to  an  ellipse,  coaxal  and  concentric  with 
the  central  ellipse. 

(3)  Or,  again,  the  curve  may  be  given,  all  the  tangents  to 
which  are  to  be  spontaneous  axes;  and  it  may  be  required  to 
determine  the  locus  of  the  corresponding  centres  of  impulsion. 

Thus,  if  the  spontaneous  axes  all  touch  the  circle  aj*-f  y*  =  r*, 
the  locus  of  the  corresponding  centres  of  impulsion  is  the  ellipse 

6*  ■*■  a*  ""■  r»  ' 
Indeed  these  reciprocal  properties  give  rise  to  a  complete  system 

PRICE,  VOL.  IV.  Y  y 
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of  duality,  to  a  great  extent  similar  to  that  of  polar  lines  and 
their  reciprocals.  This  however  is  not  the  occasion  for  a  farther 
development  of  it. 

(4)  Or,  again,  since  the  coordinates  to  the  centre  of  impul- 
sion and  to  the  spontaneous  centre  are  related  by  the  equations 
(75),  if  the  locus  of  one  centre  is  given,  that  of  the  other  can  be 
found. 

Thus,  suppose  the  centre  of  impulsion  to  move  along  the 

ellipse  ^  +  ^  =  1>  then  the  locus  of  the  spontaneous  centre 

is  also  the  same  ellipse. 

If  the  centre  of  impulsion  moves  along  a  straight  line,  then 
the  locus  of  the  spontaneous  centre  is  an  ellipse.  Let  the  equa- 
tion to  the  straight  line  be  put  into  the  form 

^"+^  =  1;  (87) 

where  x^  and  y^  are  any  constants.  Then  the  locus  of  the 
spontaneous  centres  is 

j2  +^  +  l2-  +  -^  =  0.  (88) 

which  is  evidently  an  ellipse  similar,  and  similarly  situated,  to 

the  central  ellipse ;  whose  centre  is  at  f  — ^ ,  —  ~-\  and  which 

passes  through  the  origin.  The  form  of  the  equation  to  the 
straight  line  which  I  have  taken  shews  that  the  line  is  the  spon- 
taneous axis  to  a  centre  of  impulsion  situated  at  {--x^y  ^Vo)' 

196.]  Let  thus  much  suffice  for  the  circumstances  of  the 
spontaneous  axis  of  the  body  in  its  relation  to  the  centre  of 
impulsion ;  and  let  us  investigate  other  incidents  of  its  motion 
at  the  first  instant. 

Let  n  be  the  angular  velocity ;  then,  from  (72), 
n2  =  ni«  +  n,«, 


Q 

.-.    n  = , 

mp 

i{p  is  the  length  of  the  perpendicular  from  the  centre  of  gravity 
on  the  spontaneous  axis. 

The  velocity  of  the  centre  of  gravity  is  evidently 
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Also^  since  the  length  of  the  perpendicular  from  c  (Xq,  y^)  on 
the  spontaneous  axis 

(90) 


_  «2a?o2  +  4V +  «***. 


(a*V  +  ft*yo')* 

therefore  the  velocity  at  the  centre  of  impulsion  at  the  first 
instant  after  the  blow 

^  Q  h^h' 
m  K  • 
If  the  body  impinges  against  a  fixed  obstacle,  or  indeed  against 
any  mass  at  its  centre  of  impulsion  c '  in  the  plane  of  the 
central  principal  axes  of  x  and  y^  the  momentum  of  the  blow 
will  be  Q :  let  us  inquire  what  will  be  the  momentum  at  any 
other  point  of  impact  in  the  same  plane ;  say  at  r,  which  is 
(Xy  y) ;  with  a  view  to  a  farther  inquiry  of  the  position  of  the 
point  when  the  momentum  is  a  maximum. 

Let  c  be  as  heretofore  (Sq,  y^,  and  let  r  be  (4?,  y),  Pig.  44 ; 
and  let  the  momentum  of  the  blow  given  at  r  be  p  ;  let  o'  be 
the  spontaneous  centre  relative  to  r,  and  let  o'u  be  its  spon- 
taneous axis.  Join  rc,  and  produce  it  to  meet  o'lr  in  it.  Re- 
solve Q  into  two  parallel  forces,  p  and  v',  acting  at  u  and  r,  with 
lines  of  action  parallel  to  that  of  q  ;  so  that  by  the  laws  of  com- 
position of  parallel  forces, 

p  +  p'    =  Q,  (92) 

P  X  UR  =  Q  X  uc,  (93) 

p'  X  UR   =   Q  X  CR.  (94) 

As  o'u  is  the  spontaneous  axis  relative  to  r  as  centre  of  impul- 
sion, whatever  in  o'u  be  the  point  at  which  a  blow  is  given,  r 
remains  at  rest ;  so  that  p'  impressed  at  it  produces  no  effect  on 
R ;  and  consequently  p  is  the  whole  effect  at  r  ;  and  p  is  determ 
ined  by  (93) :  we  have  therefore  to  find  ur  and  uc. 
The  equations  to  uo'  and  or  are  respectively 

^  +  ^2  +  ^  -  "> 

and  if  u  is  (f,  t;), 

uc^  ^  ^o-f  _  a*^a?oHh^6*yyo  +  «^**. 
UR         x-i         ~  a^a^'-^-b^y^^a^b^    ' 


(95) 
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which  is  the  momentum  of  the  blow  with  which  the  body  would 
strike  any  obstacle  at  the  point  (iv,  y)  in  the  central  principal 
plane  of  (x,  y). 

Certain  particular  values  of  f  deserve  mention,     p  =3  0^  if 

a«j?j?o+6*yyo+«*«*  =  0 ;  (97) 

that  is,  when  the  obstacle  is  at  any  point  on  the  spontaneous  axis. 

And  p  =  Q,  when 

that  is^  when  the  obstacle  is  at  any  point  on  the  ellipse,  similar 
and  similarly  placed  to  the  central  ellipse^  of  which  the  line  oc 
is  a  diameter^  and  of  which^  of  course^  the  centre  is  at  the  middle 
point  of  GO.  The  points  g  and  c  are  on  this  ellipse ;  and  con- 
sequently at  both  these  points  p  =  q. 

The  case  also  in  which  p  has  a  given  value,  say  uq,  deserves 
consideration ;  of  course  it  gives  a  locus  of  centres  of  percussion^ 
which  is  generally  an  ellipse ;  and  in  certain  cases  becomes  a 
point ;  and  in  certain  other  cases  is  imaginary.  The  subject 
however  does  not  offer  any  particular  difficulty  :  and  the  student 
can  easily  work  it  out  for  himself. 

Also,  if  the  body  were  originally  put  into  motion  by  the 
blow  Q  at  6,  so  that  it  has  a  motion  of  translation  only,  then 
^o  =  yo  =  0,  and  g^y 

Let  us  also  investigate  the  value  of  p',  and  consider  certain 
particular  values  of  it :  from  (92)  or  (94), 

Hence  p'  =  0,  when 

a^a/^  +  b^y^—a^xxQ—bl^yyQ  =  0; 

that  is,  when  the  point  of  impact  is  on  the  ellipse  given  in 
(98),  in  which  case  p  =  q.     Hence  p'  =  0,  if  the  obstacle  is  at 
the  centre  of  gravity,  or  at  the  centre  of  impulsion. 
Also  p'=  Q,  when 

a^xxQ  +  b^yy^-ia^lf^  =  0; 

that  is,  when  the  obstacle  is  at  a  point  on  the  spontaneous  axis, 
in  which  case  p  =  0. 

We  might  also  investigate  the  locus  of  the  place  of  the  obstacle 
when  p'=  nQ,  say;  but  as  the  problem  presents  no  particular 
difficulty,  the  reader  may  work  it  out  for  himself. 
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If  the  centre  of  impulsion  is  at  the  centre  of  gravity,  a?o=yo=0 ; 

197.]  I  propose  now  to  investigate  the  points  for  which  p  is  a 
maximam.    In  this  case  y-j-^  =  (^j  =  0.    And  hence  we  have 

which  give  ^  =  JL ;  (103) 

whence  it-  follows  that  the  place  of  the  obstacle,  when  p  has  a 
critical  value,  is  -on  the  line  gc.  If  we  substitute  in  either  of 
(102)  from  (103),  we  have 

(aV  +  *'yo')y'  +  2a2A2y^y-a2i2y^2  ^  Q;  (105) 

which  are  quadratic  equations  in  terms  of  x  and  y  respectively ; 
and  thus  give  two  positions  of  a  point  of  impact  for  which  p 
has  a  critical  value.  Let  these  be  caUed  centres  of  greatest 
percussion ;  and  let  r  be  their  distance  from  the  centre  of  gravity; 
then  r*  =  a?*  +  y' ;  also  A*  =  x^-\-y^  ;  and 

J=^  =  i^;  (106) 

so  that  (102)  give 

{a^XQ^-\'t^yQ^)r^-\-2a^lflhr-'a^b^h^  =  0;  (107) 

therefore,  substituting  from  {77\ 

r«H-2AV-AV=0;  (108) 

.-.     r=  -  A'±  (K^-fhh')^;  (109) 

thus  the  two  centres  of  greatest  percussion  are  equally  dis- 
tant from  the  spontaneous  centre  o.  Let  v  and  V  be  these 
centres ;  Fig.  45  ;  then 

ov  =  OV'rs  (OG  X  oc)i ;  (110) 

and  the  distance  is  a  mean  proportional  between  the  distances  of 
the  centre  of  impulsion  and  of  the  centre  of  gravity  from  the 
spontaneous  centre. 

Let  T  and  t'  be  the  corresponding  momenta :   then  making 
the  above  substitutions  in  (96), 

rh'\-hh'  /mv 
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therefore  t  =  -  ^^—r^ ;  (112) 

T=-    ^, (113) 

of  which  T^  which  acts  at  the  centre  v^  is  positive^  and  is  greater 
than  Q ;  t',  which  acts  at  the  centre  v'^  is  negative^  and  thus  m 
gives  a  blow  against  an  obstacle  at  v'  in  a  direction  opposite  to  that 
in  which  it  strikes  the  obstacle  at  v  ;  and  thus^  as  the  obstacle  at 
V  must  be  on  the  upper  or  positive  side  of  the  plane  of  (^,  y),  that 
at  V  must  be  on  the  lower  or  negative  side.  On  applying  the 
criteria  for  a  maximum  or  minimum  to  these  values  of  p^  viz.^  t 
and  t',  it  will  be  found  that  t  is  a  maximum^  and  that  t'  is  a 
minimum ;  but  as  t'  is  negative^  it  is  a  negative  maximum^  so 
that  both  centres  may  be  called  centres  of  greatest  percussion. 
If  the  point  of  application  of  the  blow  q,  by  which  the  body 
is  originally  put  into  motion^  is  the  centre  of  gravity^  so  that 
070  =  ^^  =  0,  and  the  body  has  only  motion  of  translation;  then^ 
from  (99),  _  a^y 

^  -  "^02-^2+4^^2  +  02^35  (AA4) 

and  the  maximum  value  corresponds  to  ^  =  0,  ^  =  0 ;  in  which 
case  F  =  Q ;  and  thus  the  centre  of  gravity  is  the  centre  of 
greatest  percussion. 

If  p  =  -,  then 

^  a«4^  +  A2y2  ^   ^2J2(^_1).  (115) 

which  represents  an  ellipse  concentric,  coaxal,  and  similar  to 
the  central  ellipse ;  and  therefore  the  intensity  of  a  blow  against 
an  obstacle  is  the  same  for  all  points  on  this  ellipse.  If  n  =  2, 
the  ellipse  is  the  central  ellipse. 

198.]  Again,  if  the  body  is  put  iuto  motion  by  a  couple  whose 
axis  is  perpendicular  to  the  axis  of  z,  so  that  the  spontaneous 
axis  passes  through  the  centre  of  gravity,  and  the  body  has  only 
rotation  about  that  axis  which  is  in  the  plane  of  (x,  y),  the 
momentum  of  a  blow  p  at  the  point  {x,  y)  in  the  plane  of  (jVy  y), 
may  be  determined  in  the  following  manner,  which  is  independ- 
ent of  the  preceding  process  : 

Let  L  and  m  be  the  components  of  the  moment  of  the  impressed 
couple  about  the  axes  of  a?  and  y  respectively ;  then  we  have 
X  =  Y  =  z  =  0; 
L  u  '  ^     y  (116) 

^       mo2'  ^       mb^' 


.J 
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and  the  equation  to  the  spontaneous  axis  is^  see  (19)^ 

Since  the  point  of  application  of  f  is  (x,  y),  the  equation  to 
the  corresponding  spontaneous  axis  is 

a^x(-\-b^yri'\-aH^  =  0;  (118) 

the  perpendicular  distance  on  which  from  the  point  (^>y) 

(a*^  +  **y')* 
Let  us  suppose  the  couple  of  impulsion^  of  which  the  axial  com- 
ponents are  l  and  m^  to  be  replaced  by  a  couple  whose  forces 
are  p  at  (x,  y),  and  — p  at  the  point  of  intersection  of  the  spon- 
taneous axis  with  the  perpendicular  on  it  from  (x,  y) ;  then 
the  moment  of  that  couple 

=  p ^     ^  ^    ,      ;  (120) 

and  the  x-  and  the  y-direction-cosines  of  its  axis  are 

*'y  and       _^^^_  (121) 


(a*a?»  +  6*y»)*'  (a*a^  +  6*y«)* 

And  (120)  is  to  be  equal  to  the  couple  of  which  l  and  m  are 
the  axial  components  ;  hence 

p(a2a?a-f  Aay2  +  a2  62)  =  Li^y-Ma*^; 

This  quantity  might  also  be  deduced  from  the  general  expression 
of  p,  given  in  (96).  For  when  the  body  is  put  into  motion  by  a 
couple^  that  couple  is  equiyalent  to  a  force  =  0  acting  at  an 
infinite  distance ;  so  that  in  the  numerator  ^^  =  y^  =:  00  ^  and 
consequently  a^t^  must  be  omitted  ;  and  thus 

but     Q^o  =  the  moment  of  the  couple  about  the  axis  of  a?  =  l, 
and  —  Q4?o  = y  =  H; 

L  J*y  —  Ma*a7 


p  = 


a^j^-hft^ya  +  aai* 
Now  since  —  p  acts  at  a  point  on  the  spontaneous  axis  which 
corresponds  to  the  centre  {x,  y),  —  p  produces  no  effect  at  (4?,  y) ; 
so  that  p,  which  is  given  in  (122),  is  the  momentum  of  the 
whole  blow  given  by  the  body  on  the  obstacle. 
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dined  is  a  m 


''  [      (128) 


When  p  thus  determined  is  a  maximam, 

(£)  =  O  =  0; 

whence  we  have 

.'.     La?  +  My  =  0;  (124) 

a>iB»  +  J«y«  =  a^ja.  (125) 

Thus^  the  point  (x,  y)  which  gives  the  greatest  percussion,  is 
in  the  central  ellipse,  at  the  points  in  which  the  plane  of  the 
couple  of  impulsion  passing  through  the  centre  of  gravity  in- 
tersects it.     And  the  greatest  value  of  p 

=  ±  2^i '  ^^^> 

the  two  signs  corresponding  to  the  two  extremities  of  the 
diameter  of  the  central  ellipse,  which  coincides  with  the  plane 
of  the  couple  passing  through  the  centre  of  gravity ;  at  which 
points  the  two  values  of  p  are  equal,  but  as  they  have  opposite 
signs  they  act  in  opposite  directions. 

199.]  And  let  us  farther  investigate  the  nature  of  the  blow, 
when  the  body  strikes  against  a  moveable  mass  at  the  point 

Let^  be  the  perpendicular  distance  from  {x^y)  to  the  spon- 
taneous axis ;  so  that 

^  a'^oa?+yyoy  +  g^y.  .,«-. 

and  let  o  be  the  angular  velocity  of  the  body  about  the  spon- 
taneous axis  due  to  the  force  of  impulsion  ;  then,  from  (89), 

o  =  «Jf^fq^*;  (128) 

and  consequently  if  v  is  the  velocity  of  the  point  (^,  y)  which  is 
due  to  the  force  of  impulsion, 

Hence,  if  p  is  the  momentum  of  the  blow  which  the  body  is 
capable  of  at  the  point  (^,  y), 

a>a?afo  +  yyyo  +  g^y 


P  =  Q 


a«^-h6*y*4-a2«* 
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Let  M  be  the  mass  which^  moving  with  the  velocity  v,  would 
produce  on  the  obstacle  at  (x,  y)  a  blow  of  this  momentum ;  then 

Also^  let  m'  be  the  mass  of  a  particle  which,  moving  with  the 
velocity  of  the  spontaneous  centre  {x\  y')  corresponding  to 
{Xy  y)i  would  produce  against  an  obstacle  placed  there  a  blow 
whose  momentum  is  equal  to  that  of  the  body.     Then 
, ma»y 

by  reason  of  (75).  And  thus  masses  are  assigned^  which  are 
fractions  of  m,  and  which,  moving  with  the  velocities  of  any  point 
and  of  its  corresponding  spontaneous  centre,  would  have  mo- 
menta equal  to  those  of  the  blows  which  the  body  would  give  to 
obstacles  placed  at  those  points. 

The  values  of  these  masses  thus  determined  may  be  conveni- 
ently put  into  another  form :  let  r  and  /  be  the  distances  of  m 
and  m'  from  the  centre  of  gravity ;  and  let  8  be  the  radius  vector  of 
the  central  ellipse  which  coincides  with  the  line  jcHning  h  and 
m'  :  then,  as  the  places  of  m  and  m'  are  reciprocal  as  a  centre  of 
impulsion  and  a  spontaneous  centre,  r/  =  8^ ;  and  from  (77), 

a^aj^-hi^y*  =  ^-^;    80  that 
mr'  ,         mr 

'V         'tr  y         (188) 

In  reference  to  these  masses  let  it  be  observed,  that 

(1)  M-f-M'=  m;  so  that  the  sum  of  the  two  is  equal  to  the 
whole  moving  body. 

(2)  Mr  =  hV;  so  that  the  centre  of  gravity  of  h  and  u^ 
coincides  with  that  of  m. 

(8)  M(^  +  y')  +  M'(y»  +  j('«)  =  ^^^+|!>  =  m8»j 

BO  that  the  radius  of  gyration  of  the  masses  about  any  axis 
passing  through  their  centre  of  gravity  and  perpendicular  to  the 
line  joining  them  is  equal  to  the  radius  vector  of  the  central 
ellipse  which  coincides  with  that  line, 
raics^  VOL.  iv.  z  z 
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In  these  respects  therefore  the  body  may  be  eqniyalently 
replaced  by  a  straight,  inflexible^  and  immaterial  bar^  having 
masses  m  and  m'  at  its  two  ends,  which  are  determined  by  equa- 
tions (13B) :  this  bar  will  not  only  at  its  two  ends,  but  at  any 
point  in  its  length,  strike  an  obstacle  with  a  blow  of  the  same 
momentum  as  the  body. 

From  (131)  it  appears,  that  m  =  m,  only  when  a;  =  y  =  0 ; 
that  is,  the  centre  of  gravity  is  the  only  point  at  which  the  body 
.will  strike  an  obstacle  as  if  it  were  a  mass  equal  to  its  own 
mass ;  and  in  this  case  p  =  q. 

If  the  centre  of  percussion  is  the  point  of  impact,  p  =  Q ;  but 

M   =    -5 — 5 To — 5 STTi  =  *»-! ir;  034) 

and  from  (91),         t?  =  —  A+*l; 

m      n 

so  that  the  momentum  is  produced  by  a  mass  smaller  than  m, 
moving  with  a  greater  velocity.  Although  therefore  against  a 
fixed  obstacle  the  momentum  of  the  blow  p  is  the  same,  whether 
the  obstacle  be  at  the  centre  of  gravity  or  at  the  centre  of  per- 
cussion ;  yet  against  a  particle  of  finite  mass,  say  m\  the  effects 
will  be  different.  These  we  proceed  to  investigate;  and  we 
shall  determine  both  the  velocity  of  m  after  impact  from  the 
body,  as  well  as  the  velocity  of  the  impinging  point  of  the  body 
after  impact  on  m\ 

200.]  Let  v  and  V  be  the  velocities  of  the  body  and  of  ni 
after  collision  at  the  point  (^,  y) ;  let  6  =  the  elasticity ;  and 
let  us  suppose  m  to  be  at  rest  when  the  impact  takes  place ; 
then,  from  (9),  Art.  215,  Vol.  Ill, 

v'-    (1  +  g)  Q  (g'^^o  +  l^yyo  +  g'  ^ )  ,-.^. 

(f»  +  m')a*63  +  m'(a2a^  +  Aay»)'  ^     ^ 

If  we  equate  to  zero  the  x-  and  y-differentials  of  V,  the  point 
will  be  determined  at  which  m'  must  be  struck  so  that  it  may 
move  after  collision  with  the  greatest  velocity:  this  process  gives 

-  =  -?^;  (187) 

which  shews  that  the  point  of  greatest  percussion  is  in  the  line 
joining  the  centre  of  gravity  and  the  centre  of  impulsion.     If  r 
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is  the  distance  of  the  required  point  from  the  centre  of  gravity, 
then,  as  in  Article  197, 

r  =  -A'±  |a'2  +  AA'(i  +  ^)[V  (138) 

Thus  there  are  two  points  at  which  a  body  impinging  on  a 
particle  ni  will  cause  it  to  move  after  collision  with  a  maximum 
velocity ;  these  points  are  equidistant  from  the  spontaneous 
centre  which  corresponds  to  the  centre  of  impulsion,  and  that 
on  the  positive  side  of  the  spontaneous  centre  lies  farther  from 
it  than  the  centre  of  gravity.  These  two  points  are  the  centres 
of  greatest  percussion  when  m'=  oo ;  that  is,  when  the  mass  of 
the  particle  against  which  the  body  impinges  is  infinitely  great, 
and  is  thus  equivalent  to  a  fixed  obstacle. 
And  corresponding  to  these  distances, 

of  which  values  one  is  positive  and  the  other  is  negative :  the 
former  shews  that  the  particle  ml  will  move  with  a  velocity 
whose  direction  is  the  same  as  that  of  q  ;  the  latter,  which  cor- 
responds to  the  point  of  percussion  on  the  side  of  the  spontane- 
ous axis  away  from  the  centre  of  gravity,  gives  a  velocity  of  m' 
in  the  opposite  direction. 

In  a  similar  way  may  the  point  be  determined,  at  which,  if 
the  body  impinges  on  ni^  the  velocity  of  the  point  of  impact 
after  collision  will  be  a  maximum ;  for  if  we  take  the  x-  and  y- 
partial  difierentials  of  (135),  and  equate  them  to  zero,  the  points 
will  be  determined  by  means  of  these  two  equations. 

201.]  Now  at  the  instant  when  the  body  has  impinged  against 
a  fixed  obstacle  at  the  point  (a;,  y),  that  point  of  the  body  is  at 
rest ;  yet  there  remains  the  momentum  ?',  which  is  given  in 
(100),  whose  point  of  application  is  u,  see  Fig.  44 :  as  u  however 
is  a  point  in  o's,  which  is  the  spontaneous  axis  relative  to  r 
as  a  centre  of  impulsion  at  which  f  acts,  f'  produces  no  effect  . 
on  R ;  and  thus  the  motion  of  the  body  at  that  instant  is  due  to 
the  force  f'  only  applied  at  u ;  and  consequently  the  spontaneous 
axis  passes  through  r.  u,  which  must  now  be  considered  as  a 
centre  of  impulsion,  is,  from  Art.  196, 

/yy(^oy-yo^)-g'y(ay-ayo)     g'^(yo^-a^oy)-g'y(y-yo)\    ry^^ 

z  z  2 
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The  spontaneous  axis  corresponding  to  which  is 

^{y(^oy~yo^)-«M^-«^o)}+'?{«^Cyo^-'*oy)-**(y-yo>} 

+  ««^  +  A«y«-a»jfa?o-A*^yyo  =  0.  (141) 
Now  the  momentum  of  the  blow  of  impulsion,  namely  p',  is 
given  in  (100) ;  and  consequently  if  t/  =  the  Telocity  of  the 
eentre  of  gravity, 

«'=-,  (142) 


m 

And  if  a  =  the  angular  velocity  about  the  spontaneous  axis 
through  R  due  to  f^,  and  iSp  =  the  perpendicular  distance  from 
the  centre  of  gravity  on  that  line^ 

n'=— ;  (144) 

mp 

where   p  = 

If  the  point  (^,  y)  lies  on  the  line  joining  the  centre  of  gravity 
and  the  original  centre  of  impulsion^  these  expressions  become 
much  simplified  ;  because^  in  that  case, 

^oy-yo^  =  0; 

thus  the  equation  to  the  spontaneous  axis  through  r  becomes 
a«(^-a'o)f +4*(y-yo)»7  =  a»af»  +  A«y*-a«^a?o-**yyo;  (1*5) 

{a*(^-^o)'  +  *'(y-yo)'}*' 
n'-  ±  {^n^~^o)'-h&ny"yo)'}*.  .146. 

a  particular  case  of  this  last  simplification  is  that  in  which  the 
obstacle  is  placed  at  a  centre  of  greatest  percussion ;  see  Art.  197. 

Questions  exactly  analogous  to  those  which  I  have  alluded  to 
in  Art.  197  arise  out  of  the  preceding  values  of  u'  and  Ci\  and 
.  give  points  which  may  be  called  points  of  greatest  reflexion  and 
of  greatest  conversion. 

202.]  Thus  as  to  f/\  the  problem  may  be  to  determine  the 
place  of  a  fixed  obstacle,  or  of  a  particle  of  given  mass,  so  that 
it  may  be  a  maximum  ;  or  the  place  of  a  fixed  obstacle,  so  that 
it  may  have  a  given  value ;  say,  be  equal  to  the  original  value 
of  the  velocity  of  the  centre  of  gravity  but  in  an  opposite  direc- 
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tion ;  or  to  find  the  place  of  the  obstacle^  so  that  vl  may  be  equal 
toO. 

As  to  critical  values  of  ii  I  would  observe^  that 
p' 


-p 

,  by  reason  of  (92) ; 


m 

so  that  whatever  values  of  x  and  y  give  critical  values  for  p,  also 
give  critical  values  for  p'  and  for  u\  these  values  have  been 
already  investigated  in  Art.  197,  and  give  what  are  therein 
called  centres  of  greatest  percussion ;  these  centres  then  are 
also  centres  of  greatest  reflexion.  Also,  since  there  are  two 
such  centres^  we  have  also  two  critical  values  of  t/, 


m  %K 


«»  =  TT 


Q    A'+(A'»+AA')* 


m  2A' 


(147) 


The  latter  of  these  is  positive^  and  is  evidently  greater  than  — » 

which  is  the  original  value  of  the  velocity  of  the  centre  of 
gravity :  this  is  paradoxical :  it  seems  contrary  to  the  first  prin- 
ciples of  mechanics  that  a  body  should  strike  against  a  fixed 
obstacle,  and  after  impact  rebound  with  the  velocity  of  the  centre 
of  gravity  greater  than  that  velocity  before  impact.  ]Now  con- 
sider this  in  reference  to  fig.  45 ;  v  and  V  in  it  are  the  centres 
of  greatest  percussion,  and  consequently  of  greatest  reflexion  ; 
and  t/j  corresponds  to  the  point  v^^  so  that  when  the  obstacle  is 
placed  at  that  point,  and  the  body  impinges  against  it^  the 
velocity  of  o  after  the  impact  is  greater  than  before.  The  body 
moves  by  the  blow  Q,  which  is  given  at  c,  from  below  to  above 
the  paper ;  and  rotates  about  the  axis  os ;  if  however  it  impinges 
against  the  obstacle  at  v',  that  angular  velocity  becomes  modified, 
and  OS,  which  was  at  rest  before  the  impact,  moves  in  the  direc- 
tion CQ^  and  the  velocity  of  o  is  increased.  We  must  not  however 
hence  infer  that  the  momentum  of  the  body  is  increased ;  for  that 
would  be  contrary  to  the  principles  of  mechanics ;  but  some 
of  the  momentum^  which  is  due  to  the  angular  velocity^  by 
means  of  the  obstacle  becomes  momentum  of  translation ;  and 
hence  it  is  that  the  velocity  of  the  centre  of  gravity  is  after 
impact  greater  than  it  was  before.     Thus^  a  ball  from  a  rifled 
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gan^  having  velocity  both  of  translation  of  its  centre  of  gravity 

and  of  rotation  about  an  axis  through  that  centre,  may  have  its 

velocity  of  translation  increased  by  meeting  with  an  obstacle, 

and  thus  may  be  carried  farther  than  if  it  never  met  with  such 

an  obstacle.    This  is  one  of  the  peculiar  and  surprising  facts  of 

ricochet  practice. 

Q 
If  t/  = ,  the  velocity  of  the  centre  of  gravity  will  be  after 

impact  the  same  as  it  was  before  but  in  an  opposite  direction ; 
then  2a>^3  +  262y2-a«ay^o-**yyo  +  «***  =  0;  (148) 

which  is  the  equation  to  an  ellipse  similar  to  the  central  ellipse^ 
and  similarly  situated ;  the  points  which  give  this  value  of  t^ 
are  called  points  of  perfect  reflexion ;  and  the  ellipse  (148)  is 
caUed  the  ellipse  of  perfect  reflexion. 

Again,  as  to  a';  it  is  a  function  of  x  and  y,  and  the  values  of 
those  quantities  may  be  found  which  will  give  to  a'  a  critical 
value.  Also,  those  may  be  found  which  will  assign  a  point  on 
which,  when  the  body  impinges,  the  angular  velocity  after  im- 
pact will  have  a  given  value ;  say,  be  equal  to  that  before  impact, 
and  in  an  opposite  direction.  Points  which  give  these  values  to 
Xi'  are  called  respectively,  points  of  maximum  conversion,  points 
of  given  conversion,  and  points  of  perfect  conversion. 

Thus,  if  ft'=0,  p'=0;  and 

so  that  for  all  points  on  the  ellipse  given  by  (98),  p  =  q,  ?'==  o, 
i^=r  o,  fi'=:  0 ;  that  is,  if  the  obstacle  is  on  that  ellipse,  the  body 
impinges  on  it  with,  a  momentum  equal  to  that  of  original  im- 
pulsion ;  the  centre  of  gravity  of  the  body  is  brought  to  rest, 
and  there  is  also  no  angular  velocity ;  in  fact  the  body  is  brought 

to  rest.  r«*;r  *4-A*f/2^* 

If  n'  =  -  —  21^  s  see  (89) ;  in  this  case  the  an- 

gular  velocity  after  the  impact  is  equal  to,  but  of  contrary  direc- 
tion to,  that  before  impact ;  then,  if  we  take  the  particular  case 
given  in  (146),  we  have 

which  gives  an  equation  of  the  fourth  degree  in  terms  of  ^  and 
y;  all  points  on  the  curve  expressed  by  which  are  points  of 
perfect  conversion. 
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To  determine  the  points  for  which  cl  has  a  critical  value^  the 
X'  and  {(-partial  differentials  of  (144)  or  of  (146)  must  be  equated 
to  zero :  in  the  general  case  however  they  lead  to  results  so  much 
complicated  that  it  is  useless  to  insert  them. 

208.]  In  the  preceding  Articles,  see  Art.  191,  (50)  and  (51), 
and  Art.  199,  (133),  it  has  been  shewn,  that  a  body  may  be 
equivalently  replaced  by  two  particles  of  definite  and  determinate 
masses  at  the  ends  of  an  immaterial  rigid  and  straight  bar,  so 
far  as  the  effects  of  momentum  communicated  to  the  body  by  a 
blow,  and  the  effects  of  impact  of  the  body  on  a  fixed  obstacle 
are  concerned.  This  property  is  of  considerable  use  in  the  solu- 
tion of  another  problem :  A  body  of  given  mass  moving  with  a 
given  velocity  impinges  on  a  given  body  at  a  given  point,  it  is 
required  to  determine  the  motion  of  the  bodies  at  the  instant 
after  impact. 

I  wiU  assume  the  line  of  motion  of  the  moving  mass  to  be 
in  a  central  principal  plane  and  to  be  parallel  to  a  principal 
axis  of  the  body  on  which  it  impinges.  Let  m  be  the  mass  of 
the  latter  body,  m'^  the  impinging  mass,  of  which  let  the  velo- 
city at  the  point  of  impact  be  f/',  let  the  line  of  motion  of  rn!  be 
in  the  central  principal  plane  of  {x,  y),  and  be  parallel  to  the 
axis  of  y ;  let  c,  see  Fig.  46,  the  point  of  impact,  be  in  the  axis 
of  ^  at  a  distance  =  x  from  the  centre  of  gravity  o ;  and  let  k 
be  the  radius  of  gyration  of  the  body  about  the  axis  oz^  which 
is  perpendicular  to  the  line  of  action  of  the  blow.     Let  o  be  the 

spontaneous  centre  reciprocal  to  c ;  so  that  og  =  — .    Now  in 

X 

Art.  191  we  have  shewn,  that  so  far  as  concerns  blows  given  by 
it,  the  body  m  may  be  replaced  equivalently  by  two  masses 
M  and  m',  which  are  therein  assigned,  of  which  the  former  is 
placed  at  c,  and  the  latter  at  o ;  and  that  as  o  is  a  centre  re- 
ciprocal to  c,  the  mass  m'  placed  at  o  neither  affects  nor  is 
affected  by  the  blow  given  at  c ;  so  that  as  far  as  the  momentum 
of  a  blow  at  c  is  concerned,  the  effect  of  the  body  will  be  the  same 
as  that  of  the  mass  m  placed  there:  all  this  is  explained  in 
Art.  191.  The  problem  then  which  was  proposed  for  solution  is 
this ;  m'  moving  with  a  velocity  v'  impinges  on  m  at  rest :  it  is 
required  to  determine  the  motion  of  m  and  m'  after  collision. 
The  principles  of  Art.  215,  Vol.  Ill,  are  sufiScient  for  the 
purpose. 
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Let  V  =  the  velocity  of  m  after  impact ;  -/=  the  velocity  of 
m'  after  impact ;  and  let  e  =  the  elasticity.    Then^  since 

H  =  ^,  (150) 

_  (l+e)m'(*»4J^)t>' .  .,-,. 

thus  the  momentum  of  m  after  impact  =  mv 

and  this  is  the  momentum  of  the  body  at  the  point  c^  and  is  that 
which  has  hitherto  been  symbolised  by  q. 

The  momentum  imparted  to  the  body  decreases  as  ^  in- 
creases ;  and  vanishes  when  a?  =  00  ;  and  the  greatest  value  is 
that  which  corresponds  to  ^  =  0. 

If  the  bodies  are  perfectly  inelastic^  c  =  0 ;  in  which  case  the 
momentum  imparted  to  the  body 

Suppose  now  that  m'  and  v  are  variables^  with  the  condition 
of  their  product  being  constant ;  that  is^  the  momentum  of  the 
impinging  ball  is  constant^  although  its  mass  and  velocity  vary ; 
say.  m'v'  =  ijlqVq,  (155) 

And  suppose  moreover  that^  whatever  is  the  distance  from  g  at 
which  m'  impinges^  the  momentum  imparted  to  the  body  is 
the  same;  say^  =  irav^^;  then^ 

and  consequently  m'{tfl-{-a^)  is  constant^  =  i»o6*,  say; 

.-.    ».'=^;  ,156, 


in  which  equations  m'  and  v'  are  expressed  as  functions  of  x,  and 
are  thus  determinable  for  any  distance  from  the  centre  of 
gravity  of  the  point  of  impact. 

Thus^  if  a  hammer  is  to  be  constructed  and  used^  so  that  the 
same  quantity  of  momentum  is  to  be  imparted  to  a  body  whose 

Digitized  by  VjOOQIC 


204]  INSTANTANEOUS  FORCES*  36l 

mass  is  m,  whatever  is  the  distance  of  the  point  of  impact  from 
the  centre  of  gravity^  the  momentum  of  the  blow  of  the  hammer 
being  always  the  same ;  then  the  mass  of  the  hammer  and  the 
velocity  of  the  blow  are  given  by  (156)  and  (157). 

204.]  One  other  problem  of  a  practical  kind  deserves  insertion 
in  this  branch  of  the  subject  which  treats  of  spontaneous  axes 
and  their  properties. 

A  body  m  rests  on  a  prop  and  is  struck  by  a  blow  whose 
momentum  is  q^  the  line  of  motion  of  the  blow  being  in  a 
central  principal  plane,  and  parallel  to  one  central  principal  axis ; 
and  the  line  of  reaction  of  the  prop  being  in  the  same  principal 
plane,  and  parallel  to  the  line  of  the  blow. 

Let  06 R  be  a  central  principal  axis  of  the  body  whose  mass 
is  m,  and  centre  of  gravity  is  g.  Let  c  be  the  prop  and  r  the 
point  of  application  of  the  blow  whose  momentum  is  q,  and  of 
which  QR  is  the  line  of  action ;  this  line  of  motion  being  in  the 
central  principal  plane  xf^z:  see  Fig.  47.  It  is  evident  that  if 
R  coincides  with  c,  that  is,  if  the  blow  is  given  at  the  prop,  the 
momentum  of  the  pressure  borne  by  the  prop  =  q;  suppose 
however  that  the  point  of  impact  of  the  blow  is  r,  where  gr  =  x', 
let  p  =  the  momentum  borne  by  c,  and  let  p'  be  that  applied 
at  o,  which  is  the  spontaneous  centre  reciprocal  to  c,  both  these 
being  due  to  q  ;  then  the  pressure  p'  does  not  affect  the  pressure 
at  c,  which  is  a  point  reciprocal  to  o,  so  that  p  is  the  whole 
pressure  on  the  prop. 

Let  GC  =  yk;  and  consequently  go  =  -^;  then  as  p  and  p' 

are  the  components  of  q,  q  =  p  —  p'  ; 

and  p(a  +  J^)  =  q(^+^); 

which  assigns  the  pressure  borne  by  the  prop.  If  a?  =  A,  p  =  q  ; 
that  is,  the  blow  is  applied  at  the  prop,  and  the  pressure 
borne  by  the  prop  is  equal  to  the  momentum  of  the  blow.     If 

a?  = j-y  that  is,  if  the  blow  is  struck  at  o,  the  spontaneous 

centre  relative  to  c,  p  =  0. 

p  increases  as  x  increases,  and  p  is  greater  than  q  when  x  is 
greater  than  h  :  it  follows  therefore  that  by  means  of  an  inter- 

PRICE,  VOL.  IV.  3  A 
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Tening  body  m,  a  blow  of  given  momentum  can  produce  a  pres- 
sure of  any  intensity  on  a  given  prop.     If^=:oo^p  =  oo. 

If  however  the  blow  is  caused  by  a  hammer  of  mass  m\  and 
impinging  with  a  velocity  t^  on  a  point  whose  distance  from  the 
centre  of  gravity  is  x;  then,  from  (154), 


Q  = 


(m  +  m')k^  +  fn'a^* 


and  therefore       p  =  -,^ — =0-77 —tt^  .     /  5>i  •  (159) 

If  in  this  expression  m'  and  t/  have^  for  a  distance  x,  the  values 
found  for  them  in  (156)  and  (157),  then  the  momentum  of  the 
blow  of  the  hammer  is  always  the  same,  and  the  momentum 
borne  by  the  prop  is  given  by  (158),  and  may  consequently  be 
of  any  magnitude  whatever, 
p  is  a  maximum  in  (159)  when 

;r=-A'  +  (A'«  +  ^±^>P)*,  (160> 

~~  ^  m  * 

where  00  =  K  ^  -t-;  which  gives  two  points  equidistant  irom  o. 

Thus  if  m  =  m';  and  h  =  A'=  i, 

X  =  (-1  ±  8*)*. 
Similarly  may  the  points  of  impact  be  determined^  so  that  the 
momentum  of  the  pressure  borne  by  the  obstacle  may  be  of  a 
given  value. 

I  cannot  conclude  this  subject,  in  which  I  have  borrowed 
largely  from  the  Memoirs  of  Poinsot,  contained  in  Vols.  II  and 
IV  of  the  second  series  of  Liouville's  Journal^  without  alluding 
to  a  remark  which  he  makes  of  the  process  by  which  the  cir- 
cumstances of  motion  of  a  rigid  system  having  a  fixed  axis  or  a 
fixed  point  may  be  deduced  from  those  of  a  similar  free  system. 
He  considers  a  fixed  point  to  be  a  particle  of  a  certain  definite 
mass,  introduces  this  mass  and  its  incidents  into  all  the  equa- 
tions of  motion,  and  in  the  final  results  makes  this  mass  infinite; 
and  this  particle  of  infinite  mass  he  considers  to  be  a  fixed 
point ;  on  which^  of  course,  as  to  translation,  a  finite  force  has 
no  effect;  but  for  an  axis  passing  through  that  point  the 
moment  of  inertia  of  the  body  is  finite,  and  consequently  the 
impressed  couples  will  produce  their  own  rotatory  effects. 

205.]  Thus  far,  the  bodies  on  which  the  impulsive  forces  have 
acted  have  been  assumed  to  be  entirely  free  from  all  constraint ; 
and  we  have  considered  only  those  whose  circumstances  under 
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the  action  of  the  given  forces  satisfy  the  condition  necessary  for 
the  existence  of  a  spontaneous  axis.  But  the  principles  from 
which  we  started  were  general,  and  are  applicable  to  all  kinds  of 
bodies  and  instantaneous  forces.  The  general  cases  will  be  most 
conveniently  discussed  as  they  arise  in  the  course  of  particular 
problems  in  the  foUowing  sections ;  but  it  is  also  expedient  to 
exhibit  the  form  which  the  general  equations  take  when  they 
are  thus  applied  to  such  problems.  For  this  purpose  I  will 
consider  the  effects  of  a  blow  on  an  ordinary  billiard  ball. 

A  heavy  spherical  billiard  ball  on  a  rough  horisontal  table  is 
struck  by  a  cue  at  a  given  point  with  a  blow  of  given  intensity 
in  a  given  direction ;  it  is  required  to  determine  the  resulting 
motion  of  the  ball. 

Let  a  =  the  radius^  m  =  the  mass  of  the  ball ;  q  =  the  mo- 
mentum of  the  blow  ;  a  =  the  angle  at  which  its  line  of  action 
is  inclined  to  the  plane  of  the  table. 

Let  the  horizontal  plane  which  passes  through  the  centre  of 
the  ball  and  is  parallel  to  that  of  the  table  be  the  plane  of  (o?^  y) ; 
and  let  the  line  in  it  parallel  to  the  vertical  plane  which  con- 
tains the  line  of  q  be  the  axis  o{  x;  let  A  =  the  horizontal  dis- 
tance from  the  centre  of  the  ball  to  the  vertical  plane  which 
contains  the  line  of  blow ;  and  let  k  be  the  perpendicular  distance 
on  the  line  of  blow  from  the  point  where  h  meets  the  vertical 
plane  containing  that  line. 

Let  pcos^S  and  Fsin/3  be  the  components  parallel  to  the 
axes  of  X  and  y  respectively  of  the  friction  against  the  table 
which  is  brought  into  action  by  the  blow ;  let  a^^  xi,,  n,  be  the 
resulting  angular  velocities  about  axes  through  the  centre  of  the 
ball  which  are  parallel  to  the  coordinate  axes ;  and  let  Uq,  Vq  be 
the  resulting  expressed  velocities  parallel  to  the  coordinate  axes. 
Then  the  equations  of  translation  parallel  to  the  axes  of  ^  and  y 
*'®  M  tto  =  Q  cos  a-  FCOS/3,  ) 

uVq=  — F8in/3;i 

and  if  a  is  the  moment  of  inertia  of  the  ball  about  an  axis 
through  its  centre^ 

AOy  =  —  QAsina— aFsin/3^  -j 

AHj  =       Q*-f  CFCOS/S,  I  (162) 

AO3  =  — qAcoso.  J 

If  B  s=  the  pressure  of  the  ball  on  the  table, 

B  =s  Q  sin  a  +  M^ ;  (163) 

3  Aa 
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but  since  the  line  of  action  of  r  passes  through  the  centre  of 
the  ball^  it  produces  no  effect  on  a^,  n^,  or  A3. 

Thus  the  axial  components  of  the  velocity  of  the  point  of 
contact  of  the  ball  with  the  plane  are  tt^— an^,  r^-f  axii ;  con- 
sequently, if  j^a  =  (M^  -  a  na)^  +  K  +  a  fll)^  (164) 
and  as  /3  is  the  angle  at  which  the  initial  path  of  the  point  of 
contact  is  inclined  to  the  axis  of  x, 

cos^     ^     sin^      ^J^. 

and  since  the  friction  acts  as  a  retarding  force  along  the  line  of 
motion  of  the  point  of  contact,  its  line  of  action  is  thus  deter- 
mined ;  and  the  friction  is  known  in  terms  of  the  pressure  r^  so 
that  the  four  unknown  quantities  ti^,  t;^,  n^,  n,  are  involved  in 
four  independent  equations,  and  may  be  determined  without 
difficulty ;  and  thus  the  initial  motion  of  the  ball  will  be  de- 
termined. Applications  of  these  results  will  be  made  hereafter ; 
see  Art.  222. 


Section  2. — Motion  of  a  free  invariable  system  under  the  action 
of  finite  accelerating  forces. 
206.]  We  now  come  to  the  most  general  case  of  absolute 
motion  of  a  body,  or  of  any  system  or  systems  of  material  parti- 
cles under  the  action  of  finite  forces.  Many  processes  have 
been  devised  for  the  purpose^  and  several  of  them  are  especially 
adapted  to  particular  classes  of  problems.  All  however  are 
founded  upon  the  principle  of  D^Alembert ;  and  their  equations 
of  motion  are  derived  from^  or  are  identical  with^  those  six 
equations  in  which  we  have  expressed  that  theorem.  I  propose 
to  apply  these  to  the  solution  of  problems  of  motion  in  prefer- 
ence to  other  and  derived  processes ;  because  we  shall  hereby 
maintain  an  uniformity  of  process  and  of  principle^  and  because 
the  circumstances  of  the  problems  will  be  resolved  into  their 
most  simple  elements.  We  shall  indeed  take  the  forms  which 
these  equations  admit  of,  in  virtue  of  the  theorems  proved  in 
Section  2  of  Chap.  Ill ;  we  shall  consider  the  motion  of  transla- 
tion of  the  centre  of  gravity,  by  assuming  all  the  forces  to  act 
on  a  particle,  whose  mass  is  equal  to  the  whole  mass  of  the 
moving  system,  placed  therein ;  and  in  our  inquiry  into  the 
rotation  of  the  system,  we  shall  assume  the  centre  of  gravity  to 
be  a  fixed  point,  and  the  body  or  material  system  to  rotate 
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about  an  axis  passing  through  that  point.  Thus  the  motion  of 
the  system  in  the  first  place  depends  on  the  two  foUowing 
groups  of  equations : 

'1)  =  o, 


(166) 


i.m 


(167) 


If  M  is  the  mass  of  the  whole  moving  system^  {^,  y,  z)  is  the 
place  of  the  centre  of  gravity  at  the  time  ty  and  if  {x\  y\  sf)  is 
the  place  of  m  relatively  to  a  system  of  coordinate  axes  originat- 
ing at  the  centre  of  gravity^  and  parallel  to  the  original  system  of 
axes ;  then^  by  the  theorems  of  Section  2,  Chap.  Ill,  these  take 


(168) 


the  forms 

-d^x                   1 

-d^y 

M  J^  =  s.mT, 

> 

-d*Z 

i.m  •  y  (z— 

7.)-H^-7')\-o- 

s.m|/(x- 

':i)--i'-7')\-'>- 

^.m\af{x- 

i-y')    „.f,     i' 

'-'U=o. 

(169) 


By  reason  of  the  former  of  these  last  two  groups,  the  motion  of 
translation  of  the  body  is  reduced  to  that  of  a  single  material 
particle  whose  mass  is  m  ;  and  to  this  motion  all  that  has  been 
said  in  Vol.  Ill  is  applicable.  The  second  group  reduces  the 
motion  of  rotation  to  that  of  a  body  rotating  about  an  axis 
passing  through  a  fixed  point  of  it ;  and  consequently  to  this 
motion  all  that  has  been  said  in  the  preceding  Chapter  is  ap- 
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plicable.  The  problem  therefore  requires  two  processes  in  com- 
bination^ each  of  which  has  been  separately  discussed ;  and 
little  else  remains  than  to  illustrate  the  combination  by  means 
of  particular  examples.  Indeed  I  have  already  anticipated  the 
process  in  the  investigation  of  the  phsenomena  of  terrestrial  pre- 
cession and  nutation  in  the  preceding  Chapter;  because  we 
have  assumed  the  centre  of  the  earth  to  be  fixed,  whereas  it 
has  a  motion  of  translation  in  space. 

In  investigating  the  motion  of  rotation  of  the  body  about  the 
point  which  is  assumed  to  be  fixed^  we  may  use  the  simplifica- 
tions and  substitutions  of  the  last  and  preceding  Chapters.  Thus^ 
if  (Ojn  oij,,  ^z  are  the  angular  velocities  at  the  time  t  about  any 
three  coordinate  axes  originating  at  the  fixed  pointy  (169) 
become  (48),  (49),  and  (50),  of  Art.  79 ;  which  however  it  is 
unnecessary  to  repeat  in  this  place  as  we  shall  employ  simplified 
forms  of  them.  We  shall  investigate  the  angular  velocities  of 
the  body  at  the  time  t  relatively  to  the  three  principal  axes  of 
the  body  ;  and  the  equations  for  determiuing  these  are 


d 
""-dt 

C-^  +  (B-A)a)ia>a  =  n: 


^  -f  (A-c)a)3a)i  =  M, 


(170) 


because  hereby  (theoretically  at  least)  the  angular  velocity  of 
the  body,  and  the  position  of  the  instantaneous  rotation-axis 
relatively  to  the  principal  axes,  may  be  determined  at  the  time 
t ;  and  thence  we  may  determine,  as  in  the  preceding  Chapter, 
the  motion  of  the  body  in  reference  to  fixed  axes,  by  means  of 
the  three  connecting  angles  0,  <^,  >^. 

And  if  the  position  of  the  rotation-axis  which  passes  through 
the  centre  of  gravity  of  the  body  is  invariable  relatively  to  the 
body,  then  the  rotation  is  determined  by  the  simple  equation, 

&>  _  moment  of  impressed  forces  /im 

dt  ""  moment  of  inertia 

In  the  solution  of  mechanical  problems,  the  theorems  of  vis 
viva,  and  of  conservation  of  areas,  which  have  been  derived  in 
Chapter  III  from  the  general  equations  of  motion,  may  fre- 
quently be  applied,  to  the  saving  of  considerable  trouble ;  not 
indeed  because  they  contain  any  truth  besides  those  involved 
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explicitly  or  implicitly  in  the  equations  of  motion^  but  because 
they  are  first  integrals  of  these  equations.  In  a  didactic  treatise, 
like  the  present^  however^  I  consider  clearness  of  conception 
and  accuracy  of  expression  to  be  of  paramount  importance ;  and 
I  am  convinced  that  it  is  most  likely  that  these  will  be  obtained 
when  the  circumstances  of  a  problem  are  resolved  into  their 
simplest  elements.  In  all  the  following  problems^  the  equations 
of  motion  are  given  in  their  original  forms^  and  for  the  complete 
solution  of  a  problem  they  require  two  successive  integrations. 
In  many  cases  the  intelligent  student  will  readily  recognise  the 
equations  of  areas  and  the  equation  of  vis  viva ;  and  the  latter 
will  frequently  present  itself  to  him  in  the  derived  form  which 
has  been  proved  in  Art.  66 ',  viz.^  the  vis  viva  of  the  system  is 
equal  to  the  sum  of  the  vis  viva  of  the  whole  system  condensed 
into  its  centre  of  gravity^  and  of  the  vis  viva  of  the  several  par- 
ticles relative  to  the  centre  of  gravity. 

207.]  The  following  are  mechanical  problems^  on  the  motion 
of  rigid  bodies,  in  which  the  rotation-axis  moves  parallel  to 
itself. 

Ex.  1.  A  heavy  homogeneous  sphere  rolls  down  a  rough  in- 
clined plane ;  it  is  required  to  determine  the  motion. 

We  suppose  the  sphere  to  be  placed  at  rest  on  the  plane,  and 
to  roll  down  it  so  that  the  point  of  contact  describes  a  straight 
line  perpendicular  to  the  line  of  intersection  of  the  inclined  and 
horizontal  planes.  Let  fig.  48  represent  a  section  of  the  sphere 
and  plane  at  the  time  t,  made  by  a  vertical  plane  passing 
through  c  the  centre  of  the  sphere.  Let  a  be  the  point  of  the 
sphere  which  was  originally  in  contact  with  the  plane  at  the 
point  o;  let  a  be  the  radius  of  the  sphere;  op  =  5,  acp  =  ^, 
M  =  the  mass  of  the  sphere,  ?  =  the  friction  of  rolling,  r  = 
the  pressure  of  the  sphere  on  the  plane,  a  =  the  angle  of 
elevation  of  the  plane. 

Now  c  evidently  moves  along  a  straight  line  parallel  to  the 
plane ;  so  that  for  its  motion  of  translation  we  have 

M  -j-j  =  M^  sm  a  —  F ; 

and  if  c  is  considered  fixed,  the  sphere  evidently  rotates  about  a 
horizontal  axis  paraUel  to  the  plane ;  and  if  k  is  the  radius  of 
gyration  of  the  sphere  relative  to  this  axis. 
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and  since  the  plane  is  perfectly  roughs  so  that  the  sphere  does 

not  slide,  ds  =  adO ;  also  k^  =  -=— ; 

5 

d^8  d^e       5      . 

which  assigns  the  motion  ;  also  r  =  mucosa.  If  the  plane  were 
perfectly  smooth,  the  impressed  velocity-increment  along  the 
plane  would  be  ^  sin  a ;  so  that  the  roughness  of  the  plane 
which  causes  the  rolling  diminishes  the  action  of  gravity  along 
the  plane  by  two-sevenths  of  its  full  value. 

If  the  rolling  body  were  a  circular  cylinder  with  its  axis  hori- 


zontaly  then  A*  =  — ;   and 

d^8       2      . 

so  that  the  roughness  of  the  plane  would  diminish  the  action  of 
gravity  along  the  plane  by  one-third  of  its  full  value. 

Ex.  2.  A  hollow  spherical  shell  is  filled  with  fluid  and  rolls 
down  a  rough  inclined  plane,  determine  its  motion. 

Let  M  and  m'  be  the  masses  of  the  shell  and  fluid  respectively ; 
and  let  k  and  V  be  the  radii  of  gyration  of  them  respectively 
about  a  diameter ;  let  a  and  a'  be  the  radii  of  the  exterior  and 
interior  surfaces  of  the  shell ;  then,  employing  the  same  notar 
tion  as  in  Ex.  I,  we  have 

,  d^8  ,       . 

(M-f  M)^  =  (M-f  M)^sma-F. 

As  the  spherical  shell  rotates  in  its  descent  down  the  plane,  the 
fluid  has  only  motion  of  translation ;  so  that  the  equation  of 
rotation  is  d^o 

d^8 
.-.     {(M  +  M')a*  +  M**}  ^-g  =  (M  +  M')a*^sina. 

If  the  interior  were  solid,  and  rigidly  joined  to  the  shell,  the 
equation  of  motion  would  be 

d^8 

{(M  +  m')  a* -f  M fc* -h m'  A'2}  -^-j  =  (m  -f  m') a^g  sina. 

Thus  if  8  and  8'  are  the  spaces  through  which  the  centre  moves 
during  the  time  t  in  these  two  cases  respectively,  then 

8'    ~  (M  +  M')a*  +  MA*  ' 

Digitized  by  VjOOQIC 


a07.]  MOTION  OP  RIGID  BODIES.  369 

80  that  a  greater  space  is  described  by  the  sphere  which  has  the 
fluid  than  by  that  which  has  the  solid  in  its  interior. 

If  the  densities  of  the  solid  and  the  fluid  are  the  same,  replac- 
ing k  and  k'  by  their  values, 

Ex.  3.  A  heavy  solid  wheel,  in  the  form  of  a  right  circular 
cylinder,  is  composed  of  two  substances^  whose  volumes  are 
equals  and  whose  densities  are  p  and  p;  these  substances  are 
arranged  in  two  different  forms  ;  in  one  case^  that  whose  density 
is  p  occupies  the  central  part  of  the  wheels  and  the  other  is 
placed  as  a  ring  around  it ;  in  the  second  case,  the  places  of 
the  substances  are  interchanged ;  t  and  t'  are  the  times  in  which 
the  wheels  roll  down  a  given  rough  inclined  plane  from  rest ; 
shew  that  fi  :  f^  :  :  5p-^7p    :  5p'  +  7p. 

Ex.  4.  A  homogeneous  heavy  sphere  rolls  down  within  a  rough 
spherical  bowl ;  it  is  required  to  determine  the  motion. 

Let  the  circumstances  be  represented  in  Fig.  49,  where  a  is 
the  radius  of  the  rolling  sphere,  and  b  is  the  radius  of  the 
spherical  bowl ;  let  us  suppose  the  sphere  to  be  placed  in  the 
bowl  at  rest.  Let  ocq  =  <^,  qpa  ==  ^^  boo  =  a ;  om  =  ^,  mf  =  y ; 
m  =  the  mass  of  the  ball.     Then 

m  --jT^  =  —  R  sm  <^  +  p  cos  <^, 

rf*V 
m  -^  =       R  cos  <^  +  F  sm  <^  —  mg ; 

and  if  a>  =  the  angular  velocity  of  the  ball  about  an  axis  through 
its  centre  f,  and  k  is  the  corresponding  radius  of  gyration^ 

at 

2a^ 
where  **  =  -=-  .   Now  x  =  (A— a)sin<^,     y  =  A  —  (J— a) cosd>; 
o 

.••     ^=(A-«)cos<^^-(A-a)sin«>(4^f, 
^  =  (*-a)sin<^^  +  (A-a)cos<^  (^/; 

_cos<^+^sm<^=(A-a)^, 

d^<b 
.'.     m(A— a)-j^  =  F  — wflrsm^. 

FRICE^  VOL.  IV.  ^  ^         n  ] 
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Now  to  determine  the  angular  velocity  of  the  baU^  we  must 
estimate  the  angle  described  by  a  fixed  line  in  it  from  a  line 
fixed  in  direction,  and  the  ratio  of  the  infinitesimal  increase  of 
this  angle  to  that  of  the  time  will  be  the  angular  yelodty  of  the 
ball.  Let  us  take  mfa  to  be  the  angle  whose  increment  we 
will  consider,  ^^^^       ^^^^^^ 

_  d<f>       do 

'^  W^di' 

Since  however  the  sphere  rolls,  and  does  not  slide,  a^  =|i(a— <f)) ; 
_  a  — A  d<li . 
a       dt 
doa  ^  a  —  b  d*<f>  ^ 

whence^  eliminating  f,  and  reducing^  we  have  finally^ 

'*•     ^*~^)  ("^)    =  ~7^  (cos<^-cosa). 
Substituting  in  the  preceding  equations^ 

R  =  -=^  { 17  cos  <^— 10  cos  a}  ; 

therefore  the  pressure  at  the  lowest  point  =  -^{17— lOcosa}. 

And  the  pressure  of  the  ball  on  the  bowl  vanishes  when 

cos  <^  =  Yy  COS  a. 

If  the  ball  rolls  over  a  small  arc  at  the  lowest  part  of  the  bowl^ 
SO  that  a  and  <t>  are  always  small^  then  replacing  cos^  and  cos  a 

by  1  —  ^  and  1  —  -o-  respectively,  we  have 


\7{b-a)i 


tp  :=   a  COS 

thus  the  ball  comes  to  rest  at  points  whose  angular  distance  is 
a  on  both  sides  of  o,  the  lowest  point  of  the  bowl ;  and  the 

periodic  time  =  ir  ]  -~ t   ;  consequently  the  oscillations  are 
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performed  isochronously  with  those  of  a  simple  pendulum  whose 


length  i8-(i- 


-fl). 


Ex.  5.  A  heavy  homogeneous  sphere  rolls  down  a  rough  in- 
clined plane;  the  inclined  plane  rests  on  a  smooth  horizontal 
plane,  along  which  it  slides  by  reason  of  the  pressure  of  the 
sphere ;  it  is  required  to  determine  the  motions  of  the  sphere 
and  of  the  inclined  plane. 

The  circumstances  of  motion  at  the  time  t  are  delineated  in 
Fig.  50.  m  =  the  mass  of  the  ball,  m  =  the  mass  of  the  plane 
or  wedge ;  a  =  the  radius  of  the  ball,  a  =  the  angle  of  the  in- 
clined plane ;  q  the  apex  of  the  wedge,  o  the  place  of  q  when 
^  =  0 ;  o'  the  point  on  the  plane  which  was  in  contact  with  the 
point  A  of  the  sphere,  when  ^  =  0 ;  at  which  time  let  us  suppose 
all  to  be  at  rest ;  acf  =  d,  the  angle  through  which  the  sphere 
has  revolved  in  the  time  t. 

Let  o  be  the  origin,  and  let  the  horizontal  and  vertical  lines 
through  it  be  the  axes  of  ^  and  y ;  o  q  =  a/ ;  and  let  (a?,  y)  and  (A,  k) 
be  the  places  of  the  centre  of  gravity  of  the  sphere  at  the  times 
^  =  ^,  and  /  =  0  respectively.    Then  from  the  geometry,  we  have 

X  =s  h-^af— adco^a, 
y  =  A  — a^  sin  a; 


_.acosa^, 


d^y 


—  asm  a 


dH 
dt^' 


^ 


The  equations  of  motion  of  the  sphere  are 

d*x 
m-r-^  =  F  COS  a  —  R  sm  o, 
dt^ 


m 


^=F 


dt* 


sin  a  +  B  cos  a  —  mg. 


2a»  d*0 

and  the  equation  of  motion  of  the  plane  is 
=  —  F  cos  a  -f  R  sin  a  ,* 


dt^ 

from  which  we  obtain 
d^e  ^ 


5^ sin  a 


d/2  -  {7-6(co8a)»}m  +  7M' 

3B  a 
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.-.      a6  = 

and  y  = 

m  +  H 

9£i. 

w  +  M  {7— 6(cosa)*}m-f 7m     2 

from  which  values  ^  and  y  may  be  determined  in  terms  of  t, 

d^x         d^af 
Also  ^_4.M-^^  =  0; 

.•.     w(a?— A)-f  Ma?'=  0; 
and  consequently^ 

(m  +  m)  (a?  —  h)  sin  a  — •  M  (y  —  *)  cos  a  =  0 ; 
which  shews  that  the  path  described  by  the  centre  of  the  sphere 
is  a  straight  Une. 

Ex.  6.  A  heavy  beam  of^  see  Fig.  51^  turns  about  a  hinge  at 
o,  and  its  end  f  rests  on  a  smooth  inclined  plane  or  wedge^ 
which  slides  along  a  smooth  horizontal  plane  which  passes 
through  o :  it  is  required  to  determine  the  motion  of  the  beam 
and  of  the  inclined  plane. 

Let  m  and  m  be  the  masses  of  the  beam  and  plane  respectively; 

2a  =  the  length  of  the  beam,  a  =  the  angle  of  inclination  of 

the  plane  to  the  horizon ;  foq  =  d,  oq  =  a?.    Then^  from  the 

geometry,  we  have, 

07  sin  a  =  2  a  sin  (a— d). 

For  the  motion  of  the  beam  we  have 

4a2  d^e 
m-5-  -^  =  —  m^acosd  +  2aRCOs(a--d) ; 

and  for  the  motion  of  the  plane 

d^x 
M  -^  =  R  sin  a  ; 

whence  eliminating  r,  we  have 

4o*m   d^  ^     ^       cos(a— ^)  d^x 

Q       -jT^  =  —  ma^cos^-f  2aM  — -, -j-^> 

3       dt^  ^  sin  a       dt^ 

But  from  the  preceding  geometrical  condition  we  have 

dx  ^  ^  do 

8ina-rr=  —  2acos(a— ^)-7t; 
at  at 

4a^m  d^e  dS  ^dO         dx  d*x 
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and  if  Oq  is  the  value  of  0,  when  the  system  is  at  rest^ 

which  is  indeed  the  equation  of  vis  viva.     And,  substituting  for 

-77,  we  have 
at 

^     im  /C08(a— d)\*)   /dQy?  ,.    ^        .    ^^ 

This  equation  determines  the  angular  velocity  of  the  beam^  and 
consequently  the  velocity  of  the  plane ;  but  as  it  does  not  admit 
of  further  integration^  we  cannot  find  ^  or  ^  in  terms  of  t 

Ex.  7.  A  heavy  body  whose  bounding  surface  is  a  circular 
cylinder^  but  whose  centre  of  gravity  is  not  in  the  axis  of  the 
surface^  rolls  on  a  rough  horizontal  plane :  it  is  required  to 
determine  its  motion. 

Let  M  =  the  mass  of  the  body ;  and  let  Fig.  52  represent 
the  circumstances  at  the  time  t ;  in  which  o  is  the  centre  of 
gravity,  c  is  the  point  of  intersection  of  the  axis  of  the  cylinder 
by  a  vertical  plane  passing  through  the  centre  of  gravity  o ;  ox 
is  the  horizontal  plane ;  o,  the  origin,  is  the  point  where  the 
sphere  touches  the  plane  when  it  is  in  equilibrium,  a  being  the 
corresponding  point  of  the  sphere.  Let  ca  =  a,  go  =  c,  acf  =  0, 
so  that  OF  =  ad ;  and  let  k  be  the  radius  of  gyration  of  the 
body  relative  to  its  rotation-axis  through  o ;  let  o  be  (x,  y) ; 
then  from  the  geometry  we  have, 

X  =  ad—c  sin  6, 
y  =  a— c  00^0. 
Now  if  F  is  the  friction  of  rolling,  and  r  is  the  pressure  on  the 
plane,  the  equations  of  motion  are 
d^x  _ 

d^y 

ink^-j^=z  F(a— ^costf)— Ecsmd. 
Whence  we  have 

•^  {**-f  a*  +  c*— 2accos(9}+acsind  (-1-)  =  —cgsind; 

multiplying  through  by  2dd,  and  assuming  ^j  =  0,  when 
d  =  a,  we  have 
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{A:»  +  a»-fc«~2acco8d}  (^)  =  2c^(cos^-co8a) ;     (172) 

which  equation  gives  the  angular  velocity  of  the  body  about  a 
horizontal  axis  through  its  centre  of  gravity.    From  this  may  be 

found  ^  and  -^,  which  will  give  the  linear  velocity  of  the 

centre  of  gravity.  As  these  equations  in  their  general  forms  do 
not  admit  of  further  integration^  6,  x,  and  y  cannot  be  found 
in  terms  of  t. 

If  however  the  angle  through  which  the  body  rotates  is 
always  small,  so  that  a  and  6  are  always  so  small  that  all  powers 
of  them  above  the  second  may  be  neglected,  and  that  the  second 
powers  may  be  neglected  when  they  are  added  to  finite  quanti- 
ties ;  then  we  may  replace  (172)  by  its  approximate  equation^ 

{A»+(a-c)»}(g)*=c^(««-(J«); 

so  that  the  body  oscillates  or  rocks  through  an  angle  2  a ;  and 
the  time  of  an  oscillation 

This  result  applies  to  a  problem  which  is  physically  of  consider- 
able importance.  In  making  observations  with  the  pendulum, 
the  mode  of  suspension  which  is  found  most  convenient  for  the 
determination  of  the  distance  between  the  centres  of  suspension 
and  oscillation  is  that  of  knife  edges^  resting  on  horizontal 
plates  of  agate  or  of  some  other  hard  material.  Although  the 
knife  edges  are  made  of  steely  and  brought  to  as  fine  an  edge  as 
possible,  yet  they  are  not  mathematical  straight  lines,  but  ap- 
proximate to  cylinders^  which  we  may^  without  sensible  error, 
suppose  to  be  circular^  and  of  a  very  small  radius ;  in  which  case 
the  pendulum  is  suspended  by  a  horizontal  cylinder  which  rests 
and  rolls  on  two  parallel  horizonal  bars  which  are  perpendicular 
to  the  axis^  and  of  which  a  diagram  is  given  in  Fig.  53.  Here 
the  centre  of  gravity  of  the  rolling  body  is  below  the  horizontal 
plane^  so  that  c  is  greater  than  a ;  then,  if  t  is  the  time  of  an 
oscillation,  c  ]fli  (c  —  a)^  )^ 

i         eg  ) 
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but  if  the  pendulum  is  suspended  by  an  exact  edge^  the  time  of 
oscillation  (  A*  -f  c*  )  * 


=   IT 


t-^^ 


cff 

thus  the  effect  of  the  want  of  accuracy  in  the  edge  diminishes 
the  time  of  vibration  in  the  ratio  of 

{*»  + (c-a)*}*    to     {**  +  c«}*. 
Ex.  8.  Let  us  suppose  the  rocking  body  to  be  homogeneous, 
and  to  be  bounded  by  a  cylindrical  surface  whose  section  per- 
pendicular to  the  generating  lines  is  semicircular^  as  in  Fig.  54 ; 

then,  if  CA  =  a,  CO  =  c  =  -=— ;  **  =  -jc —  lo— )  ;   and  the 

time  of  oscillation 

(9ir-16     )* 

If  the  rocking  body  is  a  homogeneous  hemisphere,  then  the  time 

of  an  oscillation 

/26a\* 

Ex.  9.  A  heavy  homogeneous  beam  is  suspended  by  two 
vertical  strings  of  equal  length,  so  that  the  position  of  the  beam 
is  horizontal;  the  beam  is  slightly  twisted  through  a  small 
angle  about  a  vertical  axis  passing  through  its  centre  of  gravity  : 
it  is  required  to  determine  the  motion. 

We  shall  suppose  the  length  of  the  strings,  in  reference  to 
that  of  the  beam  and  the  angle  through  which  the  beam  is 
turned,  to  be  so  great  that  the  vertical  displacement  of  the 
beam  may  be  neglected. 

Let  M  =  the  mass  of  the  beam ;  2  a  =  the  length  of  the 
beam ;  /  =  the  length  of  each  of  the  suspending  strings ;  B  = 
the  angle  between  the  line  of  the  beam  at  the  time  /,  and  its  line 
in  the  position  of  rest ;  so  that  each  end  of  the  beam  is  dis- 
placed through  a  distance  =  aQ, 

The  tension  of  each  string  when  the  beam  is  in  equilibrium 

M  0 

=  -^ :  as  the  displacement  of  the  beam  is  small,  I  shall  assume 

the  tension  to  be  unchanged  in  the  displaced  state  ;  so  that  the 
horizontal  component  of  this  force  which  acts  at  the  end  of  the 

beam,  in  a  line  perpendicular  to  it,  =  -~-  -p ;   and  if  k  is  the 

radius  of  gyration  of  the  beam  relative  to  an  axis  passing 
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through  its  middle  point  and  perpendicular  to  it^  the  equation 
of  motion  is  d^$  q^q 

but  A:*  =  — ;  so  that 

Let  a  =  the  angle  through  which  the  beam  is  turned ;  then, 
by  integration,  ve  have 

whence  it  is  manifest  that  the  beam  oscillates;  and  that  the 
time  of  an  oscillation  /   /  v* 

which  is  independent  of  the  length  of  the  beam,  and  depends 
only  on  the  length  of  the  string  by  which  it  is  suspended. 

Ex.  10.  A  fine  string  is  coiled  round  a  heavy  cylindrical 
wheel ;  one  end  of  the  string  is  fixed^  and  the  wheel  descends, 
unwinding  the  string :  it  is  required  to  determine  the  motion 
of  the  wheel. 

Let  M  =  the  mass  of  the  wheel;  t  =  the  tension  of  the 
string  at  the  time  t^  a  =  the  radius;  of  =  Xy  see  Fig. 55; 
0  =  the  angle  through  which  the  wheel  has  revolved  from  its 
position  of  rest  j  k  =  the  radius  of  gyration  of  the  wheel.  Then 
the  equations  of  motion  are 

d^x  ^  dH 

also  dx  =z  adO;  so  that 

(a*+A;*)  --T72  =  ^ffl   ^^^  since  A*  =  -^,  we  have 
d^e       2  a  d^x       2  a  afl 

so  that  the  space  described  in  a  given  time  is  two-thirds  of  that 
which  would  be  described  by  the  wheel  falling  freely. 

Ex.  11.  To  determine  the  motion  of  a  system  of  pulleys  and 
weights,  each  of  which  hangs  by  a  separate  strings  as  in  Fig.  56. 

The  system  consists  of  a  fixed  pulley  whose  centre  is  c,  and 
of  a  series  of  pulleys  whose  centres  at  the  time  t  are  c^,  Cj,  Cg.., ; 
we  will  assume  all  these  pulleys  to  be  equals  a  to  be  the  radius^ 
k  to  be  the  radius  of  gyration,  and  m  to  be  the  mass'  of  each  ; 
let  M  be  the  mass  of  the  weight  which  acts  round  the  fixed 
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pulley,  and  m'  the  mass  of  that  which  is  attached  to  the  last 
moving  pulley.  Let  t  be  the  tension  of  the  string  by  which  m 
acts  on  the  fixed  pulley,  and  Tp  T3,  T3,  ...  be  the  tensions  of  the 
strings  which  severally  pass  from  the  fixed  pulley  to  the  first 
moving  pulley,  from  the  first  moving  pulley  to  the  second 
moving  pulley,  and  so  on ;  and  let  t/,  T2',  t^\  ...  be  the  tensions 
of  the  strings  which  are  fastened  severally  to  a^,  a^,  A3, ... ;  let  a? 
be  the  distance  of  m,  and  let  x^,  x^^x^ ...  be  the  distances  of 
Cj,  Cg,  C3,  ...  from  the  horizontal  line  a^  Ag, ...  at  the  time  t ;  let 
dO^  dO^,  dB^, ...  be  the  angles  through  which  the  fixed  and  the 
several  moving  pulleys  respectively  rotate  in  the  time  dt ;  andj 
to  fix  our  thoughts,  let  us  suppose  m'  to  descend,  so  that  x^y  x^, 
a?3, ...  increase  as  /  increases ;  and  let  us  suppose  0,  0^,  B^, ...  to 
increase  as  t  increases.  Then  we  have  the  following  series  of 
equations  of  motion ; 

"  )= 


m 


m 


cPx 


1 


dt* 

dt* 

d*x^ 

dt* 


)=   Ti  +  Ti'-T,, 


(d^  X    1  \ 

(d^x    \ 


(175) 


mifi      d*e 


a         dt* 

mk*      d'Oi 

a         dt* 


=  Ti-T, 

=  t'i-Ti, 


-^        d^        -**      ^*' 


mt?    d*e„-i 
dt* 
d*dn 


a 


dt* 


—  T„_i  — T„_i, 


=   T.  — T- 


(176) 


We  have  also  the  two  following  series  of  conditions ;  (177),  be- 
cause the  pulleys  are  rough  and  the  cords  roll  round  them  and 
do  not  slip ;  and  (178),  by  reason  of  the  geometrical  relations  of 
the  system.    (179)  follow  from  (178) ; 
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dx  =—ad0,  " 

dx      =- 

-idx^,  1 

(£r,  =     ad0i, 

Ar,      = 

2<ir,. 

dx^  =     a  dd^ 

.(177) 

dx,     = 

2Ar„ 

dxn=     adOn-,. 

<teii-i  = 

2dir„;. 

dx      =-2» 

<te»,     T 

<tei      =     2» 

-^  d*». 

dxt     -     2» 

-»<te».    • 

(178) 


(179) 


dir„_i  =     2  <ip„ 


Now  it*  =  •^;  and  consequently,  taking  the  horizontal  pain  of 
(175)  and  (176),  and  introducing  the  conditions  (177),  we  have 

/        d'x\       m     d*x 
"V^~dP'~"2"~"d^ 


=   Ti 


tn 


I        3     d*x,   \       - 

.)  =  2t,-t„ 


dfi 

I        3    d*x. 
U-2-d^ 


whence^  eliminating  t^^  t^^  ...  t„,  and  replacing  x^^  x^  .. 
oixn  according  to  the  values  given  in  (179),  we  have 


(180) 


in  terms 


|m'+  -J(2^''+^-1)  +  m2*«|  "^  =  {M'+m(2«-l)-M2»}^;  (181) 

and  this  determines  the  place  of  h'  at  the  time  /.  From  this 
value  may  be  deduced,  by  means  of  (179),  the  places  of  m 
and  of  the  centre  of  every  pulley  at  any  time. 

If  n  =  1,  the  system  is  that  of  a  single  fixed  and  of  a  single 
moving  pulley ;  and  we  have 

Jm'  +-g-  +  4Mj  -^^=  {M+m-2M}^. 

If  we  equate  to  zero  the  right  hand  member  of  (181)  we  have 
the  condition  of  statical  equilibrium  of  the  system  of  weights 
and  pulleys,  when  the  weights  of  the  pulleys  are  taken  account  of. 
Ex.  12.  Determine  the  motion  of  a  screw  which  descends  in    . 
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its  nut  by  reason  of  a  given  weight  acting  on  it^  when  a  con- 
stant power  applied  at  the  end  of  the  lever  is  not  sufficient  to 
maintain  equilibrium. 

Let  a  =  the  radius  of  the  cylinder  which  carries  the  screw^ 
a  =  the  angle  of  inclination  of  the  thread  to  the  axis  of  the 
screw ;  /  =  the  length  of  the  lever,  p  =  the  force  applied  per- 
pendicularly to  I  at  its  extremity ;  m  =  the  mass  of  the  screw, 
and  M  =  the  mass  by  the  weight  of  which  the  screw  descends  ; 
R  and  F  the  sums  of  the  reactions  and  sliding  frictions  respect- 
ively of  the  parts  of  the  screw  on  its  nut ;  fx  =  the  coefficient 
of  sliding  friction.  We  shall  suppose  that  m  does  not  rotate  as 
the'  screw  revolves ;  then  the  equations  which  determine  the 
motion  are 

(m-\'M)[ff—  -^j  =  Rsma  +  i?cosa; 

tn-^  7?7F  ~  (acosa— FSina)a— p/; 

p  =  /xr; 

dz  =  a^^tana; 

d^z 
whence  -r^  may  easily  be  found,  and  all  the  circumstances  of 

motion  may  be  determined. 

2O8.3  In  the  course  of  the  preceding  problems  some  subjects 
have  incidentally  arisen  in  particular  forms  which  require  fuller 
and  more  general  discussion. 

The  first  is  the  general  case  of  the  rocking,  or  titubation  as  it 
has  been  called,  of  a  heavy  body  bounded  by  a  cyhndrical  surface, 
resting  on  another  rough  cylindrical  surface,  the  axes  of  the 
two  surfaces  being  parallel  and  horizontal,  when  the  upper  body 
which  rests  on  the  lower  surface  is  slightly  displaced  from  its 
position  of  equilibrium. 

Fig.  57,  which  represents  a  section  of  the  two  surfaces  by  a 
vertical  plane  perpendicular  to  the  axes  of  the  cylinders,  shews 
the  circumstances  at  the  time  t. 

o  is  the  centre  of  gravity  of  the  upper  body,  whose  mass 
=  m ;  and  when  the  upper  body  is  at  rest  on  the  lower,  a  is  in 
contact  with  o,  and  the  line  ga,  which  is  the  normal  of  the  upper 
surface  at  a,  is  vertical,  and  is  in  the  same  straight  line  with  oc, 
which  is  the  normal  to  the  lower  surface  at  o.  Let  the  upper 
body  be  slightly  displaced  by  rolling,  not  sliding,  on  the  lower  ; 

302 

Digitized  by  VjOOQIC 


S80 


MOTION  OF  RIGID  BODIES. 


[ao8. 


so  that  the  arcs  af  and  op  are  equal.  Let  c'  and  c  be  the 
centres  of  curvature  of  the  upper  and  lower  surfaces  at  a  and  o 
respectively.  The  normals  to  the  two  surfaces  at  p  are  evidently 
in  the  same  straight  line ;  and  since  ap  and  op  are  infinitesimal^ 
c'a  =r  c'p,  and  co  =  cp.  Let  r  =  the  normal  pressure  of  the 
two  surfSELces  on  each  other,  and  let  f  =  the  friction  of  rolling ; 
also  let  k  =:  the  radius  of  gyration  of  the  moving  body  relative 
to  an  axis  through  o  parallel  to  the  axes  of  the  cylinders. 

Let  o  be  the  origin^  {x,  y)  the  place  of  o  at  the  time  t\ 
CO  =:  cp  =  p;  c'a  =  c'p  «  p  )  c'g  =  c,  ocp  =  d,  Ac'p  =  ff  I 
consequently  pO  =  p*  ff,  and 

p 

The  equations  of  motion  are 

m  =     Rsm^  — Fcos^, 


dt^ 


tn 


d^y 


dt^ 


=     Rcos^  +  Fsind  — m^, 


m** — ^^-5 — I  =— Rcsin(/4-F(p'  — cco8(/); 


(182) 


(183) 


and  the  geometrical  equations  of  condition  are 

X  =  (p+p')  sind—c8in(d+0^) 

y  =— p  +  (p  +  p')cosd— ccos(d  +  d').  i 

As  the  displacement  which  we  are  considering  is  very  small,  I 

shall  assume  $  and  ff  to  be  so  small  that  all  powers  of  them 

above  the  first  may  be  neglected.    I  shall  also  assume  ^  to  be 

so  small  that  all  powers  of  it  above  the  first  may  be  neglected : 
under  these  suppositions,  the  preceding  give 

d^x       5         ,       p^p'l  d^e 
^=  |P4P-C-^J^, 

and  substituting  these  values  in  the  first  two  of  (182)^  we  have 

(185) 


(184) 


R  =  mg  4-  m ; cd  ^-^ , 


F  =  mgd—m- 


dt^ 

d^e 

(p-e)^; 

d^e 


(187) 


which  determine  r  and  f  in  terms  of  -rr? .    And  if  we  substitute 

a/* 
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these  values  in  the  last  of  (182)^  and  omit  terms  involving 
powers  of  0  higher  than  the  firsts  we  have 

{^^ip'-c?}  g-P"-yP\,  =  0;         (187) 

which  is  the  equation  of  rotation  of  the  upper  body  about  its 
rotation-axis  through  o. 

Since  the  coefficient  of  -jj^  is  positive^  the  form  of  the  integral 

of  this  equation  will  depend  on  the  sign  of  the  coefficient  of  0. 

(1)  If  p^  is  greater  than  c{p  +  p)\  then  the  integral  of 
(187)  takes  4;he  logarithmic  form,  and  0  will  continually  increase 
as  t  increases ;  so  that  the  body  moves  farther  away  from  its 
original  position  of  rest^  that  position  being  one  of  unstable 
equilibrium.    The  geometrical  meaning  of  this  criterion  is 

—  is  less  than  -  H — y 
AG  ,  p       p 

(2)  If  p»  =  cip-^-p),  that  is,  if 

AG  ""  p  ^  p"        d^a  "  "' 

and  the  body  either  remains  at  rest  in  its  new  position^  or  rotates 
with  a  constant  angular  velocity.  The  original  equilibrium  in 
this  case  is  neutral. 

(3)  l{p^  is  less  than  c^p-^-p),  the  integral  of  (187)  takes  the 
form  of  a  circular  function^  and  indicates  an  oscillatory  motion  ; 
in  which  case  the  body  rocks  or  titubates ;  and  the  time  of  an 
oscillation  ^  ^  {^  + (p^- c)»}np  +  pO*  .^gg 

In  this  case^  the  original  equilibrium  is  stable ;  and  we  have 
greater  than  -  +  -r  • 

AG  P         P 

The  geometrical  criteria  for  the  stability^  neutrality,  and  insta- 
bility of  equilibrium,  are  the  same  as  those  found  from  statical 
considerations  in  Art.  124^  Vol.  III. 

The  process  and  the  results  of  this  Article  are  equally  true 
whatever  are  the  signs  and  values  of  p,  p',  and  c,  Thus^  if  p  is 
negative^  the  lower  surface  has  its  concavity  upwards,  and  the 
problem  is  that  of  a  body  with  a  convex  surface  rolling  on  a 
concave  surface.     If  p  is  negative,  we  have  a  body  with  a  con- 
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cave  surface  rolling  on  a  convex  surface.  If  p  =  00  ,  the  lower 
surface  is  plane^  and  a  body  with  a  convex  surface  rolls  upon  it. 
If  p'=i  00 ,  the  upper  surface  is  plane^  and  the  body  with  a  plane 
surface  rolls  on  a  convex  surface. 

209.]  Another  principle,  which  has  arisen  incidentally  in  the 
preceding  Examples,  and  which  admits  of  more  general  applica- 
tion, is  that  of  small  oscillations. 

When  a  system  of  material  particles^  subject  to  mutual  con- 
nections^ is  slightly  disturbed  from  a  position  of  stable  equi- 
librium^ certain  forces  are  brought  into  action,  which  tend  to 
restore  the  system  to  its  original  place  of  rest.  We  have  had 
examples  of  such  forces  in  the  preceding  Article ;  and  in  Exam- 
ples 4i,  7,  8,  of  Art.  207.  Now  the  equations  of  connection  of 
the  several  particles  enable  us  to  express  the  coordinates  of  the 
places  of  these  particles  at  the  time  t  in  their  disturbed  state 
as  functions  of  new  variables  0,  ^,  V^>  •••>  which  are^  all  and 
each,  as  well  as  their  /-differentials,  infinitesimals  when  the  dis- 
placement of  the  system  is  infinitesimal,  and  are  equal  to  zero 
when  the  system  is  in  its  place  of  stable  equilibrium  ;  and  the 
number  of  these  variables  is  of  course  that  which  is  sufficient  to 
determine  the  places  of  the  particles,  subject  as  they  are  to  their 
mutual  connections.  If  then  we  substitute  these  variables  for 
the  old  variables  in  the  equations  of  motion,  we  thereby  obtain 
new  differential  equations  which  correctly  represent  the  circum- 
stances of  motion  in  terms  of  the  new  variables.  These  equa- 
tions are  of  the  second  order,  and  contain  no  term  independent 
of  the  variables  d,  ^,  ^,  ... ;  because  they  must  be  satisfied  when 
the  system  is  in  its  position  of  stable  equilibrium  ;  that  is,  when 
0  =:  (f)  z=  ylf  =:  ...  =0:  and  since  the  displacement  of  the  system 
is,  by  our  assumption,  small,  these  variables  and  their  differ- 
entials are  small ;  if  therefore  our  object  is  to  acquire  a  general 
idea  of  the  motion,  that  is,  to  obtain  the  principal  motion,  we 
must  in  the  first  place  neglect  all  powers  of  the  variables  and 
of  their  /-differentials  higher  than  the  first.  With  this  object  in 
view  the  functions  of  the  variables  which  enter  into  the  equations 
must  be  expanded  in  ascending  powers  of  the  variable ;  and  the 
squares,  and  all  higher  powers  of  them,  are  to  be  omitted  ;  thus 
the  differential  equations  will  be  linear,  of  the  second  order,  of 
constant  coefficients,  and  devoid  of  the  second  members ;  and 
their  integrals  will  be  of  the  following  forms  : 
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0  =  AiCos(ri^— Oi)  +  A,cos(r3^— aj)-f- ..., 

>/r  =  CiC08(ri^— Oi) 4- Cj COS (rj^—oj)  4-  ...j 


where  r^,  r,, ...  are  the  roots  of  a  certain  algebraical  equation  of 
an  order  equal  to  the  number  of  the  variables;  a^,  a^^  ...,  04, 
a,, ...  are  constants  depending  on  the  initial  or  other  circum- 
stances of  the  system ;  and  b^,  Bj,  . .  «>  c^,  Cg,. . .  are  other  constants^ 
which  are  functions  of  a^^  a^^  ...  r^  r^^  ...^  and  are  determinable 
by  means  of  the  given  differential  equations. 

If  n  is  the  number  of  the  variables  0,  <f>,  yjf,  ...y  each  of  the 
equations  in  (189)  is  the  sum  of  n  terms^  which  are  circular 
functions  of  t ;  each  term  by  itself  representing  a  small  osciUation 
of  the  same  nature  as  that  of  the  simple  pendulum  ;  the  times 
of  oscillation  corresponding  to  each  term  being  different,  and 

being  severally  —  ,  —  ,...;  and  each  variable  generally  containing 

a  term  of  each  period.  Thus  the  motion  of  the  system,  slightly 
disturbed  from  its  position  of  stable  equilibrium^  consists  of 
simple  oscillations  of  its  several  component  particles,  both  the 
amplitudes  and  the  periodic  times  being  in  general  different  for 
the  several  oscillations.  As  these  oscillations  coexist,  and  as 
each  variable  is  the  sum  of  many,  the  principle  of  their  com- 
bination is  commonly  called  the  law  of  the  coexistence  of  small 
oscillations. 

If  the  quantities  r^,  r^,  rg, ...  are  commensurable,  the  system 
of  particles  will  periodically  pass  through  the  same  state ;  for 
suppose  /A  to  be  the  greatest  common  measure  o{ri,r^ ... ;  so  that 

n  =  *i/*>  ^2  =  *2/*^  ^s  =  *$/*>  —  5 
where  k^,  Atj,  Atj,  ...  are  whole  numbers  which  have  no  common 
measure  ;  then  if  t  is  the  time  in  which  the  system  passes  from 
a  given  state  to  the  same  state  again,  kifiT,  k^fiT, ...  must  all 
be  multiples  of  2ir;  and  as  Ar^,  ^Ig'  *••  ^^^®  ^^  common  factor, 
the  least  value  of  t  which  will  satisfy  this  condition  is 

T  =  ^  (190) 

/* 

this  therefore  is  the  time  in  which  the  system  of  particles  passes 

through  all  its  forms  from  one  state  to  the  same  state  again. 

If  /x  =  0,  this  time  is  infinite;   that  is,  if  the  quantities 

ri,r^, ...  have  no  common  measure,  the  system  of  particles  is 
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not  periodic ;  and  the  state  in  which  the  particles  may  be  at  a 
given  time  is  never  taken  by  the  particles  again. 

210.]  Since  each  of  these  small  motions  takes  effect  separately^ 
and  independently  of  other  similar  motions ;  and  since  the  whole 
effect  is  the  sum  of  these  separate  and  partial  effects ;  the  law 
of  co-existence  of  small  oscillations  is  a  particular  case  of  the  so 
called  principle  of  superposition  of  small  motions.  This  prin- 
ciple may  be  explained  in  the  following  way. 

Suppose  that  for  certain  initial  values  of  the  variables  and 
their  /-differentials^  say^ 

^^^4'       '^4>  _..      dyjr  _  L  (191) 

the  motion  is  represented  by  the  integrals, 

d  =  e,,    <^  =  *i,    V^  =  v,,...;  (192) 

and  suppose  that  for  another  system  of  values^  say, 

the  motion  is  represented  by  the  integrals, 

^  =  Bj,     <^  =  ♦„    V^  =  Yjp  ... ;  (194) 

and  so  on  for  n  systems  :  then  for  the  systems  of  values  which 
are  the  sums  of  all  these  values,  viz. 

^=  ^1  +^2  +  ---^  "5^==  *i  +*»+  •••'  ~dT'^  ^^  +^8  +  ..., 
the  motion  is  represented  by  the  sum  of  the  partial  integrals;  viz., 

^  =   «l  +  »2 +...,] 

*  =  ♦i  +  *2+  ...,  y  (195) 

Vr  =  Vj  +  Vj-f.  ...;  J 

for  these  values  will  satisfy  the  differential  equations  of  motion 
by  reason  of  their  linearity ;  and  they  reduce  themselves  to  the 
several  initial  values  when  /  =  0 ;  thus  they  satisfy  all  the  con- 
ditions of  the  problem. 

The  preceding  processes  are  only  applicable  when  we  confine 
ourselves  to  small  motions  and  to  first  approximations.  If  a 
more  exact  determination  is  required  we  must  return  to  the 
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original  equations  of  motion  in  their  complete  forms,  and  sub- 
stitute in  terms  of  the  second  degree  relatively  to  the  variables 
those  values  which  we  have  found  in  terms  of  ^  to  a  first  ap- 
proximation ;  and  then,  neglecting  all  the  terms  of  a  degree 
higher  than  the  second,  we  shall  have  new  equations  which  will 
differ  from  the  first  only  by  the  addition  of  a  new  member^ 
which  is  a  known  function  of  ^  Values  o{0,  <!>,...  will  be  deter- 
mined from  these  to  an  approximation  higher  than  the  former. 
And  if  an  approximation  is  required  still  more  exacts  we  must 
introduce  the  second  values  of  the  variables  in  the  original 
equations,  and  pursue  a  process  similar  to  the  former. 

211.3  The  following  examples  are  illustrative  of  the  preceding 
method. 

Ex.  1.  I  will  first  take  the  simple  case  of  a  conical  pendulum^ 
that  is^  of  a  heavy  particle  constrained  to  move  on  the  inside  of 
a  smooth  spherical  surface ;  this  problem  is  the  same  as  that 
which  has  been  considered  in  Art.  370,  Vol.  III. 

Let  us  refer  the  position  of  the  moving  particle  to  the  point 
of  suspension  of  the  pendulum  as  the  origin,  and  to  two  vertical 
planes  passing  through  that  point,  and  perpendicular  to  each 
other,  as  the  planes  of  (a?,  z)  and  (y,  z),  the  axis  of  z  being 
taken  vertically  downwards.  Let  us  moreover  suppose  the  rod 
of  the  pendulum,  whose  length  =  /,  initially  to  be  in  the  plane 
of  (x,  z),  and  to  be  inclined  at  an  angle  =  a  to  the  ^^-axis ;  and 
the  bob  to  be  projected  with  a  velocity  =  u  perpendicularly  to 
the  plane  of  (a?,  z) ;  let  the  line  of  the  pendulum  at  the  time  t 
be  projected  on  the  planes  of  (x,  z)  and  {y,  z) ;  and  let  the 
angles  between  these  projections  and  the  2^axis  be  respectively 
6  and  ^ :  now  I  shall  assume  that  the  oscillations  of  the  pen- 
dulum are  always  small,  and  I  shall  consequently  consider  0  and 
^,  the  variables  which  determine  its  position,  to  be  so  small 
that  powers  of  them  higher  than  the  second  are  to  be  neglected. 
The  initial  values  of  B  and  ^  are  respectively  a  and  0 ;  and  of 

-^  and  -^  are  0  and  -z ;  then  the  equations  of  motion  are 
^  =  acos  (f)  /,  Vr  =  — ^sin  (f )  t. 

PRICE,  VOL.  IV.  3  D 
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Let  {Xy  y)  be  the  projection  on  the  horizontal  plane  of  {x,  y)  of 
the  place  of  the  bob  of  the  pendulum  at  the  time  t ;  so  that 
X  =  /sin^,  y  =  /sin^, 

=  le,  =  H 

=  /aco8(ff/;  =ii(i)*8in(f)S; 

let  y  =:  0?  tan  ^ ;  then 

tand»  =  — 

80  that  ^,  which  determines  the  plane  of  oscillation  of  the  pen- 
dulum at  the  time  t,  does  not  vary  directly  with  t,  and  con- 
sequently the  pendulum  does  not  revolve  uniformly.    Also 

J^  .  ^  =  1  (196) 

which  represents  an  ellipse ;  so  that  the  bob  of  the  pendulum 
describes  a  path  whose  projection  on  the  plane  of  {x,  y)  is  an 
ellipse.  All  these  results  are  in  accordance  with  those  of 
Art.  370,  Vol.  III. 

Ex.  2.  A  system  of  n  heavy  rods  o  a^,  a^  a^,  . . .,  of  given  lengths 
20^,  2a^  ...iOn  IB  formed  by  means  of  smooth  hinges  at  their 
extremities  a^,  Aj,  ...,  as  in  Fig.  68,  and  is  suspended  by  the 
extremity  o  &om  a  fixed  point.  Determine  the  small  oscilla- 
tions of  the  system,  when  the  motions  of  all  are  in  the  same 
vertical  plane  of  (x,  y). 

Let  the  angles  which  the  rods  respectively  make  with  the 
vertical  oy  be  d^,  0^,...;  and  let  (x^^  y^),  {x^  y,), ...  be  the  places 
of  their  centres  of  gravity  at  the  time  t)  let  m^,  nij,  m^  ...  be 
the  masses  of  the  rods,  and  k^^  k^, ...  their  radii  of  gyration  rela- 
tive to  axes  passing  through  their  centres  of  gravity,  and  per- 
pendicular to  the  plane  of  (^,  y).  Let  x^,  y^,  x,,  Y2,  ...  be 
respectively  the  horizontal  and  vertical  components  of  the  actions 
of  the  hinges  at  a^  a^,  ... ;  then  the  complete  equations  of 
motion  are 

wh(«i*  + V)-^^  =-mi^aisindi  +  2ai(XiC0stfi-Yisintfi);  (197) 


d^x^ 

m^k^-^  =  flr2{(Xi-fX3)cos^2-(Yi-fY2)sin^jj}; 


>  (198) 
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W199) 


»»n-^5-  =  mnff—Ttn-l, 


mnkn 


,rf»o» 


^^    =  o»  {^-i  COS tf»- Y„_i8intf„}  ; 
but  the  variable  coordinates  are  subject  to  the  following  equations : 


>  (200) 


y,  =  2aiCO80j+asCO802>' 

jTg  =  2ai8ia0j+2a2sind2  +  a,8in0,,  ^ 

y,  =  2ajCO80i  +  2a,co8d2+asCO8d,;f 


(201) 
(202) 


x„  =  2oi8intfi  +  ,..+2a,_i8infl»_i+a„8intf„,^ 
y„  =  2oiC08di  +  ...+2a,_xC08fl,_i+a„co8fl„.J 

From  these  we  have,  omitting  squares  and  higher  powers 
of  tfi,  tf„  .... 

£  1=  2  a. i  J^ "  * 

dp  '  dp 


d^ 


rf? 


rf/» 


(204) 


and  substituting  these  several  values  in  the  first  two  of  each  of 
the  preceding  groups  (198),  (199), ,  we  shall  have  equa- 
tions involving  the  second  ^-differentials  of  the  O^b  only ;  from 
these  we  can  eliminate  the  x's  and  the  y^s,  and  thei*eby  obtain  a 
series  of  equations  in  terms  of  the  0's  and  their  second  /-differ- 
entials only. 

Let  us  take  a  particular  case,  and  suppose  that  there  are  only 
two  beams ;  then,  in  addition  to  (197),  we  have  what  (200)  ber 
comes  when  n  =  2 ;  viz., 

3  »  « 

/Google 
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Big- 


d^X. 


dt» 


3    _ 


t  _ 


=  a,  {ij  cosdj— Ti  sin  tf,} ; 


[ail. 


(205) 


(206) 


..     ij=  _m,|2ai-^+o,-^J. 
and  consequently  from  (197),  and  the  last  of  (205),  we  have. 

At  a  fit  a 

{»»i(«i*+*i*)+4»»»«i'}-^  +  ^'h'h^ht-^  =  -ai(.^+^f>*»)^iff' 
d*B  d^6 

which  are  two  linear  differential  equations  whereby  $i  and  0,  are 
to  be  found  in  terms  of  t.  The  form  of  them  is  that  which  has 
been  explained  in  Art.  209 ;  for  both  are  satisfied  for  the  posi- 
tion of  equilibrium,  when  the  beams  are  vertical,  and  6^=0^=0. 
Now  these  equations  are  of  the  form. 


d*0,         d*0,_ 


(207) 


which  may  be  expressed  in  the  form 
and  eliminating  ^2»  we  have 


(208) 


(209) 


Now  the  four  values  of  -77 ,  which  make  the  first  factor  in  the 
at 

left  hand  member  of  this  equation  to  vanish,  are  impossible ; 

let  them  be  ±  ( — )  *  r^  ±  ( — )  *  r^ ;  then  the  solution  of  (209)  is 

Oi  =  Bi  cos  (ri  ^  -yi)  +  Fj  cos  (r^  ^  -  y^) ;  (210) 


Digitized  by  VjOOQIC 


211.]  EXAMPLB8  OP  SMALL  OSCILLATIONS.  389 

where  e^^  Ti,  y^,  y^,  are  four  constants  introduced  in  integration ; 
which  are  to  be  determined  from  initial  or  other  circumstances. 

If  we  eliminate  --zr^  from  the  two  equations  of  (207),  we  have 

d^0 
(AC-B»)-^  +  caO^-Bpe^  =  0; 

and  replacing  0^  in  terms  of  t,  by  means  of  (210), 

0^  =  Bj  cos  (ri  /-yi)  +  F,  cos  (rj  t-y^) ;  (211) 

where  e^  and  r^  are  constants,  which  are  functions  of  the  former 
constants,  of  r^,  r^  and  of  s^^  and  f^  ;  we  are  consequently  able 
to  determine  all  these  constants  in  terms  of  initial  values  of 

$.,  0^  — rr  J  —jT ;  thus  the  variables  which  determine  the  posi- 
^     ^  at      at 

tion  of  the  beams  consist  of  two  circular  functions,   whose 

2v  2^ 

complete  periodic  times  are  respectively and  — .    If  rj 

and  r^  are  prime  to  each  other,  a  position  of  the  beams^  which 
exists  either  initially  or  at  any  other  time,  never  recurs.  If 
however  they  have  a  common  measure  =  /a,  the  state  of  the 

beams  is  the  same  after  every  interval  of  time  = • 

M 

Ex.  3.  An  uniform  heavy  rod  of  length  2  a  is  suspended  from 
a  fixed  point  by  means  of  a  string  of  length  /,  whose  weight 
may  be  neglected.  The  rod  is  slightly  displaced  from  its  posi- 
tion of  equilibrium ;  it  is  required  to  determine  its  small  oscil- 
lations. 

Let  the  point  of  suspension  be  taken  for  the  origin ;  and  let 
the  horizontal  plane  through  it  be  the  plane  of  (x,  y),  and  let  the 
r-axis  be  taken  positively  downwards.  Let  m  =:  the  mass  of 
the  rod ;  and  at  the  time  Met  t  =  the  tension  of  the  string, 
(a?,  y,  z)  the  place  of  the  extremity  of  the  string,  (a/,  y',  sf)  the 
place  of  the  centre  of  gravity  of  the  rod ;  {£,  ri,  C)  the  place 
of  any  element  dm  of  the  rod,  the  distance  of  which  from  the 
upper  extremity  =  s.  Then  the  equations  of  motion  of  the 
centre  of  gravity  of  the  rod  are 


(212) 
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but  since  the  displacement  of  the  string  and  beam  is  always 
small,  X,  y,  a! ,  y  are  always  small,  and  approximately,  »  =  I, 
/  =  /  +  a ;  consequently  for  the  preceding  equations  we  have 
their  approximate  values 

d*af  X 


''-^'  =  -.?. 


(218) 


T  =  tng. 
The  equation  of  moments  relative  to  the  x-axis  is 

but  approximately^ 

0=0;  rj  =  y  +  (t/^y)i;         f=/  +  *; 

80  that  we  have 

.-.     a^-(4,a+8t)^=8gy'.  (214) 

Similarly  the  equation  of  moments  relative  to  the  y-axis  is 

a^-(4o  +  8/)^=8i)r*'.  (215) 

These  two  equations  together  with  the  first  two  are  sufScient  to 
determine  the  motion. 
Eliminating  y  between  the  second  of  (213)  and  (214)  we  have 

and  taking  the  symbols  of  operation  only,  we  have 
d* 
dt* 


d*       4,a  +  Sl       d*       8g» 


The  four  values  of  ^  which  satisfy  the  equation  are  evidently 

impossible;  let  them  be  ±  (— )*ri,  ±  (— )*r,;  then  the  solu- 
tion of  (216)  is 

y  =  BiCOs(ri^-Oi)  +  PiCOS(r2/-a2); 
where  e^^  Fj,  a^,  a,  are  constants  depending  on  the  initial  or 
other  circumstances  of  the  beam  and  string.    The  other  variables 
have  the  following  values : 
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%f  =  e/cos  (ri  ^  -  oi)  +  f/co8  (rg  t  -  Oj), 

X  =  B2C08(ri/  — /3i)  +  F,  C08(ra/  — iSg), 

a?'  =  e/co8  (ri  ^  -  i3i)  +  Fg'cos  (rg  t^^^ 

and  each  of  these  yariables  involves  the  same  two  circular 

2<jr         27r 
functions,  of  which  the  periodic  times  are  respectively  —  and  —  9 

^1  ^2 

although  the  amplitudes  of  vibration  and  the  commencement  of 
the  periodic  times  are  different  for  each.  All  the  undetermined 
variables  can  be  found  in  terms  of  the  initial  circumstances  of 
the  rods. 

212.]  In  connection  with  this  theory  of  small  oscillations 
another  problem,  which  arises  out  of  the  formulas  of  the  pre- 
ceding Chapter,  requires  investigation;  for  the  circumstances 
of  it  at  the  time  t  may  be  expressed  by  means  of  variables 
which  vanish  when  the  system  is  in  a  position  of  equilibrium ; 
and  for  small  values  of  which  the  system  in  motion  is  in  a  state 
approximate  to  that  of  equilibrium.     The  problem  is  this : 

A  body  which  has  one  point  in  it  fixed  is  in  motion  about  an 
instantaneous  axis,  the  angle  of  inclination  of  which  to  a  prin- 
cipal axis  of  the  body  at  the  fixed  point  is  always  small ;  it 
is  required  to  determine  the  motion  when  the  body  makes  small 
oscillations  about  its  mean  position. 

Let  the  principal  axis  of  the  body  with  which  the  instantane- 
ous always  nearly  coincides  be  the  ^-mA ;  so  that  a>i  and  a>, 
are  always  small  quantities,  the  products  and  powers  of  which 
above  the  second  we  shall  omit  in  our  approximations.  Also  0^3 
is  nearly  constant :  we  shall  take  n  to  represent  its  mean  value, 
and  shall  replace  0)3  by  n  in  small  terms.  As  the  motion  of  the 
body  is  small  l,  m,  n  are  also  supposed  to  be  small.  Under 
these  circumstimces  Euler's  equations  are 


^  ^  +  (C-B)7K»j  =    L, 

B-^  +  (A-c)na>i  =  M, 
^    3 


(217) 


Let  us  refer  the  motion  to  the  axes  of  (x,  y,  7^^  fixed  in  space  by 
means  of  the  direction-cosines  given  in  89  and  40,  Art.  2,  of  the 
present  volume.  Let  the  mean  position  of  the  C-principal  axis 
be  the  ;{^axis,  so  that  the  angle  between  the  «-  and  the  C-a^es  is 
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always  small ;  consequently  C3,  which  is  the  cosine  of  the  angle 
contained  between  these  axes^  is  always  nearly  equal  to  1^  and 
may  be  replaced  by  1  in  small  terms.  Hence  also  it  follows, 
that  c^j  Cf,  a^  69  are  always  small  quantities.    And  since 

we  may  replace  »,  by  c»3,  that  is^  by  n  in  small  terms.  Now 
replacing  a)«  and  c»y  by  their  values  given  in  (83)  and  (84), 
Art.  40^  we  have 

«i  =      ai  «,  +  ag  »y  +  Oj  0), 

(      do,      .   db^  dc^ ) 

=    (Oi  *j  -  «2 *i)  -;^-  +  (ai«»-o«Ci)  -^  +  a,» 
db.      .   dc. 

now  (^  =  1  in  small  terms,  and  its  variation  is  so  small  that 

dc* 

— rf  must  be  omitted ; 

.-.    «i  =  ^+a,».  (218) 

Similarly,  ,^^_^^i^,,  (219) 

Let  us  substitute  these  values  in  (217) ;  and  we  have,  omit- 
ting the  subscript  3, 


A-j^  +  (A  +  B-c)n-^  +  n«(c-B)ft  =  L, 

d^a  db 

—  B^  +  (A+B-c)«^  +  n«(A-c)a  =  M. 


(220) 


L  and  M,  which  are  the  moments  of  the  impressed  couples  whose 
axes  are  the  ^-  and  i;-axes  respectively^  must  be  expressed  in 
terms  of  a  and  b ;  as  these  however  are  small  quantities^  and 
as  L  and  m  both  vanish  in  the  state  of  equflibrium  when 
a  =  6  =  0,  these  quantities  are  of  the  following  forms ; 

u  =  qa  -i-q  b;} 
so  that  finally  the  differential  equations  in  terms  of  a  and  b  are 
of  the  forms 
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rf*4        da     ^       ^„,       ^ 

which  are  two  simultaneous  differential  equations*  of  the  second 
order,  and  are  integrable  by  the  processes  explained  in  Vol.  II. 
Hereby  a  and  b  will  be  expressed  in  terms  of  t ;  and  as  they  are 
the  cosines  of  the  angles  contained  between  the  fixed  ;z^axis  and 
the  moving  axes  of  (  and  j;  respectively,  so  will  they  determine 
the  position  of  the  three  principal  axes  of  the  body  at  the  time  / ; 
and  (218)  and  (219)  will  give  (o^  and  (o,  in  terms  of  t ;  and  as 
c»3  =  n,  so  will  also  o)  be  known  ;  and  the  position  of  the  instan- 
taneous rotation-axis  will  be  given. 

213.]  Let  us  apply  these  equations  to  the  solution  of  a 
problem  which  we  have  before  considered. 

A  heavy  conical  top,  whose  vertex  is  on  a  rough  horizontal 
plane  and  does  not  move,  rotates  with  its  axis  of  figure  nearly 
vertical ;  it  is  required  to  determine  the  circumstances  of  motion. 

In  this  case  the  vertex  of  the  top  may  be  considered  as  a 
fixed  point,  about  which  the  body  moves.  We  will  take  it  to 
be  the  origin,  and  the  horizontal  plane  through  it  to  be  the 
plane  of  (or,  y) ;  also  a  =  b  ;  and  c  is  the  principal  moment  of 
inertia  relative  to  the  axis  of  figure.  Let  h  =  the  distance  of 
the  centre  of  gravity  of  the  top  from  the  vertex :  then,  as  the 
line  of  action  of  gravity  is  parallel  to  the  ^-axis,  we  have,  as  in 
Art.  167,  L  =  mghb,  m  =  —  mffha,  n  =  0 ;  so  that  (220)  become 


a-^  +  (2a— c)n^  4-w*(c— a)A  =  mghb, 

d^a      ^rt         X    db       ^,        ^  - 

A-^  —  (2a— c)»^4-n*(c— A)a  =  mffha; 

of  which  the  form  is 


(223) 


(224) 


*  These  equations  are  the  same  inform  as  those  given  in  '*  An  Elementary 
Treatise  on  the  Dynamics  of  a  System  of  Rigid  Bodies/'  by  E.J.  Routh,  M.  A., 
Cambridge,  i860;  equations  a,  p.  174.  It  is  indeed  to  a  study  of  that  treatise 
that  I  owe  the  thought  of  transforming  generally  the  first  two  of  Euler's  equa- 
tions into  (322)  as  their  equivalents. 
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whence^  eliminating  &,  we  have 

Now  the  form  of  a  which  is  derived  from  this  equation  depends 
on  the  nature  of  the  roots  of  the  equation 

r*4.2()3»  +  2a«)r>  +  i3*  =  0.  (226) 

Solving  this,  we  have 

r  =  ±  (-)*{a±  (a«  +  ^)*} 

=  ±(_)*|^„±(^!^Z|±?!^*(,        (227) 

and  thus  we  have  three  cases  : 

(1)  If  c^n^  is  greater  than  4a m^^;  that  is^  if 

n^  is  greater  than  If^^ ,  (228) 

c 

the  four  values  of  r  are  impossible ;  let  them  be 

±  (-)*n>       ±  (-)*»•»; 

then  the  solution  of  (225)  is 

a  =  CiSin(ri/  +  yi)4-C2sin(r,/  +  ya);  (229) 

where  Ci,  c^  y^y  y^  are  four  constants,  which  are  to  be  deter- 
mined by  the  initial  or  other  circumstances  of  the  top.  In  this 
case  the  motion  is  stable,  and  the  top  makes  oscillations  about 
its  mean  place.  Thus  the  stability  of  the  motion  depends  on 
the  inequality  (228)^  which  shews  that  the  angular  velocity  of 
the  top  about  its  own  axis  must  be  greater  than  a  certain  as- 
signed quantity. 

(2)  If  c*»*  =  4a»»^A;  then  r  =  ±(--)*a;  and 

a  =  (Ci  +  CjOsinlaZ  +  y) ;  (280) 

where  c-^^,  c^^  and  y  are  constants  depending  on  the  initial  cir- 
cumstances. This  result  shews  generally,  that  a  has  periodical 
values ;  but  that,  as  c^  +  (^2  ^  increases  with  the  time,  its  maximum 
values  increase ;  and  thus  the  motion  of  the  top  is  still  oscil- 
latory. 

(3)  If  c'n^  is  less  than  iixmgk^  then 

,    5   .   (4Am^A--c^n«)*  .  ^     ^*2a-c    ) 

=  ±  {±p+(-)*r}; 

.-.     a=  Ci6/»*sin(r«  +  yi)  +  Ca6~'*'sin(r/  +  y2) ;  (231) 

where  c^,  c^^  y^,  and  y^  are  constants  to  be  determined  by  the 
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initial  circumstances.  This  form  shews  tbat  a  increases  without 
limit  as  t  increases  without  limit;  but  a  is  the  cosine  of  an 
angle^  and  cannot  exceed  1 ;  consequently  this  form  soon  ceases 
to  represent  the  motion  of  the  top. 

From  the  value  of  a  determined  as  above,  that  of  b  may  be 
deduced  by  means  of  either  of  the  equations  (224). 

214.]  Another  subject,  which  has  arisen  in  the  course  of  the 
examples  in  Art.  207,  requires  a  few  words  of  explanation.  We 
have  frequently  met  with  a  resistance  or  a  force  arising  from 
friction ;  and  we  have  assumed  the  force  to  act  in  a  direction 
contrary  to  that  of  the  motion :  we  have  spoken  too  of  a  friction 
of  rolling  as  distinct  from  a  friction  of  sliding.  This  distinction^ 
as  well  as  the  dynamical  effects  of  the  two  kinds,  we  proceed  to 
explain  more  fully  ;  and  we  must  begin  with  certain  laws  which 
have  been  experimentally  observed ;  for  although  these  are,  a 
priori,  reasonable,  yet  they  depend  upon  the  physical  constitution 
of  matter ;  and  our  knowledge  of  molecular  physics  is,  as  yet, 
too  uncertain,  so  that  any  proof  derived  from  that  source  should 
supersede  proof  drawn  from  observation. 

Friction  of  sliding  has  been  considered  statically  in  Section  3, 
Chapter  III,  of  Vol.  Ill,  and  the  three  laws  therein  stated  are 
sufficient  for  the  dynamical  effects  which  we  have  now  to  con- 
sider. I  shall  take  the  case  of  a  heavy  body  placed  on  a  rough 
inclined  plane,  or  on  a  rough  curved  surface,  and  sliding  down 
it,  so  that  its  velocity  is  retarded  by  friction. 

From  the  laws  just  alluded  to  it  appears,  (1)  that,  so  long  as 
the  weight  is  the  same,  the  friction  is  independent  of  the  area 
of  the  surfaces  in  contact ;  (2)  that  the  friction  varies  as  the 
normal  pressure  exerted  by  the  heavy  body  against  the  surface 
on  which  it  moves.  It  also  appears  that  the  body  does  not 
begin  to  move  unless  the  inclination  of  the  plane,  or  if  it  is  on 
a  curved  surface,  of  the  tangent  plane  of  the  point  at  which  it  is 
placed,  is  equal  to  or  exceeds  a  certain  angle  called  ^'  the  angle 
of  repose,*'  and  that,  if  /x  =  the  coefficient  of  friction,  this  angle 
=  tan~^  II,  It  appears  also  from  law  III  of  the  section  above 
cited,  that  the  friction  is  independent  of  the  velocity  of  sliding. 
I  propose  now  to  apply  these  laws  to  some  problems. 

Ex.  I.  A  particle  is  placed  on  a  rough  inclined  plane,  the 
angle  of  inclination  of  which  to  the  horizon  is  not  less  than  the 
angle  of  repose ;  it  is  required  to  determine  the  motion. 

Let  a  =  the  angle  of  inclination  of  the  plane ;  m  =  the  mass 

3  *5^ 
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of  the  particle ;  r  =  the  normal  pressure  on  the  plane ;  f  =  the 
retarding  force  of  fiiction ;  /x  =  the  coefficient  of  friction.  Let 
X  =  the  distance  along  the  plane  through  which  the  particle 
has  moved  in  the  time  /  ;  then 

d*x 
»»^  =  w^sino-F, 

R  =  mucosa, 
F  =  juir; 

.'.     -^  =  ^{sma-ficosa}; 

from  which  equation  the  motion  may  be  determined. 

Ex.  2.  A  particle  slides  down  within  a  rough  circular  cylinder 
whose  axis  is  horizontal :  determine  the  equation  of  motion. 

Let  $  =  the  angular  distance  from  the  lowest  point  at  the 
time ;  then  the  equation  of  motion  is  evidently 

-  a^  =  ^{sin^-MCOs^}  ; 

—  o-jr^  =  2g  {coso— cosd4-pi(sina— sind)}; 

where  a  is  the  value  of  d,  when  the  particle  is  at  rest. 

215.]  In  these  cases  the  friction  has  been  that  of  sliding 
only ;  and  although  the  inclination  of  the  plane  has,  in  the  latter 
example,  been  less  than  the  angle  of  repose,  yet,  by  reason  of 
the  previously  acquired  momentum,  the  particle  has  still  con- 
tinued to  move.  In  cases  however  of  bodies  moving  in  contact 
with  rough  surfaces  there  may  be  friction  of  rolling  as  well  as 
friction  of  sliding.  If  a  cube  is  placed  on  an  inclined  plane 
whose  inclination  to  the  horizon  is  less  than  45^,  the  cube  will 
not  fall  over,  and  will  slide  down  if  the  angle  of  repose  is  less 
than  that  of  the  inclination  of  the  plane.  If  however  a  heavy 
sphere  is  placed  on  a  rough  inclined  plane  it  will  always  roll ;  it 
will  moreover  slide  as  well  as  roll  if  the  angle  of  inclination  of 
the  plane  is  greater  than  its  angle  of  repose.  Now,  if  the  sphere 
rolls  only,  the  process  taken  in  Ex.  1,  Art.  207,  determines  the 
motion ;  whereas,  if  it  slides  as  well  as  rolls,  other  terms  are 
required  in  the  equations. 

We  may  form  a  tolerably  precise  notion  of  the  friction  of  rolling 
by  imagining  a  heavy  cylinder  or  wheel  rolling  on  a  horizontal 
plane.     By  reason  of  the  compressibility  of  the  matter  in  cou- 
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tact^  the  cylinder  and  the  plane  mutually  penetrate  each  other ; 
and  hence  arise  reactions,  acting  on  the  cylinder  in  a  direction 
contrary  to  that  in  which  it  is  moving,  and  which  act  as  obsta- 
cles to  its  rolling.  The  firiction  of  rolling  is  measured  by  the 
horizontal  force  which  it  is  necessary  to  apply  to  the  axis  of  the 
wheel  to  maintain  an  uniform  velocity  of  translation  of  the 
cylinder.  Experiments  were  made  in  this  subject  by  Coulomb ; 
and  he  discovered  the  following  law  :  the  force  of  rolUng  friction 
for  a  heavy  cylinder  and  a  given  plane  varies  directly  as  the 
pressure,  and  inversely  as  the  radius  of  the  cylinder.  Thus,  if 
B  =.  the  pressure  of  the  cylinder  on  the  plane,  r  =  the  radius 
of  the  cylinder,  p  =  the  rolling  friction, 

F=r*,  (282) 

where  2;  is  a  constant,  called  the  coefficient  of  rolling  fiiction, 
which  depends  on  the  nature  of  the  surfaces  in  contact. 

Boiling  fiiction  as  a  retarding  force  is  much  less  than  sliding 
friction,  and  may  be  neglected  when  the  latter  acts. 

In  mechanical  problems  the  difficulty  frequently  is  to  deter- 
mine whether  a  body  will  slide  and  roll,  or  only  roll :  now  let 
F  =  the  friction,  and  b  =  the  normal  pressure ;  then  if  the 
ratio  of  v  to  b,  which  is  equal  to  fi,  is  equal  to,  or  greater  than, 
tan  a,  the  body  only  rolls  ;  in  which  case  a  geometrical  condi- 
tion will  exist,  which  may  take  the  form  of  a  relation  between 
the  space  of  translation  described  by  the  centre  of  gravity  and 
that  due  to  the  rotation  about  the  instantaneous  axis  passing 
through  the  centre  of  gravity  :  the  use  of  this  relation  is  evident 
in  the  examples  of  Art.  207.  If  however  the  ratio  of  f  to  b  is 
less  than  tan  a,  the  body  will  slide  as  well  as  roll,  and  the  geo- 
metrical relation  just  alluded  to  ceases  to  hold  good.  The 
method  of  solution  then  to  be  applied  will  be  evident  from  the 
following  examples  : 

Ex.  1.  A  heavy  sphere  moves  down  a  rough  inclined  plane, 
whose  angle  of  inclination  to  the  horizon  is  greater  than  that  of 
repose ;  it  is  required  to  determine  the  motion. 

Let  a  =  the  angle  of  inclination ;   /m  =:  the  coefficient  of 

sliding  friction ;    f  =  the  sliding  friction ;    b  =  the  normal 

pressure ;  the  equations  by  which  the  motion  is  determined  are 

evidently  ^^2^ 

w»^  =  m^sino-F, 
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B  =  mucosa, 

F  =  /iE, 


(233) 


"5/2  "  Mucosa- 
If  the  sphere  only  rolls,  ds  =z  adO;  in  which  case 

F  P 

=  7  tan  a ; 

consequently  the  sphere  will  slide  and  roU^  or  will  only  roll, 

7 
according  as  tan  a  is  greater  than,  or  not  greater  than  jr^. 

Ex.  2.  If  the  body  moving  down  the  plane  is  a  circular  cylin- 
der of  radius  =  a,  with  its  axis  horizontal ;  then 

3  ft  =  tan  a ; 
and  the  body  will  slide  and  roU^  or  roll  only,  according  as  a  i» 
greater  or  not  greater  than  tan"^  3  ft. 

Ex.  3.  A  heavy  body  whose  bounding  surface  is  a  circular 
cylinder,  but  whose  centre  of  gravity  is  not  in  the  axis  of  the 
surface,  makes  small  titubations  on  a  rough  horizontal  plane. 
Determine  the  limits  of  the  angle  of  titubation  so  that  it  may 
not  slide  on  the  plane. 

Take  the  figure  and  symbols  of  Ex.  7,  Art.  207  ;  and  let  /yi  = 
the  coefficient  of  sliding  friction  between  the  rocking  body  and 
the  plane.  Then,  as  the  angle  through  which  the  body  rocks 
is  small,  I  shall  neglect  powers  of  B  higher  than  the  second. 
Hence  we  have 

d^x       ,         ,  dH 

.-.     — >t*F  =  (a— c)*F— Bc(a— c)^; 
p  _      _    c(a  —  c)B 

and  consequently,  if  the  body  rolls  and  does  not  slide,  B  must 
not  be  greater  than  ^ — j-^ — r—  m- 
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216.]  The  following  examples  of  motion  of  rigid  bodies^  free 
and  constrained^  involve  yarious  modes  of  application  of  preced- 
ing principles^  and  are  inserted  in  illustration,  as  well  as  because 
many  of  them  are  in  themselves  of  considerable  interest. 

A  heavy  homogeneous  solid  ellipsoid  is  struck  by  a  blow 
whose  momentum  is  q,  in  a  line  parallel  to  one  of  its  principal 
axes,  and  subsequently  moves  freely  under  the  action  of  its 
weight ;  it  is  required  to  determine  the  motion. 

Let  M  =  the  mass  of  the  eUipsoid ;  and  let  the  equation  to 
the  bounding  surface  relative  to  the  centre  as  origin,  and  its 
three  principal  axes  as  coordinate  axes,  be 

and  let  us  suppose  the  line  of  blow  to  be  parallel  to  the  ^-axis^ 
and  to  intersect  the  plane  of  (x,  y)  in  the  point  (oTq,  y^). 

The  centre  of  gravity,  wliich  is  the  centre  of  the  ellipsoid, 
will  move  as  if  it  were  a  particle  of  mass  =  m  ;  and  consequently 
its  path  is  a  parabola;  and  if  v  is  the  initial  velocity, 

H 

and  its  initial  line  is  that  of  the  blow,  llius  aU  the  elements 
of  its  path  are  known. 

The  ellipsoid  also  rotates  under  the  action  of  q,  as  if  the 
centre  were  a  fixed  point.  Consequently,  if  a  and  b  are  the 
principal  moments  of  inertia  of  the  solid  ellipsoid  about  the  x- 
and  y-axes  respectively,  the  initial  instantaneous  axis  through 
the  centre  is,  see  (78),  Art.  194, 

£fo  ^  yyo  ^  0  ;  (234) 

B  A 

and  if  a  is  the  initial  angular  Telocity,  see  (72),  Art.  194, 

the  combined  efiect  of  these  two  motions  is  indeed  a  rotation 
about  an  initial  spontaneous  axis,  whose  equation  relative  to  the 
moving  ellipsoid  is 

^j^^yyo^L^Q,  (236) 

BAM 

Since  the  initial  rotation- axis,  given  by  (234),  is  not  a  prin- 
cipal axis  of  the  body  it  is  not  a  permanent  axis ;  consequently 
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it  continually  moves  both  in  the  body  and  in  space ;  that  deter- 
mined above  being  only  its  initial  position.  Its  motion  will 
be  determined  by  Euler's  three  equations,  simplified  by  the  con- 
dition, that  momenta  are  impressed  only  at  the  origin;  so 
that  we  have 

A-^  4- (0-8)0)30)3  =  0, 


di 


b-^  +  (a-c)o)3«i  =  0, 


C-rf +  (B-A)wi»a  =  0; 


(287) 


dt 
the  initial  values  of  o)^,  0)3^  0)3  being  respectively  -^ ,  ^ 


A    '  B 

and  0.  These  equations  however  have  been  so  fully  discussed  in 
the  preceding  Chapter  that  it  is  unnecessary  to  say  more  on  the 
subject. 

If  either  x^  or  y^  =  0^  the  initial  instantaneous  axis  is  a  prin- 
cipal axis,  and  therefore  is  a  permanent  axis  ;  and  the  ellipsoid 
during  its  motion  in  space  uniformly  revolves  about  this  axis. 
Thus,  if  Xq  =  0,  the  line  of  the  blow  q  is  in  the  plane  of  (y,  z) 
and  is  parallel  to  the  ;2^axis,  and  the  ^-axis  is  the  instantaneous 
rotation-axis^  which  is  also  the  permanent  rotation-axis ;  and  the 
permanent  angular  velocity  of  the  body  about  it 

=  ^yp 

A 

^      5Qyo 

M(fta-hC*)' 

217.]  A  right  cone  is  placed  with  its  slant  side  on  a  perfectly 
rough  inclined  plane,  and  rolls  on  it  by  the  action  of  its  weight ; 
it  is  required  to  determine  its  motion. 

Let  2  a  =  the  vertical  angle  of  the  cone ;  m  =  its  mass ; 
a  =  its  height ;  and  let  /3  =  the  inclination  of  the  plane  to  the 
horizon. 

The  forces  acting  on  the  cone  are,  its  weight,  the  rolling 
friction  of  the  cone  on  the  inclined  plane,  and  the  normal 
reaction  of  the  plane.  As  the  plane  is  perfectly  rough,  and  the 
cone  rolls  on  its  convex  surface  without  sliding,  the  place  of  the 
vertex  of  the  cone  is  always  the  same,  and  the  motion  is  that 
of  a  rotating  body  which  has  a  fixed  point  in  its  axis.  We 
shall  therefore  investigate  it  by  means  of  Euler's  three  equa- 
tions.   Now  the  line  of  contact  of  the  cone  with  the  plane 
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is  evidently  always  the  instantaneous  rotation-axis ;  and  as  the 
force  of  rolling  friction,  as  well  as  the  normal  reaction  of  the 
plane,  acts  through  this  line^  they  produce  relatively  to  it  no 
angular  velocity :  it  will  be  convenient  to  derive  from  Euler^s 
equations  the  equation  of  rotation  relative  to  this  line. 

Let  c  be  the  principal  moment  of  inertia  of  the  cone  relative 
to  its  own  axis ;  and  let  a  be  that  relative  to  an  axis  perpen- 
dicular to  the  axis  of  the  cone  and  passing  through  the  vertex  ; 
so  that  Euler^s  equations  are 


A  -^  -h  (C  —  A)  «3  0)3   =    L, 

A^-(C- A)  0,30)1   =   M,     !.  (288) 

Let  us  suppose  the  ^-axis,  to  which  a  corresponds,  to  be  initially 
in  the  inclined  plane,  and  6  to  be  the  angle  through  which  this 
axis,  and  consequently  the  cone,  rotates  in  the  time  t.  Let  o)  be 
the  instantaneous  angular  velocity  at  the  time  t ;  then,  relative 
to  the  three  principal  axes  of  the  body,  the  direction-cosines  of 
the  instantaneous  axis  are  evidently  sin  a  cos  0,  sin  a  sin  0,  and 
cos  a ;  so  that 

01^  =  o)sinacosd,  0)2  =  o)  sin  a  sin  d,  a>3  =  o,co8a;  (239) 
and  if  o  is  the  moment  of  the  impressed  forces  relative  to  the 
instantaneous  rotation-axis, 

o  =  L  sin  a  cos  ^4-  m  sin  a  sin  ^  +  n  cos  a.  (240) 

Also  "^^S*  ^^^^ 

Now,  substituting  these  values  in  (240),  we  have 

{a  (sin  a)3  -I-  c  (cos  a?}-^=  g- 

Let  ^  be  the  angle  at  the  time  /  contained  between  the  line  of  con- 
tact of  the  cone  with  the  plane,  and  a  straight  line  on  the  plane 
perpendicular  to  a  horizontal  line.  Then,  as  the  cone  rolls  on  the 
plane,  evidently       -arf<^  =  a  tan  a  rf/;  (242) 

and  as  the  weight,  which  acts  at  the  centre  of  gravity  of  the 
cone,  is  the  only  force  which  impresses  angular  velocity  on  the 
body  relative  to  the  instantaneous  rotation-axis,  and  tends  to 

increased,  8      .        .    _,  .    ^  ^^..^ 

G  =  M^2^^^^^^^^/^^^^^-  (243)  - 

PRICE,  VOL.  IV.  3  F 
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3m 

Also  A  (sin  a)*  +  c  (cos  a)*  =  -^  {6  -f  (tan  a)*}  a^  (sin  a)*  ; 

..1.  i.  ^^4>  -  (cos  a)*  sin /3  .    ^  ,„... 

which  equation  determines  the  motion. 

1{  <l>z=  <f>Q  when  the  cone  is  at  rest,  then^  integrating  (244)^ 
we  have 

/rf<^\*       T/x  (cos a)* sin )3  ,       ^  ^  .        ,^.^^ 

"  (  rfr)  =  ^^^  (8ina)3{6  +  (taoa)'}  {«>«*-«>»'^o}.      (245) 

If  the  cone  makes  small  oscillations  on  the  plane^  the  time  of  an 
oscUlation  ^  ^  ^  g(sina)«  {6-f  (tana)'}  )  * 

""       (       5  ^  (cos  a)*  sin /3        i 

If  the  cone  is  fixed  by  its  vertex  to  a  point  in  a  rough  perpen- 
dicular wall,  and  rolls  on  the  wall,  then  the  above  equations 
determine  the  motion,  when  ft  =  90°. 

218.^  Determine  the  motion  of  a  top  whose  apex  moves  on  a 
smooth  horizontal  plane. 

The  motion  of  a  top  has  already  come  twice  into  considera- 
tion; viz.,  in  Art.  167 — 172,  where  we  have  generally  investi- 
gated the  motion  of  a  heavy  rigid  body  with  a  point  fixed, 
and  having  two  equal  principal  moments  of  inertia  relative  to 
that  point ;  and  also  again  in  Art.  213,  where  the  small  motions 
of  it  about  a  mean  position  have  been  investigated  in  illustra- 
tion of  the  general  law  of  small  oscillations.  In  both  these  cases 
the  apex  of  the  top  has  been  assumed  to  be  a  fixed  point ;  and 
this  condition  is  approximately  satisfied  when  the  top  moves  on 
a  perfectly  rough  plane.  If  however  the  plane  is  smooth,  the 
apex  moves  in  the  plane ;  and  we  propose  now  to  investigate  its 
motion,  and  the  motion  of  the  top. 

I  shall  assume  the  centre  of  gravity  to  be  in  the  geometrical 
axis  of  the  top,  and  at  a  distance  equal  to  I  from  the  apex  or  peg 
of  the  top.  And  I  shall  also  use  the  same  symbols  in  the  same 
significance  as  in  Art.  167,  except  that  the  origin  of  the  several 
axes  to  which  the  rotation  is  referred  will  be  taken  at  the  centre 
of  gravity. 

As  the  plane  is  perfectly  smooth,  the  only  forces  acting  on 
the  body  are  the  vertical  reaction  of  the  plane  =s  r  (say),  and 
the  weight  of  the  top ;  so  that  if  (^,  rj,  0  is  the  place  of  the 
centre  of  gravity  relative  to  a  system  of  axes  fixed  in  space,  of 
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which  that  of  Cis  vertical,  and  those  of  (  and  rj  are  in  the  given 
plane,  then  ^2^       ^2^ 


f^ff; 


(246) 


from  the  first  two  of  which  it  is  plain  that  in  horizontal  motion 
the  centre  of  gravity  either  remains  at  rest  or  moves  uniformly 
in  a  rectilineal  path,  the  elements  of  which  depend  on  the 
initial  impulsion. 

Also^  since  C=  IcosO, 

Next  let  us  consider  the  motion  of  the  top  relative  to  the  cen- 
tre of  gravity.  The  only  force  which  produces  a  moment  about 
that  point  is  the  pressure  of  the  plane  at  the  apex,  of  which  the 
value  is  given  in  (247) ;  and  we  have,  as  in  Art.  167, 

L  =     a/sin^cosi^y*^ 

M  =  — E  /  sin  ^  sin  ^,  I  (248) 

N  =  0.  J 

Now  A  =  B ;  and  consequently  the  third  of  Euler's  equations, 
by  reason  of  the  third  of  (248),  gives 

coj,  =  a  constant  =  n  (say) ;  (249) 

and  thus  the  first  two  of  Euler^s  equations  are 


A-^  4-  (c— a)»(02  =     R/sin^cos^, 
A-J-?  —  (c— A)»a)i  =  — B/sindsin^. 


(250) 


Let  us  suppose  the  whole  initial  angular  velocity  of  the  body  to 
be  about  the  axis  of  the  top^  and  to  be  n ;  so  that  initially 

»i  =  (Ojj  =  0,  and  consequently  -zr  =  -^  =  0 ;   and  let  us 

suppose  the  initial  values  of  $  to  be  $q,  and  of  ^  and  yjf  to  be  zero. 
From  (250)  we  have,  as  in  Art.  167, 

(  df6y  rf<»«  )  »     .       ^   r  .        .-» 

A  ^0)1 -^ +<»,-^>   =  R/smd  {a>iCOS0~a>2B^^} 

at 

3  F  2 
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.-.     A(a>i»-f  fi»2*)  =  2wi/^(cos^o— cos^)— wiP(8in^)*(^)  ; 

therefore 

{A  +  mP(8m^)2}(^)VA(8ind)2(^)'  =  2mlff{co9eo''COse).  (251) 

Also^  multiplying  the  first  of  (250)  by  sin  0^  and  the  second  by 
cos  4),  adding^  and  integrating,  as  in  Art.  167,  we  have 

A  (sin  d)*  ^  =  c  n  (cos  6^  -  cos  0) ;  (252) 

and  eliminating  -j^  by  means  of  (251)  and  (252),  we  have 

^^  ^      {A'  +  m/aA(8in^)*}»singrfg 2^g. 

""  {cos^o— co8d}*{2m/^A(8in^)2— c2n2(cosdo— cosd)}* 

In  these  equations  the  following  results  are  implied.     Since  the 

left  hand  member  of  (251)  is  necessarily  positive,  the  right  hand 

member  is  also  positive  ;   so  that  6  is  never  less  than  0q  :   thus 

the  angle  at  which  the  axis  of  the  top  is  inclined  to  the  vertical  is 

never  less  than  its  initial  value,  and  9  increases  until  it  reaches 

a  value,  say  0^,  at  which  the  second  radical  in  the  denominator  of 

do 
(253)  vanishes ;  then  —  =  0,  and  the  inclination  of  the  axis  to 

ut 

the  vertical  is  a  maximum ;  9^  is  always  less  than  it,  because 
the  expression  which  determines  it  is  positive  when  0  =1  Oq,  and 
is  negative  when  ^  =  ir :  also  the  time  in  which  the  value  of  0 
passes  from  9q  to  9^  is  finite,  as  we  have  proved  in  Art.  168. 
Thus  the  axis  of  the  top  makes  isochronal  oscillations  in  a 
vertical  plane,  as  that  plane  revolves  about  the  vertical  axis  of  z. 
That  vertical  plane  however  does  not  revolve  uniformly ;   in 

other  words,  its  precessional  velocity,  which  =  --^ ,  is  not  con- 
stant ;  (252)  shews  this. 

According  as  n  is  positive  or  negative,  so  is  the  precession 
direct  or  retrograde ;  that  is,  the  line  of  intersection  of  the 
equatorial  plane  of  the  top  with  the  horizontal  plane  revolves  in 
the  same  direction  as  the  top  rotates. 

And  the  variations  of  the  precessional  velocity  are  periodic, 
having  the  same  period  as  those  of  the  inclination  of  the  axis  to 
the  vertical ;  now  the  precessional  velocity  vanishes  when  9  =  0^, 
and  becomes  a  maximum  when  ^  =  ^j ;  and  continues  to  make 
these  periodical  oscillations.    This  is  explained  at  greater  length 
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in  Art.  168.  Thus^  if  the  centre  of  gravity  of  the  top  does  not 
move,  the  apex  of  the  top  describes  on  the  horizontal  plane  the 
curve  delineated  in  Fig.  35,  where  the  radius  of  the  interior  and 
exterior  circles  are  respectively  lain$Q,  and  Zsin^^;  and  where 
the  arcs  of  the  path  respectively  touch  the  exterior  circle  when 

--T^  18  a  maximum ;  and  meet  the  interior  at  right  angles  when 

It  is  evident,  by  the  principle  of  vis  viva,  that  the  angular 
velocity  of  the  top  is  a  maximum  when  0  =  6^,  and  is  a  mini- 
mum when  0  =  Oq, 

If  n  is  very  large,  so  that  0^  is  very  little  greater  than  Oq, 
the  values  of  6  are  confined  within  very  smaU  Limits.  In  this 
case  we  can,  as  in  Art.  169,  integrate  (253)  approximately,  and 
obtain  results  which  give  an  accurate  representation  of  the 
motion  of  the  top. 

219.]  On  the  motion  of  a  heavy  homogeneous  spherical  ball, 
(an  ivory  billiard  ball,)  on  a  rough  horizontal  table. 

I  shall  take  m  to  be  the  mass  of  the  sphere,  a  to  be  its  radius, 
A  to  be  the  moment  of  inertia  about  a  diameter. 

I  shall  suppose  the  ball  to  be  put  into  motion  initially  by 
means  of  a  blow,  of  which  the  intensity,  line  of  action,  and 
point  of  application  are  known  ;  all  these  circumstances  being 
given  in  billiards  by  the  stroke  of  the  cue.  Thus,  the  initial 
velocity  of  translation  of  the  centre  of  gravity,  and  the  angular 
velocity  relative  to  the  initial  rotation-axis  will  be  known. 
During  the  subsequent  motion,  the  ball  will  both  roll  and  slide, 
so  that  retarding  forces  of  rolling  and  sliding  friction  will  be  in 
action  on  it.  That  of  sliding  friction  acts  at  the  point  of  con- 
tact of  the  ball  with  the  table,  and  in  the  line  along  which  the 
point  of  contact  slides  on  the  table.  That  of  rolling  friction 
acts  in  the  line  along  which  at  the  time  the  centre  of  gravity  is 
moving.  This  latter  friction  however  is,  in  ordinary  cases,  only 
a  very  small  fraction  of  the  former,  and  may  consequently  be 
neglected.  As  by  the  roughness  of  the  table  the  sliding  motion 
of  the  ball  is  diminished  much  more  rapidly  than  the  rolling 
motion,  so  the  sliding  motion  soon  ceases,  and  the  ball  only  rolls. 
The  following  equations  will  determine  with  accuracy  the  time 
and  the  place  at  which  this  cessation  of  sliding  takes  place. 
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Let  the  plane  in  which  the  centre  of  the  ball  moves  be  that 
of  (or,  y) ;  this  plane  is  consequently  parallel  to  that  of  the  table, 
and  is  horizontal ;  let  {x,  y)  be  the  place  of  the  centre  of  the 
ball  at  the  time  t ;  so  that  at  that  time  (x,  y,  —a)  is  the  place  of 
the  point  of  contact.  Let  7  be  the  force  of  sliding  friction  which 
acts  at  the  point  of  contact^  and  let  a  be  the  angle  at  which  its 
line  of  action  is  inclined  to  the  axis  of  a?.  Let  r  (:z  m^)  be  the 
pressure  of  the  ball  on  the  plane,  and  let  /m  =  the  coefficient  of 
sliding  fiiction ;   so  that  f  =  fiB  =  /xM^. 

The  equations  of  motion  of  the  centre  of  gravity  are 

—  p  cos  a. 


M-rr^  = 


dt* 
djy 
dt^ 

dt^ 


M-j-|  =  -psmo, 


=   —  M^  +  R  =   0. 


(254) 


Let  us  consider  the  rotation  in  reference  to  a  system  of  axes 
originating  at  the  centre  of  gravity^  and  parallel  to  the  fixed 
axes  of  (or,  y,  z) ;  then  we  have 


—  arsma^ 


a  F  cos  a. 


(255) 


d<o^ 


—  au 


(256) 


A(»i-fli)  =      aM(J-ro), 


(257) 


®8""^    =  ^'y 

where  u^  Vq  are  the  axial  components  of  the  initial  velocities  of 
the  centre  of  gravity,  and  ti^,  xia,  n,  are  the  initial  angular  velo- 
cities about  three  axes  originating  at  the  centre  of  gravity  and 
parallel  to  the  fixed  axes. 
These  equations  connect  the  instantaneous  angular  velocity 
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with  the  velocity  of  the  centre  of  gravity  of  the  ball. 


is  constant^  and  Wj  and  <a^  only  vary  when  -77  apd  -^  vary 


407 

Thus  (i>3 
that 


is^  when  f  acta.  And  therefore  if  the  centre  of  gravity  moves 
uniformly  in  a  straight  line^  the  angular  velocity  of  the  ball  and 
the  direction  of  the  rotation-axis  do  not  vary^  and  there  is  no 
sliding  friction.     And  since 


A  = 


these  become 


(258) 


5   /dx         \ 
''^-'^ 2^U-"»)- 

220.^  By  means  of  these  we  can  determine  the  path  of  the 
centre  of  gravity  of  the  ball^  so  long  as  the  ball  continues  to  slide. 
The  line  of  action  of  f^  as  we  have  said,  is  that  of  the  motion 
of  the  point  of  contact.  Now  the  projections  on  the  a?-  and  y- 
axes  respectively  of  the  space  described  by  this  point  in  the  time 
dt  are  dx—at^^dt^  and  dy+aa>^dt ;  and  by  (258), 


dx^a<A^dt  = 
dy-\  QfAy^dt  = 


2 

7dy 


««a  + 


5tt, 


''^)dt, 


2   +(«'H-^)*; 


5t?n 


And  these  are  proportional  to  cos  a  and  to  sin  a,  which  enter 
into  (254).    To  simplify  these  expressions  however  let 


7 
so  that       dx^au^^^t  =  ^(dx—Uidt), 


aad  consequently  from  (254), 
dt* 


hdi);     \ 


(259) 


(260) 


d*y 
dt* 


dx 
H 


—  M, 


dy 
It-"- 


(261) 
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and  consequently, 


«o-«i 

»o-»i 

d*y 
dt' 

t^-«i 

»0-»i 

coaa 

sin  a  . 
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and  integrating,         ^^  ^ 

(262) 

hence  also  we  have 

a- or  a-y 

7772  7771 

(263) 

(264) 

and  thus  not  only  is  f,  the  force  of  friction  which  retards  the 
ball,  constant  in  magnitude,  being  equal  to  fx  m^,  but  the  line  of 
action  of  it  has  a  constant  direction.  And  therefore  the  centre 
of  gravity  of  the  ball  describes  a  parabolic  path,  like  a  heavy 
projectile,  the  axis  of  the  parabola  being  parallel  to  the  line  of 
action  of  the  constant  force  of  friction. 

And  a  is  the  angle  at  which  the  line  of  action  of  f  is  inclined 
to  the  axis  of  x ;  and 

tana  =  ^^^^^^;  (265) 

«o-«i 

«2  and  Vi  are  given  by  (259)  in  terms  of  initial  quantities.    They 

are  the  axial  components  of  the  velocity  of  the  centre  of  gravity 

of  the  ball  at  the  instant  when  it  ceases  to  slide,  for  then 

dx  dy 

the  last  terms  of  these  equations  following  by  reason  of  (260).  This 
is  also  evident  from  (261) ;  for  when  the  ball  only  rolls  f  =  0 ; 
and  consequently 

d^x       d^y       r.  jM      dx  dy 

It  is  observed,  that  t^  and  Vi  depend  not  on  the  friction,  but  on 
the  initial  circumstances  of  motion. 

Let  (tto-«i)'  +  K~t'i)'  =  ^  i  (266) 

so  that  (254)  become 

d^x  tto~tt, 

dt*  '^*     *      ' 

and  therefore,  if  the  initial  place  of  the  centre  of  gravity  of  the 
ball  is  taken  as  the  origin. 
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(267) 


(268) 


and  eliminating  t, 

2« 

{ar(»o-Wi)-y(«o-«i)}*+  —  («i»o-»iWo)(»oy-«'o*)  =  0;  (269) 

which  is  the  equation  to  the  parabolic  path  of  the  centre  of 
gravity  of  the  sphere. 

221.3  ^ow  this  equation  becomes  y  ^  Xy  that  is^  represents 
a  straight  line  when  u^^  v^  are  respectively  proportional  to  i^q,  Vq  ; 
in  which  case  we  have,  from  (259), 

WoXH  +  Von,  =  0;  (270) 

which  shews  that  the  initial  rotation-axis  is  in  a  vertical  plane  at 
right  angles  to  the  line  of  initial  velocity  of  the  centre  of  gravity. 

The  equation  (269)  expresses  the  path  of  the  centre  of  the 

ball^  so  long  as  the  ball  slides  as  well  as  rolls ;  at  the  instant 

however  when  the  sliding  ceases^  and  the  ball  only  rolls, 

dx  dy  ,^^^  ^ 

—  =iii  =  aa)2,  ^  =  t;i  =  -fla),  ;  (271) 

and  from  either  of  (267)  we  have 

/  =  — ;  (272) 

at  which  time^  from  (268)^  we  have 

fxg       2      '  ^       fxg       2 

After  this  instant^  if  there  were  no  friction  of  rolling,  the  ball 
would  continue  to  move  uniformly  in  a  straight  line^  with  a  velo- 
city of  which  Uj^  and  v^  are  the  axial  components.  But  as  a 
friction  of  rolling  acts  to  retard  it^  the  ball  continues  its  recti- 
lineal course  with  a  decreasing  velocity,  until  it  finally  comes  to 
rest ;  and  the  equation  to  the  line  along  which  the  centre  of 
gravity  moves,  and  which  is  also  the  path  of  the  point  of  contact 
with  the  table^  is 

2m^  {«*! y - «?! «}  +  * («o«^i  -  Vo««i)  =  0 ;  (274) 

this  line  is  evidently  a  tangent  to  the  parabola  at  the  point  given 
by  (273). 
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222.]  Thus  we  have  arrived  at  the  exact  course  which  a 
billiard  ball  takes  on  a  table^  in  the  most  general  circumstances 
of  a  stroke  of  a  cue.  The  motion  is  at  first  a  mixed  one  of 
sliding  and  of  rolling ;  and  the  centre  of  the  ball  moves  in  a 
parabola  so  long  as  the  ball  slides  on  the  table,  which  causes 
a  sliding  friction  at  the  point  of  contact ;  this  sliding  however 
eventually  ceases,  and  before  the  ball  comes  to  rest ;  and  the 
centre  of  the  ball  then  takes  a  rectilineal  path,  which  is  a  tangent 
to  the  parabola  at  the  point  where  the  sliding  has  ceased. 

Let  us  now  give  to  the  equations  determined  in  the  preceding 
Articles  those  interpretations  which  arise  from  initial  circum- 
stances produced  by  the  stroke  of  a  cue. 

Let  Q  be  the  momentum  with/ which  the  cue  strikes  the  ball; 
and  let  a  be  the  angle  at  which  its  line  of  action  is  inclined  to 
the  plane  of  the  table.  Let  h  be  the  horizontal  distance  from 
the  centre  of  the  ball  to  the  vertical  plane  containing  the  axis 
of  the  cue^  which  is  the  line  of  blow ;  and  let  k  be  the  perpen- 
dicular distance  on  this  line  from  a  horizontal  line  through  the 
centre ;  let  us  moreover  take  the  plane  of  (x,  z)  to  be  parallel 
to  the  axis  of  the  cue.  Let  f  be  the  friction  which  is  brought 
into  action  between  the  ball  and  the  table  by  the  blow  of  the 
cue^  and  let  fi  be  the  angle  between  the  line  along  which  f  acts 
and  the  axis  of  ^ ;  let  fx  =  the  coefficient  of  friction  ;  then,  as 
in  Art.  205^  the  equations  of  motion  of  the  centre  of  gravity  are^ 

MWo=         Q  cos  a  — F  cos  ft    •^ 

Mt7o=  —F  sin  ft    I  (275) 

0  =  — Qsino  +  R  — M^;  J 

and  the  equations  of  rotation  about  the  centre  of  gravity  are 
Afli  =— qAsina— aFsinft-^ 

AHjj  =      Q*+flFCOSft  I  (276) 

AHg  =  — qAcOSO.  J 

2a2M. 

Also  F  =   )UtR,  A  = 


5 

COS  j3  sin  /3 


From  these  equations  we  have 


(277) 


*-^=5FiS^a^  (^^«) 


5  A  sin  a 
i— 2acos 
which  assigns  the  direction  in  which  the  point  of  contact  of  the 
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ball  with  the  plane  begins  to  move.  This  also  is  the  direction 
of  the  constant  retarding  force  of  friction^  and  of  the  axis  of  the 
parabola  in  which  the  ball  moves  until  sliding  friction  ceases. 
Hence  also  we  can  determine  Hq,  Vq,  xi^,  ^2 ;  also  we  have 

_  5Q(acosa  +  *)  _  SoAsina^ 

"*!-  7^         '         ""i-       7aM     '  ^^^^^ 

which  values  are  independent  of  the  friction^  as  we  have  before 
observed  in  Art.  220. 

If  the  path  of  the  ball  is  rectilineal^  and  in  the  direction  of 
the  stroke  of  the  cue,  tan  )3  =  0,  and  t?i  =  0 ;  hence,  either 
A  =  0^  or  sin  a  =  0 ;  in  the  former  case,  the  centre  of  the  ball 
is  in  the  vertical  plane  containing  the  axis  of  the  cue ;  in  the 
latter,  the  axis  of  the  cue  is  horizontal.  Under  either  of  these 
circumstances  therefore,  and  under  these  only,  is  the  path  of 
the  ball  rectilineal ;  in  all  other  cases  the  path  is  parabolic. 

If  the  path  of  the  centre  of  the  ball  is  not  rectilinear,  the 
value  of  v^,  given  in  (279),  shews  that  the  deviation  lies  on  that 
side  of  the  centre  in  its  initial  position,  on  which  the  stroke  is 
given,  for  v^  and.  h  are  of  the  same  sign. 

These  several  circumstances  are  represented  in  Fig.  59.  o,  the 
centre  of  the  ball  at  the  instant  of  the  blow,  is  the  origin ;  and 
the  horizontal  plane  containing  o  is  that  of  (a?,  y).  The  plane  of 
the  table  is  parallel  to  it,  and  at  a  distance  below  it  equal  to  a, 
the  radius  of  the  ball,  f  is  the  point  of  contact  of  the  ball  with 
the  table,  qrt  is  the  axis  of  the  cue,  the  vertical  plane  parallel 
to  which,  and  containing  o,  is  the  plane  of  {x,  z).  The  circle  is 
the  section  of  the  ball  by  the  plane  of  {x,  z),  qrt  pierces  the 
plane  of  (y,  z)  at  r,  and  the  plane  of  the  table  at  t,  and  a  is  the 
angle  which  it  makes  with  the  table,  oh  =  A  is  the  perpen- 
dicular distance  from  o  to  the  vertical  plane  rlt,  containing  the 
axis  of  the  cue ;  and  hk  =  A:  is  the  perpendicular  from  h  to  the 
axis  of  the  cue ;  so  that  A,  k,  and  a  determine  the  position  of 
the  line  of  blow.  Let  pPj  be  the  curve  which  is  the  parabolic 
path  of  the  point  of  contact  of  the  ball  with  the  table  ;  p^  being 
the  point  given  by  the  coordinates  (273),  at  which  sliding  fric- 
tion ceases,  and  after  which  the  path  becomes  rectilineal ;  let 
Vy  Sj  be  that  rectilineal  path  ;  let  r  l  =  2  j  so  that 

k  =  (Z-a)cosa;  (280) 

5  Q /cos  a  5Q/2  8ina 

thus  w,  =  — = ,  V,  =  — = ; 

*  7aM  ^  7aM 

3  G  2 
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therefore  —  =  -z — -—  = 

ttj        /cot  a        MP 

=  tan  MPT.  (281) 

but  —  is  the  tangent  of  the  angle  between  the  axis  of  x  and 

the  rectilineal  path  taken  by  the  ball  when  friction  ceases.  Con- 
sequently the  rectilineal  path  p^  s^  is  parallel  to  f  t.  Hence  the 
final  direction  of  the  ball  when  friction  ceases  is  easily  deter- 
mined ;  it  is  parallel  to  the  line  drawn  from  the  point  of  contact 
of  the  ball  with  the  table  to  the  point  at  which  the  axis  of  the 
cue  pierces  the  table. 

Hence  it  follows^  that  if  the  axis  of  the  cue  is  inclined  to  the 
plane  of  (x,  y),  at  an  angle  so  large  that  the  point  t  falls  on  the 
negative  side  of  the  line  fl,  the  ball  in  its  final  state  moves  in  a 
direction  opposite  to  that  of  the  stroke. 

Explanation  of  these  formulaB,  in  further  application  of  them 
to  the  game  of  biUiards^  will  be  found  in  ^^  Theorie  Mathematique 
des  effets  du  jeu  de  Billiard/'  par  G.  Coriolis ;  Paris^  1835. 
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CHAPTER    VIII. 

RELATIVE  MOTION  OP  A  MATERIAL  SYSTEM. 

Section  1. — Investigation  of  the  general  equations, 

223.3  ^^  ^^^  preceding  parts  of  this  work  the  motion  of  a 
material  system  has  been  investigated  relatively  to  a  fixed  origin, 
and  to  a  fixed  system  of  coordinate  axes.  The  coordinate  axes 
indeed,  to  which  we  have  found  it  convenient  to  refer  the 
motion  primarily,  have  not  always  been  fixed ;  for  in  the  last 
Chapter  two  systems  were  used,  one  of  which  was  fixed  in  the 
body  and  moved  with  it ;  the  other  system  however  was  ab- 
solutely fixed,  and  to  it  ultimately  the  motion  of  the  material 
system  was  referred ;  and  its  incidents  were  deduced  from  the 
position  of  the  parts  of  it  relatively  to  that  system.  Now  I 
propose  to  consider  a  more  general  case ;  and  to  investigate  the 
motion  of  a  material  system  relatively  to  a  moving  origin,  and 
a  moving  system  of  rectangular  axes,  all  the  incidents  of  motion 
of  these  latter,  as  well  as  those  of  the  material  system,  being 
given,  and  the  material  system  also  moving  relatively  to  it. 
This  general  case  is  that  of  relative  motion;  that  is,  of  the 
motion  of  a  material  system  relatively  to  moving  coordinate 
axes,  to  which  allusion  has  already  been  made  in  Vol.  Ill, 
Art.  259,  in  the  case  of  a  single  particle ;  under  circumstances 
however  in  which  a  single  material  particle  moves,  and  the 
motion  of  the  rectangular  axes  is  simply  that  of  translation. 
As  the  formulae  which  express  the  circumstances  of  relative 
motion  are  long  and  complicated,  it  will  be  convenient  to  con- 
sider primarily  the  motion  of  one  particle ;  and  thus  omit  the 
signs  of  summation  ;  but  the  result  will  be  capable  of  the  most 
general  application,  because,  by  D'Alembert^s  principle,  they 
can,  mutatis  mutandis,  be  extended  to  systems  of  moving  parti- 
cles. Our  process  will  be  purely  analytical.  Doubtless  hereby 
we  are  in  danger  of  overlooking  the  full  meaning  of  the 
symbols ;  we  may  perhaps  lose  sight  in  them  of  the  mechanical 
truths  which  they  represent;  and  thus  our  apprehension  of 
things  in  their  actual  state  may  be  indistinct.     Consequently  I 
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shall  interpret  the  equations,  and  shall  shew  that  they  are  the 
expression  of  results  arrived  at  from  the  consideration  of  relative 
motion  and  its  incidents  in  their  first  principles,  and  from  (as  it 
is  commonly  said)  general  reasoning.  The  cinematics  of  relative 
motion  first  require  investigation. 

224.3  Let  m  be  the  mass  of  the  particle  whose  motion  is 
to  be  considered ;  and  let  {x,  y,  z)  be  its  place  at  the  time  / 
relatively  to  an  origin  and  to  a  system  of  axes  fixed  absolutely 
in  space.  At  the  same  time  let  (x^^  y^,  Zq)  be  the  place  of  an- 
other origin,  which  moves ;  and  relatively  to  it,  and  to  a  moving 
system  of  axes  originating  at  it,  let  ($,  rj,  C)  be  the  place  of  m. 
Let  the  system  of  direction-cosines  connecting  these  two  sys- 
tems of  axes  be  that  of  Art.  2  ;  then 

y  =  yo  +  fl2f  +  *2^  +  <^2f»    [  (1) 

z  =  XTo  +  flgf-l-Aaiy  +  CgC;  J 

and,  as  all  the  quantities  in  the  right  hand  members  are  functions 
of^ 

dx      dxr.     M.da^        db^      ^dc^         d£     ,  dn        dC 


>     (2) 


dz      dzn     ^d(u        db^     ^dc^         d3    ,  d-n        dC 

Let  us  examine  the  several  terms  of  these  equations.  The  left 
hand  members  are  the  axial  components  of  the  velocity  of  m 
relatively  to  the  three  fixed  axes  of  (x,  y,  z) ;  that  is,  of  the 
absolute  velocity  of  m.  The  first  four  terms  of  the  right  hand 
members  are  the  value  of  these  components  when  f,  77,  ^  do  not 
vary ;  that  is,  when  the  place  of  m  is  fixed  relatively  to  the 
moving  origin  and  the  moving  axes ;  and  thus  they  are  the 
axial  components  of  the  velocity  of  m  considered  as  a  fixed  point 
of  the  coordinate  system  of  reference ;  the  first  terms  of  the 
several  equations  being  due  to  the  motion  of  translation  of  the 
origin ;  and  the  following  three  to  the  rotation  of  that  system 
about  an  axis  passing  through  that  origin ;  and  the  last  three 
terms  in  each  equation  are  the  projections  of  the  fixed  axes  of 
the  axial  components  of  the  velocity  of  m  relatively  to  the  moving 
axes  and  the  moving  origin.  Equations  (2)  then  yield  the  fol- 
lowing theorem : 
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The  absolute  velocity  of  the  particle  m  is  the  resultant  of  its 
velocity  relatively  to  the  system  of  moving  axes  and  of  the  velo- 
city of  it^  considered  as  a  fixed  point  of  that  system  ;  or^ 

The  velocity  of  a  particle  relative  to  a  system  of  moving  axes 
is  the  excess  of  its  absolute  velocity  over  the  velocity  of  the 
system  of  axes. 

If  v^f  Vy,,  v^  are  the  components  of  the  absolute  velocity  of  m 
along  the  moving  axes ;  that  is^  along  the  £-,  rj-,  C-2LJLeH  respect- 
ively; then 

djc  dy  dz 

dXf.  dvr.  dzQ 

S      db,  db.   .      db,l 

^  {      dc.  dc^  dc^ )       di         ,„, 


'Jt'^^*~dt^'''lU 


*^o    .   „    %0     ,   ^    ^^( 


»f=  '^i\,;+<?«^+c, 


0 


dt  ^"^  dt  ^"^  dt 

in  which  equivalents  for  v^,  v,,,  v^  all  the  terms  except  the  last  of 
each  arise  from  the  motion  of  the  coordinate  system  of  refer- 
ence, and  the  last  arise  from  the  motion  of  m  relatively  to  that 
system. 

If  (a^,  a>^,  a>^  are  the  axial  components  of  the  angular  velocity 
of  m  at  (f,  rj,  C),  considered  as  a  point  fixed  relatively  to  the 
moving  system,  then,  substituting  from  (88),  Art.  40,  we  have 


^^0  dPo  dZf.      ^  di  -^ 


1.        (6) 
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And  thus  along  the  axes  of  the  moving  system  the  axial  compo- 
nents of  the  absolute  velocity  of  m  are  the  resultants  of  the  axial 
components  of  (1)  the  absolute  velocity  of  the  origin^  (2)  of  the 
velocity  of  m  at  (f,  ri,  ()  due  to  the  angular  velocities  of  the 
coordinate  axes^  (3)  of  the  velocity  of  m  relative  to  the  moving 
axes. 

If  the  origin  of  the  moving  system  is  fixed^  and  the  axes  only 
move^  these  become 


1^  (7) 


255.3  Suppose  now  that  forces  act  on  the  system  so  that  the 
absolute  Telocity  of  m  varies,  then^  taking  the  ^-differentials  of 
(2),  we  have 

5  rf^  (fai      dn  dbi      dC  dcy  \ 
^    \dt    dt  ^  dt   dt  .    dt    dt  ) 

d*i     .  d*n         d>C     ,ov 

d*y  __  d'yp  ,  ,d*a,        dH,        d'c, 
dt*  ~    dt»'^^  dfl   "*"^'«««   ■*'^  dfi 

^     \dt    dt  "^  dt    dt  ^'dt   dt  S 

d*i      ,  dh,  ,      d*C     ,n, 

dt'  ~    dt*   "^^  dt*   ^^  dt*   "^  ^  dt* 

'^     Xdt   dt  ^  dt    dt  '^  di   dt  S 

d*^     .  d*r,         d*C  ,,n^ 

■^''*it^  +  ^*dr*+'*w*;^^^^ 

which  are  severally  the  equivalents  of  the  expressed  velocity-in- 
crements along  the  fixed  coordinate  axes  in  terms  of  the  elements 
of  the  moving  system  of  axes. 

Let  V(,  v/,  v/  be  the  axial  components  of  the  expressed  velo- 
city-increment along  the  moving  axes  of  (,  ly,  C,  then 
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-     a  J<^^o  ,.^'«i  .dH,        d'c,) 
+'^  l~dr  +*~5F  ^""^  +^"^  J 

+*  ^'Pyo  ,frf%  ,,/'^  ,frf'<^^ 

+*»  i~^  -^^~dt^  +"1^  ^^-rf^  J 

+*»(  rf<»  +*  rf/»  +''  df  ^^  df  S 

rf»ar         rf*y         rf*z 
.   <d>y,       d*a,       dH,       d*c,} 

Let  X,  T^  z  be  the  axial  componenta  of  the  impressed  velocity- 
increments  on  m  parallel  to  the  fixed  coordinate  axes  of  x,y,z; 

PRICE,  VOL.  IV.  3  H 

Digitized  by  VjOOQIC 


418  RELATIVE  MOTION.  [226. 

and  let  x',  y^^  z'  be  the  axial  components  of  the  same  impressed 
yelocity-increments  parallel  to  the  moving  axes  off,  r/,C;  then 
x'  = 


=  fliX  +  ajY  +  asZ,  1 

=  ftiX  +  ^jY  +  ftsZi    r 
=  CiX  +  CjY  +  CjZ;  J 


and  the  equations  which  express  the  motion  of  m  are 

t;'f=x',         v\^Y\        t;V=z';  (14) 

and  from  these  equations  all  the  incidents  of  its  motion  are  to 
be  deduced. 

226.3  Before  however  they  are  applied  to  the  solution  of 
particular  problems^  let  us  examine  them  more  closely^  and  detect 
the  origin  and  the  meaning  of  their  several  terms.  This  course 
has  already  been  taken  by  Glairaut  and  Coriolis* ;  and  has  been 
fully  explained  by  M.  Bertrand  (Journal  de  PEcole  Polytech- 
nique ;  XXXII  Cahier,  p.  149)^  so  that  little  need  be  added  to 
their  labours.  In  the  values  for  v'^,  if^,  t/^  given  in  (11),  (12), 
and  (13),  it  is  evident  that  if  the  coordinate  system  of  $,  1),  C  to 
which  the  place  of  m  at  the  time  t  is  referred,  were  fixed  and 
immoveable,  then  the  several  right  hand  members  would  be 

J2£    ^2-     J2( 

reduced  to  their  last  terms  -^ ,  ^-^ ,  -rr?  ;  And  the  equations  of 

dt^    dP    dt^ 

motion  would  be  for  m  the  same  as  those  which  have  been  found 
in  Vol.  Ill ;  and  for  a  material  system^  the  same  as  those  which 
are  explained  in  chapter  III  of  the  present  volume ;  conse- 
quently all  the  other  terms  arise  from  the  motion  of  the  coor- 
dinate system  of  reference.  If  therefore  we  consider  the  motion 
of  m,  relatively  to  the  moving  system  of  reference^  to  be  abso- 
lute, just  as  motion  has  heretofore  been  considered  and  referred^ 
then  we  must  suppose  m  to  be  under  the  action  of  certain  ficti- 
tious forces^  as  well  as  the  actual  forces^  by  which  certain  velo- 
city-increments are  impressed  exactly  equal  to  those  which  arise 
from  the  motion  of  the  system  of  reference^  and  of  which  the 
mathematical  expressions  are  given  in  the  preceding  equations. 
This  is  the  view  of  the  subject  taken  by  dlairaut,  Coriolis^  and 
Bertrand.  Now  the  velocity-increments  which  arise  from  these 
fictitious  forces  are  of  two  kinds;   (1)  we  have  those  which  are 

*  See  M^moires  de  TAcad^mie  dee  Sciences  de  Paris,  1742,  p.  t.  Journal 
de  TEcole  Polytechnique ;  XXI  and  XXIV  Cahiers.  Trait^  de  la  M^nique 
des  corps  solides  et  du  calcul  de  I'eflet  des  Machines  par  G.  Coriolis;  and 
edit.,  Paris,  1844,  p.  46. 
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independent  of  the  motion  of  m  relatively  to  the  moving  origin 
and  axes ;  and  which  therefore  are  independent  of  the  ^-differ- 
tials  of  (^  ri,  C  Coriolis  has  called  the  force  whence  these  arise, 
''force  d'entrainement/^  We  shall  call  them  the  velocity-incre- 
ments of  transference ;  meaning  of  course  the  transference  of  the 
coordinate  system.  These  velocity-increments  are  contained  in 
the  first  twelve  terms  in  the  right  hand  members  of  (11)^  (12)^ 
(18),  severally.  Let  them  be  denoted  by  x<,  y^,  z^  respectively ; 
so  that 


x<  = 


z«  = 


M"rf?^  "^^"rfF  "^^"rf^  "^ ^"rfF J 
^"^  \li^  ^^li^  "^^"rf^  ^^^dPS 
■*"^»  llt^  ^^~W  '^'^'di^  -^^^i^S '  ^^^^ 

M  dt>  +*  dt*  +''  dt»  ^^  dt*  S 
^''M  dt*  ■^^^rfF+''"rfF+^^FJ 

(d»iro      .rf»a.         rf»i,      ,d»c,l  ,,-, 

^'^^  {-d?^  +^^  ^"^  +^-57^5  '  (^'^^ 

(2)  we  have  the  groups  which  stand  fourth  and  fifth  in  (11), 
(12),  (13)  respectively ;  let  us  express  them  in  terms  of  the 
angular  velocities  of  m  at  (f,  ty,  0  about  the  three  moving  coor- 
dinate axes,  by  means  of  the  equivalents  given  in  (88),  Art.  40 ; 
they  become  respectively 

The  form  of  these  quantities  shews  that  they  are  the  axial  com- 
ponents of  a  certain  velocity-increment ;  this  we  proceed  to  deter- 
mine ;  and  omitting  the  numerical  coefficient,  we  will  denote  it  by 
F ;  let  a,  j3,  y  be  the  direction-angles  of  its  line  of  action ;  then 
dC        dri  di        dC  dri         d( 

^"rfT-^       "^d/""^rf^        '"'di^'^Tt      ,,^, 

F  =3 = = ;   (19) 

cos  a  cos.j3  cosy 

3H  a 
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therefore  <»>^coBa-\-<^coBp+miCOBy  =  0;  (20) 

co8o^ +008)3^+ cosy ^=:  0;  (21) 

which  shew  that  the  Une  of  action  of  f  is  perpendicular  both  to 
the  rotation-axis  of  the  system  of  reference  which  passes  through 
the  moving  origin,  and  to  the  line  of  the  relative  velocity  of  m. 
Let  0  be  the  angle  between  these  lines;  let  »  be  the  angnlaF 
velocity  of  the  coordinate  system,  and  let  v  be  the  velocity  of  m 
relative  to  the  moving  system ;  then  from  (19)  we  have 

=   {•»©«-«»t^(COS^)»}* 

=  »t;sin^.  (22) 

Thas  F  is  the  product  of  the  angular  velocity  of  the  moving 
coordinate  system  about  its  rotation-axis,  and  the  projection  of 
the  relative  velocity  of  m  on  a  plane  perpendicular  to  this  rota- 
tion-axis. And  the  line  of  action  of  this  force  is  perpendicular 
to  the  rotation-axis  of  the  system,  and  to  the  line  of  the  relative 
velocity  of  m.  f  has  been  called  by  Coriolis  the  compound  cen- 
trijugal  force,  and  in  foreign  treatises  on  mechanics  is  frequently 
cited  by  that  name. 
Thus  the  equations  of  relative  motion  of  m^  given  in  (14),  become 


x'—  X|  —  2  F  cos  a  —  -ri  =  0, 

Y'«y,»2FCO8i3-|]^=0, 

d*C 
z'-B^-2FC0sy  -—  =  0; 


(28) 


in  which  form  the  equations  are  most  conveniently  applied  to 
the  solution  of  problems. 

227.3  ^^  comparing  these  with  the  equations  which  express 
absolute  motion^  it  appears  that  the  axial  components  of  the 
impressed  velocity-increments  are  to  be  diminished  by  similar 
quantities^  which  we  may  suppose  to  arise  from  two  fictitious 
forces ;  one  of  which  impresses  on  the  particle  a  velocity-incre- 
ment equal  to  that  of  the  particle  of  the  moving  coordinate 
system^  which  has  the  same  place  as  m  at  the  time  t^  and  by 
virtue  of  which  the  particle  has  no  relative  motion ;  the  other 
impresses  a  velocity-increment  equal  to  the  product  of  the  in- 
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stantaneoiiB  angular  velocity  of  the  moving  coordinate  system 
and  the  projection  of  the  relative  velocity  of  the  particle  on  a 
plane  perpendicular  to  the  rotation-axis^  and  the  line  of  action  of 
which  is  perpendicular  to  the  rotation-axis  of  the  system  and  to 
the  line  of  the  relative  velocity  of  m. 

These  fictitious  forces  are  not  given  in  the  same  way  as  the 
ordinary  acting  forces  are  given ;  they  depend  on  the  relative 
motion,  inasmuch  as  they  involve  «»  and  v ;  thus  the  problem  is 
in  its  general  form  extremely  complicated :  the  solution  of  a  few 
particular  problems  will  indicate  the  mode  of  their  application 
better  than  any  general  remarks. 

If  the  motion  of  the  system  of  coordinate  axes  is  that  of 
translation  only^  then  oi  =  0^  and  the  second  fictitious  force  of 
course  vanishes ;  in  this  case,  the  axes  of  the  moving  system  will 
be,  or  may  be  taken  to  be,  always  parallel  to  those  of  the  fixed 
system,  so  that  there  will  be  no  ^variations  of  the  nine  direc- 
tion-cosines ;  and  all  the  direction-cosines  will  vanish  except  a^, 
b^,  and  c,,  each  of  which  becomes  equal  to  unity ;  and  the  equa- 
tions (23)  become 


*      dt*      df  -  "' 

.      d*yo      '^'i  _  o 
^       dt*       dt'  ~  "' 


(24) 


which  are  the  equations  already  found  in  Art.  259,  Vol.  III. 
These  are  sufficient  for  the  determination  of  the  relative  motion 
of  a  planet,  and  have  been  applied  to  that  problem  in  Arts.  298 
and  295,  Vol.  III. 

If  moreover  the  moving  origin  travels  along  a  straight  Hne 

with  uniform  velocity,  then  also  -^-^  t=  —^  =  -^-^  j   and 

the  equations  (24)  have  the  same  form  as  those  which  express 
the  ordinary  absolute  motion.  It  is  evident  however  from  (16), 
which  express  the  relative  velocities,  that  these  will  not  be  the 
same  as  the  absolute  velocities ;  and  consequently  some  quanti- 
ties will  be  introduced  in  the  integration-process  which  depend 
on  the  elements  of  the  line  of  motion  and  on  the  velocity  of  the 
moving  origin. 

228.]  One  particular  form  of  the  preceding  general  results 
requires  especial  mention ;  vis.,  that  in  which  the  origin  moves  in 
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the  plane  of  (^,  y),  and  the  moving  axes  of  ($,  rj)  are  always  in 
that  plane,  so  that  the  axes  of  ^r  and  C^re  always  parallel.  The 
equations  which  express  this  motion  might  of  course  be  de- 
duced from  the  general  equations  (23) ;  but  it  is  convenient  to 
derive  them  from  first  principles^  because  the  origin  of  the 
several  terms  and  the  meaning  of  the  fictitious  forces  of  which 
we  have  spoken  will  thereby  become  more  palpable. 

At  the  time  t^  let  {Xq^  Pq)  be  the  origin,  see  Fig.  60,  and  let  $ 
be  the  angle  at  which  the  ^axis  is  inclined  to  that  otx;  so  that 


(25) 


X  = 

a;o  +  fco8 

^  — lysind," 

y  = 

yo  +  fan 

d-hrjcose,    " 

Z  s= 

f; 

- 

therefore 

dx 

rfa?o 

rff 

^     d^  . 

.xrf^  ^ 

di~ 

dt 

+  ^C08 

''"i"" 

e  —  (fsin^-l-iy 

cos^)^, 

dy_ 
dt~ 

dVo 
dt 

di  . 

^       drt 

e  +  ^co^ 

i^  +  (fcosd— 7? 

sm^)^; 

W26) 


Let  v^  and  v^  be  the  components  of  the  absolute  velocity  parallel 

to  the  axes  of  (  and  ?; :  then 

dx        ^       dy    .    ^ 
V(  =      -jT-  COS  $  +  -^  sm  B 

dx    .    .       dy 

in  which  values  of  v^  and  t?,  all  the  terms  except  the  last  of  each 
are  due  to  the  motion  of  the  coordinate  system  of  reference, 
and  the  last  expresses  the  axial  component  of  the  velocity  of  m 
relatively  to  the  moving  axes. 
Let  us  next  take  the  ^-differentials  of  (26) :  then 

d^X        d^Xo       a/rff.,       drj         AdB      ,.        .  *^n^(^^V 

-(fsin^+T/cost?)^  +  ^cosd-^sind;   (29) 
+  (fco8tf-n8mO)^  +  ^8intf  +  ^co8d;   (80) 
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Let  t/{  and  t;',,  be  the  axial  components  of  the  expressed  velocity- 
increment  parallel  to  the  axes  of  $  and  rj :  then 
rf^j?  rf*f/ 

of  which  expressions  for  t/^  and  t?'^  all  the  terms  except  the  last 
in  each  are  due  to  the  motion  of  the  moving  coordinate  system 
of  reference ;  and  the  last  expresses  the  axial  component  of  the 
expressed  relative  velocity-increment. 

229.]  On  examining  equations  (31)  and  (82)^  it  appears  that 
the  first  two  terms  in  the  right  hand  member  of  each  express 
those  parts  of  the  velocity-increment  which  arise  from  the  mo- 
tion of  translation  of  the  moving  origin,  and  that  the  last  three 
in  each  arise  firom  the  angular  motion  of  the  coordinate  system 
of  reference  and  from  the  relative  motion  of  m  in  reference  to 
that  moving  system.  Now  these  last  are  in  accordance  with 
the  results  of  radial  and  transversal  resolution  which  have 
been  discussed  in  Vol.  Ill,  Art.  256.  The  axial  components  of 
the  expressed  velocity-increment  of  m  at  p  are  the  sums  of  the 
components  of  the  expressed  velocity-increments  of  equal  par- 
ticles at  L  and  n,  which  are  the  projections  of  p  on  the  axes  of  f 

and  1; ;  for  as  -77  is  the  angular  velocity  of  these  axes  about  the 
point  o\ 

the  radial  component  of  l  =  -j^  —  f  {-rrj  , 

the  transversal  component  of  l  =  7  37  (f *  jfr)  * 

the  radial  component  of  n  =  -j^  —  17  (^j  , 

the  transversal  component  of  n  =  -  3^  yf-yij^ 
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and  consequently  of  the  expressed  velocity-increment, 

the  ,rcompoiient  =__,(_)+  ^  _  (f«_) .       (84) 

Let  x'  and  V  be  the  axial  components  along  the  moving  axes  of 
the  impressed  velocity-increments  at  the  time  / :  then  the  equa- 
tions of  motion  are 

These  are  the  general  equations  of  relative  motion  of  a  particle 
moving  in  the  plane  of  ((,  ri) ;  and  by  means  of  them  (  and  17 
may  be  expressed  in  terms  of  /  and  known  quantities.  If  /  is 
eliminated  from  these  last  two  equations^  the  resulting  equation 
in  terms  of  £  and  ri  will  be  that  of  the  relative  path  in  which  the 
particle  moves.  The  equation  to  the  absolute  path  will  be  found 
from  (25),  when  {  and  ri  are  expressed  in  terms  of  a?  and  y. 

If  the  origin  of  the  moving  axes  does  not  move,  and  the  axes 
revolve  with  an  uniform  angular  velocity  <i»,  then  (35)  become 


>(85) 


(86) 


These  equations  however  refer  to  a  very  special  case  of  the 
general  motion. 


Section  2. — The  relative  motion  of  a  material  particle. 

280.]  Although  our  object  is  the  discovery  of  equations  which 
represent  the  relative  motion  of  a  material  system,  and  the  in- 
vestigation of  the  preceding  equations  which  apply  to  a  single 
material  particle  has  been  subordinate  to  that  object ;  yet  it  is 
desirable  to  shew  their  applicability  to  the  solution  of  certain 
problems  in  which  only  a  particle  moves;  because  we  shall 
hereby  obtain  a  clearer  insight  into  the  several  parts  of  them, 
and  shall  also  solve  some  problems  of  considerable  interest. 

Let  us  first  take  the  case  of  a  relative  constrained  motion ; 
viz.,  that  of  a  particle  moving  within  a  tube,  which  also  itself 
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moves,  and  carries  with  it  the  system  of  axes  to  which  it  is 
referred ;  I  shall  consider  the  tube  to  be  perfectly  smooth,  so 
that  it  offers  no  resistance  to  the  moving  particle  in  the  direction 
of  its  motion ;  but  presents  a  reaction  acting  along  the  normal, 
if  the  tube  is  a  plane  curve ;  and  along  the  principal  normal,  if 
it  is  a  curve  of  double  curvature ;  and  I  shall  also  consider  the 
small  bore  of  the  tube,  and  the  size  of  the  particle,  to  be  such 
that  the  particle  may  exactly  fill  the  tube. 

In  the  most  simple  form  of  the  problem  the  tube  is  a  plane 
curve  lying  in  the  plane  of  (or,  y),  and  rotating  with  a  constant 
angular  velocity  o),  about  the  axis  of  C  or  z,  the  origin  of  the 
moving  axes  being  fixed  at  the  fixed  origin,  and  no  external 
force  acts  on  the  particle.  Let  r  be  the  normal  reacting  pres- 
sure of  the  tube  against  the  particle ;  let  m  be  the  mass  of  the 
particle,  and  ds  =  the  length-element  of  the  tube  at  the  point 
((,  17),  which  is  the  place  of  m  at  the  time  t ;  then  the  equations 
of  relative  motion  are 

dt^  '  dt  m  ds 

From  these  equations  the  following  general  theorems  are  de- 
duced; djd^i+drid^ri       ,^...         ,,        ^. 

let  ^+r^  =z  f^,  so  that  r  is  the  distance  of  the  particle  from  the 
fixed  origin  at  the  time  / ;  then,  assuming  the  relative  velocities 
of  the  particle  to  be  t;  and  Vq,  when  the  distances  of  its  place 
from  the  origin  are  respectively  r  and  r^,  this  equation  gives  by 
integration  ^^^^t  =:  «a  (r»-ro») ;  (86) 

and  thus  assigns  the  relative  velocity  of  the  particle. 
Also  from  (87)  we  have 

drid^i'-dldhi       ....        ^^^    o    rf**       ^a^ 
_ ««(frf,;-i,rff)-2«^=±-cfo; 

now  if  p  =  the  radius  of  curvature  of  the  curve  of  the  tube  at 
the  point  ((,  ri),  and^  =  the  perpendicular  on  the  tangent  from 
the  origin,  this  becomes 

+  —  =  — +  »*P-2a)t;;  (89) 

""  m         p 

which  assigns  the  pressure  on  the  tube. 

PRICE,  VOL.  IV.  3  I 
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231.]  The  following  are  simple  problems  in  illustration  of 
these  equations. 

Ex.  1.  A  particle  is  placed  within  a  rectilinear  tube  which 
revolves  with  a  constant  angular  velocity  about  an  axis  which 
intersects  it  at  right  angles :  it  is  required  to  determine  the 
motion  of  the  particle. 

Let  the  line  of  the  tube  be  the  moving  f -axis ;  so  that  always 
17  =  0 ;  let  (i>  =  the  constant  angular  velocity  of  the  tube.  Then 
(37)  become  .j^  "^ 


(; 


Let  us  assume  the  particle  to  be  at  relative  rest  at  a  distance  a 
from  the  origin,  when  ^=0 ;  then  from  the  first  of  these  we  have 

+  —  =  aafl  {«•'— e--'}  ; 
'~  m 

and  if  0  is  the  angle  described  by  the  tube  during  the  time  /, 
then  0  =  <at;  and  the  relative  equation  to  the  path  of  the  par- 
ticle is  a 

If  r  is  the  absolute  radius  vector^  ^  =  f  j  &nd 

r  =  |{c»+e-*}; 

and  this  is  the  absolute  polar  equation  of  the  path  of  the 
particle. 

Ex.  2.  A  particle  is  placed  within  a  rectilinear  tube  which 
revolves  about  an  axis  intersecting  it  at  right  angles,  with  an 
angular  velocity  such  that  the  tangent  of  the  angle  described 
in  a  given  time  is  proportional  to  the  time:  it  is  required  to 
determine  the  motion  of  the  particle. 

Let,  as  in  the  preceding  problem,  the  line  of  the  tube  be  the 
^axis,  so  that  always  17  =  0 ;  let  d  be  the  angle  through  which 
the  tube  has  moved  in  the  time  t ;  then,  by  the  conditions  of 
the  problem,  if  0  =  0,  when  ^  =  0,  and  if  A:  is  a  constant, 

tan  6  =  kt; 
and  (35)  become 
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1   d  (  ^de\ 


t±la^\^  +  21. 
^  dt\^  dt'--  m 


Let  us  eliminate  t  by  means  of  the  first  two  of  these  three 

eqnations,  and  take  0  to  be  an  eqaicrescent  variable ;  then  we 

have  d*f     ^         d( 

^_2tan<»^*-f  =  0; 

•*•     C08d-T;r|— 28m^-j^— fcoad  =  0. 
aO^  ad 

When  /= 0^  let  us  suppose  the  tube  to  lie  along  the  ^-axis^  and 
the  particle  to  be  projected  with  a  velocity  u  along  the  tube 
from  a  point  whose  distance  from  the  origin  =  a ;  then  from 
above^  by  integration,  we  have 

co»tfg-^sin<»  =  |; 

.'.      £co8d  =  a4-  j$; 

which  is  the  relative  equation  of  the  path  of  the  particle.  And 
in  reference  to  the  fixed  axes  of  x  and  y, 

which  gives  the  absolute  path  of  the  particle. 

If  we  substitute  from  above  in  the  third  of  the  preceding 
equations,  we  have 

+  —  =  2tt*(cos^)». 
""    m 

Ex.  3.  A  circular  tube  revolves  uniformly  about  a  vertical 
axis  which  is  perpendicular  to  its  plane  and  passes  through  a 
point  in  its  circumference :  it  is  required  to  determine  the  rela- 
tive motion  of  a  particle  within  the  tube. 

Let  r  and/?  refer  to  the  place  of  the  particle  at  the  time  t ; 
and  let  a  be  the  radius  of  the  circular  tube.  Then  the  equa- 
tions to  the  tube  are  r  =  2  a  cos  ^,  and  r^  =  2  a /? ; 

and  therefore  from  (38)  we  have 

4  a*  (^)  '=  V  H-  4  n^  «« (cos  <^)>  -a)«  Vq^  ;  (40)  ^^ 

31a 
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which  eqnation^  being  integrated^  would  give  <{>,  and  conse- 
quently r,  in  terms  of  /.    The  integral  however  can  only  gene- 
rally be  expressed  as  an  elliptic  function. 
But  if  v^j  =  (aTq,  then 

dit> 
^=a>co«<^; 

so  that  —^  =  »,  when  ^  =  0 ;  in  which  case 

1 — sm9 
the  limits  of  integration  being  such  that  ^  =  0,  when  ^  =  0 ; 
that  is,  when  the  particle  is  in  that  point  of  the  tube  which  is 
directly  opposite  to  the  origin ; 


sm^  =s 


r  = 


4a 


(42) 


which  determine  the  place  of  the  particle  at  the  time  t  relative 
to  the  moving  axes  of  the  circular  tube. 

When  t  =:  oo,  (l>  sz  jr;  so  that  the  particle  falls  into  the  origin 

only  after  an  infinite  time. 

For  this  particular  value  of  the  constant  we  have^  from  (39), 

+  —  =  2a«>cosd(3cos^-2).  (43) 

""  m 

Ex.  4.  A  particle  is  placed  within  a  thin  tube  which  is  of  the 
form  of  an  equiangular  spiral ;  the  tube  revolves  with  an  uni- 
form angular  velocity  about  a  vertical  axis  passing  through  its 
pole^  the  plane  of  the  tube  being  horizontal :  it  is  required  to  de- 
termine the  relative  path  of  the  particle. 

Let  a  be  the  constant  angle  at  which  the  tangent  is  inclined 
to  the  radius  vector  at  every  point  of  the  curve.    Then 

p  =  rsina,  dr  =  rf*cosa, 

are  equations  to  the  curve.     And  (38)  gives 

Let  ^iro^^v^t  ^  ifl. 

then  if  ^  =  0,  when  r  =  A:,  this  equation  gives  by  integration 
r  =  -  (e*c«ia^g-<oo.«}  . 

which  assigns  the  relative  motion  of  the  particle  in  the  tube. 


Digitized  by  VjOOQIC 


a33-]  ^^  ^  MATERIAL  PARTICLE.  429 

11^32.]  For  an  example,  in  which  the  origin  of  coordinates 
itself  moves^  let  us  consider  the  motion  of  a  particle  within  a 
circular  tube,  which  revolves  about  an  axis  through  its  centre 
perpendicular  to  its  plane  with  an  uniform  angular  velocity  a> ; 
and  the  centre  of  the  circular  tube  also  describes  a  circle  in 
the  plane  of  the  tube  with  an  uniform  angular  velocity  a. 

Let  us  suppose  the  particle  and  tube  to  be  situated  at  the 
time  t,  as  they  are  placed  in  Fig.  61 ;  wherein  aqb  is  the  circle 
in  which  q,  the  centre  of  the  circular  tube,  moves,  and  p  is  the 
place  of  the  particle.  Let  us  also  suppose  the  centre  of  the  tube 
to  have  been  at  a,  on  the  axis  of  a?,  when  ^  =  0,  and  the  particle 
at  that  time  to  have  been  at  relative  rest  at  c,  c  being  at  c'  at 
the  time  t.     Let  oa  =  o,  ac  =  c :  then 


a?, 


=  asm  A/;  J 


p^   rj^=,  d'^y  (44) 

6  = 


and  we  have  also  ^o  =-  ^  cos  a^, 

from  (35),  we  have 
^-aa«co8«/-(nH.«)>f-2(n  +  a,)^  =  ±-^. 

-77^  +  an*8ma)/-(n  +  fi))*T7  +  2(n  +  a»)-^  =  +  —  -^; 
at^  at  m  as 


y  (46) 


which  are  the  required  equations  of  motion,  and  do  not  gene- 
raUy  admit  of  integration. 

233.]  Another  simple  problem,  to  which  the  preceding  prin- 
ciples are  applicable,  is  that  in  which  a  heavy  particle  moves  in 
a  smooth  tube,  which  rotates  about  a  vertical  axis  with  an  uni- 
form angular  velocity. 

Let  us  first  suppose  the  tube  to  be  of  single  curvature,  and 
the  axis  about  which  it  rotates  to  lie  in  its  plane ;  let  this  axis 
be  taken  for  the  axis  of  z ;  and  let  the  positive  direction  of  it 
be  measured  from  the  origin  in  a  direction  opposite  to  that  of 
gravity.  Let  this  axis  also  be  taken  as  the  C-^xis  to  which  the 
curve  is  referred,  and  let  a  perpendicular  to  this  line  through 
the  origin  be  the  £-axis ;  so  that  the  equation  to  the  curve 
of  the  tube  is  ^  «_  y  (^^ 

Let  »  be  the  constant  angular  velocity  with  which  the  tube 
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rotates^  the  plane  of  the  tube  being  in  the  plane  of  (z,  x)  when 
t  =  0.    Then 

X  =  ^008  0)/,        y  =:  ^sincA^,        ^  =  f ; 

d^x  rf»f     o     •      .rff 

o^*  at^  at 

-j~  =  8infi)/-3~ +2a)COS»^-if  —  w^f  sinw^ 
of*  at^  at 


d*z 
dfi  ~ 

d'C. 
dfl' 

.'.    t/f  = 

dU 
dt» 

(47) 


and  consequently  the  equations  of  motion  are 

If  the  velocity  is  given  in  terms  of  the  coordinates  of  the 
place  of  m  at  the  time  t,  the  equation  of  the  curve  of  the  tube 
may  be  found ;  and  if  the  equation  of  the  curve  of  the  tube  is 
given^  the  velocity  of  m  and  the  other  circumstances  of  motion 
of  it  at  any  time  may  be  found. 

234.]  The  following  are  problems  solved  by  means  of  these 
equations. 

Ex.  1.  Determine  the  motion  of  a  heavy  particle  within  a  rec- 
tilinear tube  which  describes  with  an  uniform  angular  velocity 
the  surface  of  a  right  cone^  the  axis  of  which  is  vertical. 

Let  a  =  the  semi-vertical  angle  of  the  cone^  and  let  r  be  the 
distance  of  m  at  the  time  t  from  the  vertex  of  the  cone :  then 

f  =  r  sin  o,     C  =  ^  cos  a ; 
and  substituting  these  in  (47)  we  have 

smaJ^-cVj  =   ±-cosa, 

rf'r        _-  B    . 

cos  a  -nv  =   H sm  a  —  or, 

dt^  m  ^' 

d^r 
.• .     -^Tg  —  (o)  sin  afr  +  ff  cos  o  =  0. 

Let  us  suppose  m  to  be  projected  from  the  vertex  of  the  cone 

with  a  velocity  u ;  so  that  ^  =  «,  when  f  =  0,  and  r  =  0 ;  then 
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from  the  above  by  integration  we  have 
/rfr\a 
\di/  '~***~(®8ina)*r*H- 2^rcosa  =  0, 

therefore 

ffcosa        t<o)8ina-^co8a  ^,^^     «<»8iPa+yco8a^,^,i„, 
«»(sina)2'*"      2«*(8ina)2  2a)a(8ina)« 

which  equation  determines  the  circumstances  of  motion  of  the 
particle. 

If  u  is  greater  than ,  r  increases  without  limit  as  /  in- 

creases ;  and  thus  m  moves  along  the  tube  farther  and  farther 
from  the  vertex. 

If  tf  =  ^ ,  as  /  increases,  r  increases  ;    and  when  / 

becomes  infinite^  r  =  -~-i — rs ;  so  that  m  moves  farther  from 

a)*(sma)* 

the  vertex  along  the  tube^  but  never  passes  the  limit  assigned  by 
this  value  of  r. 

If  a=90°,  we  have  the  same  results  as  those  of  Ex.1,  Art.281. 

Ex.  2.  By  means  of  these  equations  we  may  also  determine 
the  position  of  the  two  heavy  balls  in  Wattes  centrifugal  go- 
vernor of  the  steam  engine.  The  arrangement  of  this  contriv- 
ance will  be  understood  from  Fig.  62,  where  o  is  the  fixed 
point  on  the  vertical  axis  at  which  the  rods  carrpng  the  heavy 
balls  cross  each  other.  We  shall  take  the  plane  of  the  rods  and 
the  balls  to  be  that  of  (^,  0  ^^^  shall*  take  the  vertical  line 
drawn  downwards  from  o  to  be  the  positive  direction  of  C-  we 
shall  assume  the  weight  of  the  rods  to  be  so  small  in  comparison 
of  that  of  the  balls,  that  the  former  may  be  neglected  without 
sensible  error.  Let  op,  the  length  of  the  rod,  =  a ;  and  let  its 
inclinations  to  the  vertical  be  d  and  Oq  at  the  times  i  and  0 

respectively ;  and  let  us  suppose  6  to  be  greater  than  Oq  and  -rj 

to  be  zero,  when  /=0 ;  let  »  be  the  angular  velocity  with  which 
the  plane  containing  the  balls  and  rods  rotates  about  oz;  and 
let  T  be  the  tension  of  the  rods.  Then  the  equations  of  motion 
are 


=  — TCOS^^; 
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.-.         (^)'=a,«(f>-fo')-+2^(C-fo); 

a^{ji)  =  aW{(co8do)'— (C08d)*}-f2^a{c08d— co8(Jo}, 
a  (~j  =  (cos^o— cosd){oa)*(cosdo+co8d)  — 2^}, 

,*.      at  =  7 -; 

{cosdo--co8^}*{a«2(co8^o  +  co8d)— 2^}* 

in  which  eqaation  the  variables  are  separated;  and  if  the  inte- 
gration can  be  effected^  $  will  be  given  in  terms  of  /• 

^  =  0,  when    (1)  ^  =  ^o;    (2)  cos^  =  1^  -cos^o; 
at  a  oar 

so  that  6  varies  between  the  angles  given  by  these  two  limits. 

Let  c^o  be  the  angular  velocity  with  which  the  plane  of  the 
balls  revolves,  when  the  angle  at  which  they  are  inclined  to  the 
vertical  axis  is  6^,  and  does  not  vary.  In  this  case,  as  they  have 
no  change  of  f  or  (^  the  preceding  equations  of  motion  give 

ff  =   ©0*0008^0; 

so  that 

do 

dt  = -; 

(cos  Oq  —  cos  6)^  {(w«  —  2  0)0*)  cos  6^  +  w*  cos  0]^ 

and  if  ob  =  bo  =  A;  so  that  oq  =  2Acosd, 

^de 


d.OQ  =  —26  sin  ^ 


di' 


which  assigns  the  vertical  displacement  of  q  due  to  the  change 
of  angle  of  inclination  of  op  to  the  vertical. 

235.]  Next  let  us  suppose  the  curve  of  the  tube  in  which  the 
particle  moves  to  be  of  double  curvature ;  and  to  rotate  about 
the  Z'  or  C-ajds  with  the  same  conntant  angular  velocity  <a ;  then 
the  equations  given  in  (35)  are  true,  when  Xo  =  yo=iO,  and  6  is 
replaced  hjoat;  and  we  have 


d*£ 


dr, 


__«.f_2«^  = 


m 


cos  a, 


d»C 
dt* 


=  ±C08y-^l 


(48) 


wherein  a,  p,  y  are  direction-angles  of  the  principal  normal  at 
the  point  (f,  »j,  0> 
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From  these  equations  we  have 

where  c  is  a  constant  depending  on  the  initial  valaes  of  the 
several  quantities. 

If  we  suppose  the  relative  velocity  of  the  particle  to  be  con- 
stant or  to  be  zero,  then  the  preceding  equation  expresses  a 
paraboloid  of  revolution ;  and  we  infer  that  the  curve  traced  in 
any  way  on  a  paraboloid  of  revolution  satisfies  the  given  con- 
ditions. 

236.]  Lastly^  let  us  consider  the  motion  of  a  heavy  particle 
moving  in  contact  with  a  surface  which  rotates  with  an  uniform 
angular  velocity  about  its  C-hiia,  which  is  vertical  and  is  the 
fixed  z-BxiB, 

Let  the  equation  to  the  surface  be 

F(f,i;,C)  =  0; 
of  which  let  the  partial  derived  functions  be  u,  v,  w ;  also  let 

u^  4.  V*  +  w*  =  Q* ; 

then  we  may  suppose  the  particle  to  move  in  a  thin  space  con- 
tained between  two  parallel  surfaces  infinitesimally  near  to  each 
other ;  in  which  case  the  equations  of  relative  motion  are 

dt*  *  dt       m  Q 

at*  at       m  Q 

rf'f  _    R  w 

if  we  multiply  these  respectively  by  di,  dtf,  and  dC,  and  add  and 
integrate,  we  have 

where  c  is  a  constant  depending  on  the  initial  values  of  the 
several  quantities. 

If  V  is  constant,  or  if  the  particle  remains  at  rest  wherever  it 
is  put  so  that  t;  =  0,  this  is  the  equation  to  a  paraboloid  of  re- 
volution. 

If  t;  varies  as  the  distance  from  the  fixed  origin,  the  surface  is 
a  surface  of  the  second  degree. 

PEICE,  VOL.  IV.  3  K 
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Suppose  the  surface  to  be  a  plane  in  which  the  jr-axis  is ;  let 
us  also  assume  the  f-axis  to  be  in  the  plane,  so  that  always  i;=0 ; 
then  the  equations  of  motion  are 

from  which  the  motion  may  be  easily  determined. 

237.]  The  principles  and  equations  of  the  preceding  articles 
are  applicable  to  the  solution  of  a  problem  of  considerable  in- 
terest ;  viz.  to  the  motion  of  a  particle/  either  free  or  con* 
strained,  near  to  the  earth's  surface,  relative  to  a  system  of  axes 
originating  on  the  earth's  surface  and  moving  with  it. 

We  may  without  error  assume  the  centre  of  gravity  of  the 
earth  to  be  fixed,  if  we  impress  forces  on  the  moving  particle 
which  are  equal  to  the  excess  of  those  which  act  on  it  over  those 
which  act  on  the  earth  at  its  centre  of  gravity :  but  as  the  sun, 
which  is  the  main  force  acting  .on  the  earth,  impresses  velocity- 
increments  nearly  equal  on  both  the  earth  and  the  particle,  we 
may  suppose  this  excess,  either  positive  or  negative,  to  be  so 
small  that  it  may  be  neglected  without  sensible  error.  We  may 
also  suppose  the  position  of  the  rotation-axis  of  the  earth  to  be 
fixed  and  the  angular  velocity  to  be  constant. 

The  two  systems  of  axes  are  imagined  to  have  that  arrange- 
ment which  is  drawn  in  Fig.  63.  o  is  the  centre  of  the  earth ; 
the  axis  of  z  is  measured  from  o  towards  c  the  north  pole ;  the 
axes  of  X  and  y  are  taken  in  the  plane  of  the  equator.  Let  «  be 
the  angular  velocity  of  the  earth,  with  which  indeed  the  earth 
rotates  from  the  y-axis  to  the  ^-axis :  it  will  be  convenient  how- 
ever to  take  it  at  present  in  the  contrary  direction,  and  to  change 
the  sign  in  the  final  equations  ere  we  apply  them  to  the  par- 
ticular problem. 

Let  T  be  the  place  of  observation,  and  let  us  suppose  it  to  be 
in  the  northern  hemisphere  of  the  earth.  Let  p  be  the  origin  of 
the  moving  system  of  rectangular  axes  to  which  the  motion  of 
m  is  referred :  let  the  axis  of  C  be  the  vertical  line  at  f  measured 
upwards  from  the  earth  towards  the  senith  of  p ;  this  may  be 
assumed,  without  sensible  error,  to  pass  through  the  earth's 
centre.  Let  axes  of  f  and  y\  be  in  the  horizontal  plane  at  p, 
and  be  respectively  n  and  s,  and  e  and  w ;  the  positive  direc- 
tion of  (  being  taken  towards  the  south,  and  that  of  f|  towards 
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the  west.  Let  the  latitude  of  p^  viz.  p  oq^  =  A.  Let  the  plane 
of  the  meridian  of  p,  when  /  ==  0^  be  that  of  (x,  z) ;  and  let  the 
earth's  radius  be  r.    Then  pon  =  A,  mon  =  «/ :  and 

OM  =s  a?o  =  rcosAcoso)// 
MN  =  y^  =  rcosAi 
NP  =:  j?^  =  rsinA; 


LCOSO)/,^ 

I  sin  6)/^  1^ 


d^x, 


dt^ 


2—  — «»>rcosAcostt/^ 
=  — «»'rco8A8ina>/, 


rf«A 


dt^ 


?-  =  0. 


(49) 


(50) 


Also  resolving  a>  along  the  axes  of  f ,  ?;,  C  we  have 

01^  =  — »cosA,         o),  =  0,         a)f  =  CD  sin  A; 

of  which  the  first  is  the  component  about  the  line  running  due 
8  and  N  in  the  horizontal  plane^  and  is  the  only  component  in 
that  plane :  and  the  last  is  the  component  about  the  vertical 
at  p. 

Now  if  the  place  of  m  at  the  time  /  is  {Xy  y,  z)  relatively  to 
the  fixed  axes,  and  is  ((,  t;,  C)  relatively  to  the  moving  axes 
which  originate  at  p  ;  then 

X  =z  rcosAcosa>/  +  f  sinAcostt/— T7sina>^4-CcosAcos6)// 
y  =  rcosAsin<»/+f  sinXsiutt^-f  ?7Cosa>/  +  C<^osAsina)^, 
j^ssrsinA  — fcosA  -ffsinA. 

On  comparing  these  with  (2)  Art.  2,  we  have 

Oi  =:  sinAcostt/,     bi  =s  — sina>/,     c^  =  cos  A  cos  m/,' 
^2  =  sill  X  sin  <Ai,     b^  =  cos  »/         c^  =  cos  A  sin  ^t, 
a3=^COsA;  ^3  =  0;  C3  =  sinA; 

and  differentiating 


} 


(51) 


(52) 


d'bi 


tPc, 


—  v^mawt,    — TTT-  =  — «»*co«\co9»<. 


--i  ^    —  «>*8inXC08»<.      — :-:-  —  wsuAw..  i—ar- 


dt 

df       "' 


dt* 
dt' 


=  0; 


d*e, 


dt* 


i  =  0: 


and  substituting  these  quantities  in  (15),  (16),  and  (17),  we 
have 

3  K  2 
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X|  =  —  w^r  sin  X  cos  A  —  f  co*  (sin  A)'  —  C©*  sin  A  cos  A, 

Y^  =    —  77ft>«, 

Zf  =  —  ft)*r  (cos  A)*  —  £afl  sin  A  cos  \  —  C«*  (cos  X)* ; 
and  substituting  from  (50)  in  (19),  we  have 


} 


(53) 


Tcosa  =  —  wsinX 


Tt' 


F cos i3  =       0) smX -^  H-  « cos X -r- , 
at  at 

V  dri 
Fcosy  =  — «cosX-T^. 


!> 


(54) 


When  these  several  quantities  are  substituted  in  the  equations 
of  motion  given  in  (23)^  these  last  equations  become 

rf8f  ,      dri         ,' 

^^— w'rsinXcosX— f«*(sinX)2— fw'sinXcosX— 2a)SinX-^  =  x. 


^^^«4.2«(smX-^4-cosX^^) 


d^ 


dC\ 


=  Y', 


d^ 

dt^ 

-^-»2r(cosX)»-fw»8inXcosX-C«*(cosX)2-2a)COsX^  =  z\ 

These  equations  may  be  deduced  directly  from  (51)  without  the 
intervention  of  the  general  process^  which  has  been  investigated 
in  the  preceding  Articles.  For  we  may  take  the  second  /-differ- 
entials of  X,  y,  and  z,  and  equate  the  sum  of  their  several  com- 
ponents along  the  axes  of  i,  r),  ^to  the  impressed  velocity-incre- 
ments acting  on  those  axes.  In  particular  problems  this  is  the 
most  convenient  method. 

238.]  To  adapt  these  equations  to  the  actual  circumstances  of 
the  earthy  the  sign  of  a>  must  be  changed^  because  the  earth 
revolves  from  west  to  east,  which  is  a  direction  opposite  to  that 
taken  in  the  preceding  Article.  To  determine  its  value,  we 
will  take  a  second  for  the  unit  of  time ;  then^  since  a  mean 
sidereal  day  contains  86164,09  seconds^ 

^*       ^   =  .00007292, 


0)  = 


86164.09  "  13713 


>  (55) 


which  is  a  small  fraction ;  and  consequently  »^,  which  enters 
into  the  preceding  equations^  is  a  very  small  quantity.  Also,  in 
the  problems  to  which  we  shall  apply  the  equations,  f,  rj,  f  will 
be  always  very  small  parts  of  the  earth's  radius ;  and  thus  we 
may  at  first,  without  sensible  error,  neglect  those  terms  in  the  left 
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hand  members  of  the  equations  which  involve  products  of  these 
coordinates  and  of  oo^ ;  and  the  equations  become 

--z^  — »'rsmXcos\-f  2fi»sinX-~  =  r, 


^-2a>(8mX^4-cosX^)       =  y, 

-7^— o)'r(cos\)*  +  2»cosX-:^     =  ^; 
at^  at 


(56) 


where  x\  y',  z  are  the  components  along  the  moving  axes  of  all 
the  absolute  velocity-increments  impressed  on  m. 

239.]  Now  I  propose  to  apply  these  equations  in  the  first 
place  to  the  motion  of  a  particle  projected  with  a  given  velocity 
and  in  a  given  direction  from  f,  the  place  of  observation^  which 
is  also  the  origin  of  the  moving  system  of  axes.  Although  the 
power  of  our  weapons  of  projection  has  been  very  greatly  in- 
creased of  late,  yet  still,  for  all  points  of  the  path,  ^,  ri,  C  are  but 
small  parts  of  the  earth's  radius ;  consequently  a>^  $,  (»'  17,  a»^C  are 
small  quantities  which  we  may  omit^  and  (56)  are  applicable. 

In  the  right  hand  members,  for  the  same  reasons,  I  shall 
assume  the  earth's  attraction  to  be  the  same  at  all  points  of  the 
particle's  path,  and  to  be  what  it  is  at  p,  the  place  of  observa- 
tion. Although  gravity  varies  at  different  points  of  the  earth's 
surface,  according  to  a  law  which  is  accordant  with  Clairaut's 
theorem,  yet  I  shall  take  it  to  be  the  same  at  all  latitudes  ;  and 
no  sensible  error  will,  within  the  compass  of  our  approximations, 
thereby  be  introduced  into  the  results.  I  shall  also  consider 
the  projectile  to  move  in  vacuo,  and  shall  consequently  neglect 
the  resistance  of  the  air.  Thus  the  particle  moves  under  the 
action  of  gravity  only ;  and  the  force  which  acts  on  it  during 
its  motion  is  the  same  as  that  which  acted  on  it  in  its  original 
state  of  rest.  Consequently  we  may  determine  the  values  of  x',  y',  z' 
in  (56)  by  their  values  when  m  is  at  relative  rest  at  p;   thus, 

f_,_f_0,  -_-  =  -  =  0,^  =  ^-0;  ^--5'. 


Thus  x'  =  —  »*  r  sin  X  cos  X,    '\ 

y'  =  0,  I  (57) 

z'  =  —  w^r  (cosX)*— ^  ;J 
and  (56)  become 
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g^2.  sinx^'  =0,    1 

$-2«(rinxf+co.A§)  =  0.      j.  (58) 

^+2«   cosX^ 

If  cn  =  0^  these  equations  express  the  ordinary  case  of  a  projec- 
tile's motion  which  has  already  been  solved  in  Vol.  III. 

Now  (58)  admit  of  integration.  Let  u  =  the  velocity  of  pro- 
jection, and  let  a,  p,y  be  the  direction-angles  of  the  line  of 
projection ; 


,+  2  0)  17  sin  X  =  11  cos  a, 
^  —  2«»(fsinX+  CcosX)  =  ucoBfi, 
^  +  2  » ly  cos  X  =  tt  cos  y  — ^  / ; 


(59) 


which  assign  the  components  of  the  velocity  at  any  point  of  the 
path. 

Again,  if  we  substitute  for  -^  and  -^  from  the  first  and  last 

at  at 

of  these  equations  in  the  second  of  (58),  and  omit  the  terms 

involving  the  product  of  cd*  and  of  one  of  the  relative  coordinates, 

then  we  have 

-^^  — 2ttw(cosasinX  +  cosycosX)  +  2c*^/cosX  =  0; 

therefore 

ri  =  tt/cos/3+tia)(cosasinX  +  co8ycosX)/'— w^cosX-^;  (60) 

and  replacing  t;  in  the  first  and  last  of  (59)  by  this  value,  and 
omitting  terms  involving  products  of  o)*  and  of  one  of  the  relative 
coordinates,  and  integrating, 

f  ss.  tt/cosa— tto)  sin  X  cos/3 /^,  (61) 

f  =  tt/cosy— (|  +  i««cosXcos/3)^«;  (62) 

which  three  equations  express  the  motion  of  the  projectile  to 
the  degree  of  approximation  attainable  by  the  preceding  equa- 
tions of  motion. 

If  0)  =  0^  the  results  are  the  same  as  those  which  have  already 
been  found  in  Art.  280,  Vol.  Ill ;  viz.. 
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f  =  t«  /  COS  a, 

f  =  tt/cosy--^P. 

On  comparing  these  quantities  with  the  preceding  equations,  it 
appears^  that  if  the  particle  or  ball  is  projected  from  a  place  in 
the  northern  hemisphere^  in  a  direction  westwards  of  the  meri- 
dian, both  the  vertical  height  of  it  and  its  distance  southwards 
from  the  parallel  of  latitude  are  diminished  by  the  earth's  rota- 
tion ;  and  that  if  it  is  projected  eastwards  of  the  meridian,  that 
is,  in  the  direction  in  which  the  earth  is  going,  both  these  quan- 
tities are  increased.  As  to  the  three  terms  of  which  rj  consists, 
only  the  first,  viz.,  u^cos^,  depends  on  the  line  of  projection 
being  eastwards  or  westwards ;  and  consequently  the  increase  or 
diminution  of  t;  will  depend  also  on  the  sign  of  the  other  two 
terms  which  involve  t. 

The  apparent  path  of  the  projectile  may  be  determined  by  the 
elimination  of  / ;  which  will  give  the  equations  to  two  surfaces, 
the  line  of  intersection  of  which  is  its  path :  it  is  evident  that 
the  path  will  generaUy  be  a  curve  of  double  curvature. 

240.2  Let  us  however  consider  certain  particular  cases  and 
results  of  these  equations. 

(1)  Let  the  body  fall,  as  e.  g.  down  a  mine,  without  any 
initial  velocity ;  then  «s=0;  C08a  =  cosj9  =  0;  cosy  =  — 1; 


17  =  —  a>^cosA-g-, 


(68) 


The  first  equation  shews  that  there  is  no  deviation  in  the  line  of 
the  meridian ;  from  the  second  we  infer  a  deviation  towards  the 
east ;  that  is,  in  the  direction  towards  which  the  earth  is  moving, 
which  varies  as  the  cube  of  the  time  of  falling ;  and  that  this 
deviation  is  greatest  at  the  equator,  where  X  =  0 ;  and  the  last 
equation  shews  that  the  earth's  rotation  does  not  produce  any 
alteration  in  the  time  of  falling. 
If  we  eliminate  t^  and  take  C  downwards  to  be  positive, 

_,_  8^»(cosX)»^, 

"^^         9^        ^' 
which  is  the  equation  to  a  semicubical  parabola ;  and  shews  that 
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the  square  of  the  deviation  towards  the  east  varies  as  the  cube 
of  the  space  through  which  the  particle  has  fallen. 

(2)  Let  the  particle  be  projected  vertically  upwards;   then 
cosa  =  cos/3  =  0 ;  cos y  =  1 ;  and 

fi 
o 


i  ^^t^^gfl; 


(64) 


the  last  equation  shews  that  the  vertical  motion  is  the  same  as 
it  would  be  if  the  earth  did  not  rotate  on  its  axis ;  and  con- 
sequently if  A  is  the  height  to  which  the  particle  ascends^  and  t 

2tf 
is  the  whole  time  of  ascent  and  descent,  u^  =  2  ah.  and  t  =  — • 

ff 

The  first  equation  shews  that  there  is  no  deviation  in  the  line 

of  the  meridian ;  the  second  shews  that  the  deviation  is  always 

2u 
westwards ;  for  the  greatest  value  of  t  is  —  (unless  the  particle, 

after  having  descended  to  its  original  place^  continues  to  fall 
down  a  mine),  and  consequently  rj  is  always  positive.  When 
the  particle,  after  its  ascent,  strikes  the  earthy 

4  0)  tt*  cos  X 

"  =  —37—' 

which  is  the  deviation  westwards  of  the  point  of  impact  on  the 
ground ;  and  varies  as  the  cube  of  the  velocity  of  projection. 

(S)  Let  the  particle  be  projected  due  westwards  at  an  angle 
of  elevation  equal  to  $;  then  cosa  =  0^  cos/3  =  cos^,  cosy  = 
sin^;  and 

fi 
ri  =  utcosO-^-UfaBindcosXfi—tagcosk-^f 

o 


f  =  tt«sind— (|-f  u<iiCOB\coH$\fl; 


(65) 


the  first  of  which  equations  shews  that  the  projectile  generally 
deviates  northwards;  when  the  projectile  strikes  the  ground^ 
C  =  0 ;  in  which  case 

2usin^ 


^-f  2tia)COS^cosX 
2uAne  {         2t«» 
ff        ^  9 
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omitting  those  terms  which  involve  a>^ :  in  this  case 
^          4  tt'  a>  sin  X  (sin  6)*  cos  0 

441 

(66) 
(67) 

n  -  «'9in2fl+  ^'^t'^''' {(sine)'     8(co8d)»}; 

ff                                Off 

which  are  the  approximate  coordinates  of  the  point  of  impact  on 
the  ground.  The  terms  involving  a>  denote  the  effects  due  to 
the  earth's  rotation :  the  former  gives  the  deviation  northwards ; 
and  the  latter  shews  that  the  range  measured  westward  is  in- 
creased or  diminished  according  as  ^  is  greater  or  less  than  60''. 

(4)  If  the  particle  is  projected  due  eastwards  at  an  angle  of 
elevation  equal  to  0,  all  the  preceding  results  are  true  if  we 
replace  $  by  180''— d;  so  that  (66)  and  (67)  become 

?  ' 

^  =  -  i^ain  2  d  +  ^"^^^^^^  {(sin(9)«-8  (cos 6)^}  ;  (69) 
ff  ^9 

so  that  in  this  case  the  deviation  of  the  projectile  is  southwards ; 

and  the  range  is  increased  or  diminished  according  as  the  angle 

of  elevation  is  less  than  or  greater  than  60°. 

(5)  Let  the  particle  be  projected  due  southwards  at  an  angle 
of  elevation  equal  to  0 ;  then 

co8a=cosd,     cos/3  =  0,     cosy  =  sin  (9; 
and  f  =  utco^Of 

Tj  =  tt«8in(^  +  X)^^  — to^cosX-5-j 


C  =  tt/sind-^; 


(70) 


from  the  first  and  the  last  of  these  equations  we  infer^  that 
neither  the  time  nor  the  range  on  the  meridian  is  altered  by 
the  rotation  of  the  earth.     But  when  f  =  0,  that  is,  when  the 

projectile  strikes  the  ground,  /  = j  m  wnicn  case 

^  4ti»^(8in(9)«  fgin^cosA  +  ScosdsinX};  (71) 

and  therefore  the  point  where  the  projectile  strikes  the  ground 
is  always  west  of  the  meridian ;  and  a  similar  result  will  be  true 
when  the  particle  is  projected  due  northwards. 
Now  we  shall  hereafter  prove  that  these  results,  which  have 
PRICE,  VOL.  rv.  3  L 
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herein  been  applied  to  the  motion  of  a  material  particle^  are  also 
true  of  that  of  the  centre  of  gravity  of  a  body.  Neglecting 
therefore  the  resistance  of  the  air^  and  the  action  dae  to  the 
rotation  of  a  ball  or  bolt,  we  have  the  following  results  as  to  rifle 
and  cannon  practice : 

When  the  shot  is  fired  due  north  or  souths  the  range  in  that 
direction  is  not  altered^  but  there  is  always  a  deviation  of  the 
shot  westwards^  the  value  of  which  at  the  point  of  impact  on 
the  ground  is  given  in  (71). 

When  the  shot  is  fired  due  east,  the  range  eastwards  is  in- 
creased or  diminished  according  as  the  angle  of  elevation  of  the 
gun  is  less  than  or  greater  than  60°;  and  there  is  deviation 
southwards  for  all  places  in  the  northern  hemisphere^  and  north- 
wards for  all  places  in  the  southern  hemisphere^  the  value  of 
which  is  given  in  (68). 

When  the  shot  is  fired  due  west^  the  range  is  increased  or 
diminished  according  as  the  angle  of  elevation  is  greater  than 
or  less  than  60"* ;  and  there  is  a  deviation  northwards  for  all 
places  in  the  northern  hemisphere,  and  southwards  for  all  places 
in  the  southern  hemisphere. 

So  that  for  firing  from  a  place  in  a  direction  coincident  with 
the  parallel  of  latitude^  and  with  an  elevation  less  than  &f,  the 
range  is  increased  o'r  diminished  according  as  we  fire  eastwards 
or  westwards  ;  and  the  difference  between  the  two  ranges 

Stt^caeosX  -o,       ..-     ,  .    ^,,. 
= ^ {8(cosd)«-(smd)«}  ; 

and  if  the  place  is  in  the  northern  hemisphere,  the  deviation 
parallel  to  the  meridian  is  north  or  south,  according  as  we  fire 
west  or  east. 

And  for  places  in  the  northern  hemisphere  for  all  directions 
lying  west  of  the  meridian,  the  deviation  parallel  to  the  meridian 
is  northwards ;  and  for  all  directions  lying  east  of  the  meridian, 
the  deviation  parallel  to  the  meridian  is  southwards. 

241.]  The  expressions  (60),  (61),  and  (62),  which  have  been 
explained  in  the  preceding  Article,  are  deduced  from  equations 
of  motion,  whose  form  is  simplified  on  the  assumption  that 
products  of  00^  and  one  of  the  relative  coordinates  of  m,  are 
small  quantities,  and  are  to  be  neglected.  Let  us  now  retain 
these  quantities  in  the  equations  of  motion,  and  assume  that 
products  of  0)^  and  of  a  small  variable  are  to  be  neglected ;  and 
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that  all  small  quantities  of  a  lower  order  are  to  be  retained.    In 
this  ease  the  equations  of  motion  are 

^-fa)»(8inX)»-f»»8inXco8X+2a>8inX^  =  0, 


■TT^  — fcn^sinXcosX— C»*{cosX)*+2«co8X^  =  —g. 


>  (72) 


Of  these  equations,  the  values  of  f^  17,  C;  given  in  (60),  (61),  (62) 
are  approximate  solutions  of  the  first  order ;  viz., 

f  =  tt/cosa~ii(»sinXcos/3/^  j 

97  =  tt/cos/3+tta>(cosasinX+cosycosX)^^— tt^cosX-^>  *     y«. 
f  =  tt/cosy— ^^Z*— ttweosXeos^/*; 

and  these  may  be  emploved  to  find  approximate  solutions  of 

(72). 

In  the  second  of  (72),  in  the  term  0^17,  let  17  be  replaced  by 
tc^cosjS  firom  (73) ;  then  integrating,  we  have 

^— ttcos^— tta)*C08^-^ — 2a>(fsinX-f  fcosX)  =s  0; 

and  substituting  for  f  and  C  their  values  given  in  (78),  and  in- 
tegrating again, 

ri  =  tt/oos/9+tta)(oosasinX  +  co8ycosX)/^ 

— w^cosX-g-— tta)*cos^-H-.  (74) 

Again,  in  the  first  and  third  of  (72),  in  the  terms  involving 
to*  f  and  »2  f,  let  f  and  f  be  respectively  replaced  by 

tt/cosa,    and    utcosy  —  '^gfi; 
then  integrating,  we  have 

-r:  — ttcoso— tia)*sinX(cosasinX  +  co8ycosX)  -^ 

+  «*^8inXcosX-^  +2«sinXT7  =  0; 

dC  P 

^  —  tt  cos  y— tt  tt^cosX  (cosa  sinX  -f  cosy  cosX)  -^ 

-f  »2^(cosX)2— 4.2»cosXi7=  — ^/; 

substituting  in  the  last  terms  of  these  the  value  of  17,  given  in 
(74),  and  integrating,  we  have 

3  L  a 
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(  =  tt/cosa—ttttrinA  COS/3  ^^ 

— tt<»*8mX(co8a8inX  +  cosycosA)^  -f-^w'sinXcosX-g-;  (75) 

(  =  tt/cosy— -^/>— ttucosAcos^/' 

— tf»>C08X(c08asmA  +  C08yC08A)-^  +  ^ »■  (cos A)* -^ ;  (76) 

which  expressions  for  (,  ri,  (  are  correct  as  far  as  terms  involving 
»*  inciusiye. 

Explanations  might  be  given  of  particular  cases  of  these  eqna- 
tionSj  similar  to  those  of  the  last  Article.  I  will  only  take  two 
cases  : 

(1)  Let  the  body  fall  without  any  initial  velocity ;  then  u^O, 
cos  a  =  cos  j9  =  0 ;   cos  y  =  —  1 ; 

f  =  M^^sin  A  cos  A  -g- , 

^  =  —  M^cosAy, 

1  t^ 

C  =  -35^^+«*^(cosA)»-g.. 

The  first  equation  shews  that  there  is  a  deviation  of  the  falling 
particle  in  the  plane  of  the  meridian  towards  the  south ;  and  the 
second  shews  that  the  deviation  in  the  parallel  of  latitude  is 
towards  the  east ;  so  that  the  resulting  deviation  of  the  falling 
body  is  towards  the  south-east.  From  the  last  equation  it 
appears,  that  the  space  due  to  a  given  time  is  less  than  it  would 
be  if  there  were  no  rotation.  Hereby  then  we  have  corrections 
of  the  results  explained  in  (1)  of  the  preceding  Article. 

(2)  Let  the  body  be  projected  due  southwards  at  an  angle  of 
elevation  equal  to  0,  so  that  cos  a  =  cos  ^ ;  cos  j3  =  0 ;  cos  y  = 
sin  0 ;    then 

^  =  ui  cos^ — tf  Q>>sin  A  sin  (\-\-0)-^-\-  g  w^sinA  cos  A  -^ , 

7)  =  tt»sin(A4-d)<*  — (o^cosA-^-, 

(  =  utsinO  —  ~ wa>2cosA8in(A-h^)-o-  +5'«)*(cosA)*-^  • 

when  the  projectile  strikes  the  ground,  C=  0 ;  and  approximately 

2  ti  sin  ^  ... 

t  =  :  m  which  case 

9 

4080)  (sin  d)*  f  •    ii       X     Q       ii  •    M 
7)  = ^— 2 — -  {sm^cosA-f  ScosdsmA}  ; 

so  that  the  deviation  along  the  parallel  of  latitude  is  westwards. 
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In  the  investigation  of  this  problem^  given  by  M.  Poisson, 
Journal  de  I'Ecole  Polytechnique^  Gahier  26^  p.  1,  terms  are 
introduced  representing  the  resistance  of  the  air.  The  equa- 
tions, thus  enlarged,  do  not  adlnit  of  direct  integration ;  the 
effect  however  of  the  resistance  of  the  air  is  determined  by  the 
method  of  variation  of  parameters.  The  student  desirous  of 
knowing  the  extent  to  which  mathematical  analysis  has  been 
applied  to  balistics',  must  consult  three  memoirs  of  M.  Poissouj 
contained  in  Gahiers  26, 27  of  the  aforesaid  Journal. 

242.|]  Another  problem,  also  of  considerable  physical  interest, 
may  be  solved  by  means  of  these  equations.  For  although  the 
fact  of  the  rotation  of  the  earth  was  satisfactorily  demonstrated 
by  proofs  drawn  from  astronomical  observations,  still  Astrono- 
mers, as  well  as  Geometers,  were  desirous  of  an  ocular  proof  of 
a  less  abstract  nature.  Now  we  have  observed  in  Art.  249, 
Vol.  Ill,  that  if  a  heavy  ball  falls  from  the  top  of  a  lofty  ver- 
tical tower ;  and  if  we  suppose  the  earth  to  rotate  from  west  to 
east,  and  take  that  rotation  into  account ;  then,  if  the  ball 
falls  on  the  east  side  of  the  tower,  it  strikes  the  ground  at  a 
certain  distance  from  the  foot;  and  if  it  falls  on  the  west,  it 
strikes  the  tower  before  it  reaches  the  ground.  This  fact  is 
evident  from  general  reasoning,  as  we  have  before  stated,  but 
we  have  yet  to  investigate  the  law  of  the  deviation.  This  was 
determined  by  Laplace;  see  M^canique  Celeste,  2nde  partie, 
Livre  X,  Ch.  V.  15  :  we  can  however  deduce  the  law  from  the 
general  equations  (56).     Our  problem  is ; 

A  heavy  ball  falls  from  a  height  h  to  the  earth :  it  is  required 
to  determine  the  circumstances  of  motion. 

The  equations  of  motion  are  (58) ;  and  the  initial  circum- 
stances are  these  :  when  /  =  0, 

rf-S  =  S  =  «'     f='  =  »'     <-'■■ 

.\     ^+2»iy8inX  =  0, 


^-2«(fsin\  +  fcosX)  =  0, 


(77) 


^  +  2w?7CosX  =  — ^/; 

substituting  the  first  and  last  of  these  in  the  second  of  (58),  and 
omitting  terms  involving  a>',  we  have 
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and  from  the  first  and  the  last  of  {77)^  omitting  the  terms  in- 
Tolvinff  0)*,  we  have  i 

so  that  to  the  degree  of  approximation  we  have  taken,  the  ver- 
tical motion  of  the  particle  is  the  same  as  if  the  earth  did  not 
rotate ;  no  deviation  takes  place  in  the  plane  of  the  meridian, 
and  the  horizontal  deviation  is  towards  the  east,  and  varies  as 
the  cube  of  the  time  during  which  the  body  has  been  falling. 

Since  the  time  due  to  the  height  h  is  ( — j  ,  the  deviation  to- 
wards  the  east  of  the  point  where  the  body  strikes  the  ground 

2i(ahicoBk 


and  varies  therefore  as  the  square  root  of  the  cube  of  the  height 
from  which  the  body  has  fallen. 

The  student  desirous  of  further  information  on  the  subject  of 
these  Articles,  in  addition  to  the  Memoirs  of  M.Poisses-already 
alluded  to,  will  consult  with  advantage  (1)  Benzenberg,  Versuche 
uber  das  Gesetz  des  falls,  &c.,  Dortmund,  1804 ;  (2)  Q.  L.  Houel, 
De  deviatione  Meridionali  corporum  libere  cadentium,  &c., 
Utrecht,  1839.  In  both  these  treatises  he  will  find  the  investi- 
gations of  Gauss,  in  which  the  resulting  equations  are  carried  to 
an  approximation  involving  higher  powers  of  w  than  the  second. 
In  the  latter  too  he  will  find  an  account  of  the  experiments  made 
by  M.  Reich  in  a  mine  near  to  Freiberg,  in  Saxony,  in  the 
year  1888. 

243.|]  We  can  also  by  means  of  these  equations  investigate 
the  oscillations  of  a  pendulum,  when  its  motion  is  affected  by 
the  rotation  of  the  earth.  And  we  shall  arrive  at  the  results 
which  M.  Foucault  exhibited  in  his  famous  pendulum  experiment 
before  the  Academy  of  Sciences  in  Paris  on  Feb.  8rd,  1851 ; 
^nd  which  have  been  repeated,  and  confirmed,  in  many  parts  of 
the  earth. 
We  shall  hereby  have  another  ocular  proof  of  the  diurnal 
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rotation  of  the  earth ;  and  perhaps  a  more  striking  one  than 
any  that  had  formerly  existed ;  for  our  process  will  shew  that 
the  observed  results  are  in  accordance  with  the  physical  laws 
which  cause  them. 

It  will  be  convenient  to  make  a  slight  change  in  the  moving 
system  of  reference,  and  to  take  the  point  of  suspension  of  the 
pendulum  for  the  moving  origin :  let  the  axis  of  (he  taken  ver- 
tically downwards  from  it,  so  that  the  sign  of  it  must  be  changed 
in  the  preceding  equations ;  the  axes  of  (  and  t;  being  taken  re- 
spectively southwards  and  westwards  as  heretofore ;  and  let  h  be 
the  vertical  distance  of  the  point  of  suspension  from  the  earth's 
surface. 

We  shall  assume  the  pendulum  to  be  perfect ;  and  shall  take 
/  to  be  its  length,  that  is,  to  be  the  distance  of  the  bob,  con- 
sidered as  a  particle  of  mass  m,  from  the  point  of  suspension. 

Lc^  (f  9  V9  0  be  the  place  of  its  bob  at  the  time  t ;  then 

^  +  i;»  +  f*  =  P;  (78) 

and  let  the  tension  along  the  rod  of  the  pendulum  =  m  t  ;  let 
the  components  of  t  be  introduced  into  the  equations  of  motion 
(55) ;  and  let  x^  y,  if  be  the  axial  components  of  the  other  im- 
pressed momentum -increments;  then  we  have 

— |— «2rsin\cosX— f«*(sinX)*+(f— A)«*sin\cos\+2»sinA^  =  — t^  +  x', 


S— '-»-("4f—4f) 


^+«»r(cosA)«  +  f«*8inXcosX-(f-A)««(cosA)«-2a)COs\^  =  -T|+z'. 

Now  these  equations  must  satisfy  the  mechanical  circumstances 
of  the  pendulum  when  it  hangs  vertically,  and  is  at  rest ;  in 

which  case  ^-r,-0  /--/.^^ -^-^-0-^-^-0 
wniciicasef-7?-U,f_/,  ^^  -^-.  ^^  -  u,  ^^^  -  ^^^  -  u. 


jj2  =  ^  —  T ;  so  that 

x'=  — »'rsinXco8X  +  (l  — A)«*8in\cosA, 

Y'=0, 

z'  =  ^— T  +  «*r  (cosX)*— (/— A)  «*  (cos  \y 
and  the  equations  of  motion  become 


'  } 
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^  -  a»»f(8inX)»+(f-/)»»8in\cosX+2a)8m\^  =  -i|, 
^-^,-2.(.i.xg-c„»g)  =-,2, 

^  +  to'fsinXcosX— (f— /)a)*(co8X)"— 2«co8X^  =  — 1^+^. 

These  equations  represent  accurately  the  motion  of  the  pen- 
dulum ;  but  as  they  do  not  admit  of  complete  integration^  we 
must  have  recourse  to  methods  of  approximation,  as  in  the  pre- 
ceding Articles.  We  shall  suppose  the  extent  of  osciUation  to 
be  very  small,  so  that  (,  rj,  and  /— f  are  always  small  quantities ; 
and  as  o^  is  a  very  small  fraction,  we  shall  neglect  products  of 
them  and  it :  and  thus  the  equations  of  motion  become 


^  +  2««nX5j  =-t|, 

^^2«(smX^-cosA^)=-T5, 

^-2«cosA5j  =-^7  +  ^- 


(79) 


244.]  Various  methods  have  been  chosen  by  different  mathe- 
maticians of  dealing  with  these  equations.  If  the  rotation  of  the 
earth  is  neglected^  a)=0,  and  the  equations  become  those  which 
express  the  motion  of  a  conical  pendulum,  and  which  have  al- 
ready been  discussed  in  Articles  369  and  370  of  YoL  III.  We 
may  take  the  solution  of  these  simplified  equations  to  be  in  farm 
the  solution  of  our  actual  equations ;  the  former  wiU  contain 
four  undetermined  constants  depending  on  the  initial  values  of 
the  velocity  and  coordinates  of  the  place  of  the  bob  of  the  pen- 
dulum ;  these  constants  may  be  considered  variable,  according 
to  Lagrange's  method  of  variation  of  parameters ;  and  the  differ- 
ential equations  of  motion  will  enable  us  to  determine  these  in 
terms  of  the  time,  whereby  we  shall  obtain  variable  elements^ 
which  will  at  any  time  fix  the  position  of  the  place  of  the  pen- 
dulum. This  method  has  been  adopted  by  M.  Quet,  in  a  me- 
moir of  great  ability  in  Liouville^s  Journal^  Vol.  XYIII.  Paris, 
1853.  Other  mathematicians  have  followed  the  same  process 
under  a  different  form :  they  have  considered  the  terms  involving 
»  to  arise  from  a  certain  disturbing  function,  the  £-,  y?-,  C-P^^^d 
differentials  of  which  are  severally. 
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— 2a)8in\-j?,        2©  (8111X37  —  cos  \-=^),         2a>coa\-=^; 
at  ^         at  at'  at 

and  then  they  have  pursued  the  method  indicated  by  Sir  W.  R. 
Hamilton  and  Jacobi.  This  process  has  been  developed  by 
M.  Dumas  in  an  Academical  Dissertation,  ''De  Motu  Penduli 
iSphserici  rotatione  TerrsB  perturbato,^  Konigsberg,  March^  1854, 
in  which  the  results  are  expressed  in  terms  of  the  higher  elliptic 
transcendents. 

Again^  other  mathematicians  have  adopted  a  method  of  ap- 
proximation depending  on  the  successive  omission  of  small 
terms.  The  original  investigation  of  M.  Binet*  was  made  on 
this  principle ;  and  it  has  subsequently  been  applied  by  Hansen, 
'^  Theorie  der  Fendelbewegung/'  Danzig^  1853.  I  have  treated 
the  equations  in  the  following  Articles  by  this  process,  because 
it  is  the  most  simple  and  the  most  natural,  and  indicates  the 
chief  results  of  the  equations  with  the  least  labour. 

245.|]  Let  the  equations  (79)  be  multiplied  respectively  by 
2rff,  %dr],  2dCy  and  added;  then,  since  by  (78), 

id(  +  fidfi  +  CdC=0,  (80) 

we  have 

,.\'-^±^^\^2,dC.  (81) 

and  if  we  multiply  the  second  of  (79)  by  f,  and  the  first  by  17, 
and  subtract  the  latter  from  the  former,  we  have 

d.  J^^^^l^j  -a)sin\rf(f»  +  »72)  +  2«C08Afdf  =  0.    (82) 

Now  let  us  refer  the  place  of  the  pendulum  at  the  time  /  to  the 
horizontal  plane  at  the  place  of  observation  and  to  a  vertical  line 
which  passes  through  the  point  of  suspension.  Let  $  be  the 
angle  between  this  vertical  line  and  the  rod  of  the  pendulum, 
and  let  ^  be  the  angle  at  which  the  vertical  plane,  in  which  the 
pendulum  is  at  the  time  t,  is  inclined  to  the  plane  of  ((,  Of  which 
is  the  meridian  plane ;  yjr  increasing  positively  as  we  move  from 
the  f-axis  towards  the  97-axis,  that  is,  as  we  revolve  from  south 
westwards,  and  on  northwards,  and  so  on  towards  the  east :  that 
is,  in  a  direction  opposite  to  that  in  which  the  earth  rotates.  Also 
let  p  be  the  perpendicular  distance  from  the  bob  of  the  pendu- 
lum to  the  vertical  line  through  the  point  of  suspension.     Then 

*  See  Comptes  Rendas  de  rAcad^mie  des  Sciences  de  Paris,  1851,  p.  197. 
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if  the  path  described  by  the  bob  is  projected  in  the  horizontal 
plane^  p  and  ^  are  the  polar  coordinates  of  it^  the  pole  being 
the  point  directly  beneath  the  point  of  suspension:  thus  we 
have 

p  =  IsixkO, 

f  =  IcosO, 

f  =  pcosV'  =  IsinOcos-^j 

ri  =  pBinyjf  =  Isindsm-^;^ 

.'.     di^+drj^  +  dC*  =  ?M(rf^)*-f  (8md)^#)«}, 
idrj-ridi  =  /»(8ind)MVr; 
thus  (81)  and  (82)  become 


(88) 

(84) 
(85) 


ci.  J8ind)*(^  — a)sinx)^— 2a)C0sX(sin^)*C08^rfd  =  0. 


W86) 


As  these  two  equations  are  deduced  from  (79)  by  a  change  of 
coordinates,  they  have  lost  none  of  their  generality,  and  conse- 
quently they  express  the  general  motion  of  a  pendulum  to  the 
same  degree  of  accuracy ;  and  that  is,  when  terms  involving  the 
products  of  o)*  and  either  $,  ry,  or  /—fare  omitted. 

246.]  For  our  purpose  however  it  will  be  sufficient  to  consider 

the  oscillations  of  the  pendulum  to  be  small,  and  thus  to  assume 

the  greatest  angle  of  inclination  of  the  pendulum  to  the  vertical  to 

be  so  small  that  cubes  of  it  and  all  powers  higher  than  the  cubes 

may  be  omitted.     Consequently  0  is  always  such  that  0^  and 

d6 
higher  powers  of  0  will  be  omitted ;  also  ;>7  is  ft  small  quantity. 

Let  us  replace  10  by  p,  as  we  may  by  means  of  (83) ;  because  we 
shall  thereby  obtain  the  polar  equation  of  the  curve  in  the  hori- 
zontal plane  into  which  the  path  described  by  the  bob  of  the 
pendulum  is  projected.    Then  omitting  6^  and  higher  powers  of 

p  =  le, 


0,  from  (88)  we  have 


dp 

dt 


=  I 


de 
Tt' 


Also  the  last  terms  in  the  second  equation  of  (86)  must  be 
omitted,  because  (sin  0)^  dd  is  a  small  term  of  an  order  higher 
than  those  which  are  to  be  retained.     Thus  (86)  become 
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Now  these  equations  are  integrable;  and  let  us  suppose  the 
pendulum  to  start  from  rest  at  a  distance  p=^a,  from  the  vertical 
line  passing  through  the  point  of  suspension ;  so  that 

p»^-«BmX(^-a«)  =  0;  (89) 

eliminating  -^,  we  have 

A* ( J)*=  -  If  + «»» (sin A)»|  pH  a>  If  +  2«»(8inX)»|  p» 

-»*(8inX)»o*,    (90) 
iff.     «/ •    XS.15       i     o  +  2lc»»(8inX)«      , 

«»f(8inX)»  ^1  Q, 
'-ff+fa.»(8inX)»°^r  ^®^> 
Now  the  right  hand  member  of  this  equation  is  a  quadratic 
expression  in  p^,  which  has  two  roots^  both  of  which  are  positive, 
and  of  which  one  is  a^ ;  let  b^  be  the  other,  and  let  us  suppose 
a^  to  be  the  greater :  also^  for  convenience  of  expression^  let 

|  +  coa(sin\)»  =  n2;  (92) 

so  that  .       0)  sin  A  ,^o. 

o  =  a.  (yo) 

n 

Then  (91)  becomes 

p»(^)*=n>(a»-,>«)(p«-&2);  (94) 

so  that  a  and  b  are  manifestly  the  greatest  and  least  values  of  p. 
From  (94)  we  have 

P^ -=-«rf<; 

{(fl»-p«)(p«-4»)}* 

the  negative  sign  being  taken^  because  on  our  supposition  p  de- 
creases as  /  increases.  Let  also  t  =  0,  when  p  =  a;  then  inte- 
grating^ we  have 

P*  =  -J-  -f-  ~^-cos2n/;  (95) 

3  M  a 

Digitized  by  VjOOQIC 


452  RELATIVE  MOTION.  [^46. 

which  gives  the  value  of  ff  in  terms  of  t ;  and  shews  that  (1)  a* 
and  b^  are  respectively  the  greatest  and  least  values  of  p^; 
(2)  their  values  recur  periodically ;  and  (8)  the  periodic  time 


It  ml^ 


_     — :  (96) 

n       {^  +  /a)»(8inA)»}* 

this  result  evidently  agrees  with  that  of  the  common  simple 
pendulum^  when  a>  =  0. 

To  find  the  relation  between  p  and  y^,  we  have  from  (89) 

rf^  .    ^  wa^sinX  ,  .Q,yv 

-rf  —  »sm\= 5 ;  v'') 

at  pr 

but  from  (98) 

,       09  sin  A 

..     ^_<o»inA  =  -^;  (98) 

at  p* 

J                  -                   ab  dp 
.'.     oV^— cDSinAa/ = :;  ,oq\ 

whence^  by  integration,  with  the  assumption  that  ^  =  ^q,  and 
p  =  a^  when  /  =  0, 

1        a«  +  6>      a«~A> 

{cos(Vr-Vro~a)sinAO}«       {sin(Vf-Vro-a>sinA/)}«        „ 
= ^ +  ^a  •  viW) 

If  /  is  constant^  this  is  an  ellipse  whose  principal  axes  are  re- 
spectively 2a  and  2b ;  so  that  the  path  described  by  the  bob  of 
the  pendulum  projected  on  the  horizontal  plane  is  an  ellipse^ 

dyif 
the  whole  period  being  that  given  in  (96).     And  since  -^f 

which  is  given  in  (97)^  is  negative,  the  pendulum  revolves  in  a 
direction  opposite  to  that  in  which  yfr  increases;  that  is^  the 
direction  of  its  revolution  is  the  same  as  that  of  the  earth.  And 
since  (98)  shews  that  the  ratio  of  6  to  a  varies  nearly  as  o^  3  is 
small  compared  with  a,  so  that  the  eccentricity  of  the  ellipse  is 
very  large ;  if  <»  =  0,  &  =  0,  in  which  case  the  minor  axis 
vanishes^  and  the  pendulum  moves  in  a  plane:  this  however 
cannot  be  the  case  when  account  is  taken  of  the  earth's  rotation. 
Since  however  /  varies,  let  us  still  consider  (100)  to  represent 
an  ellipse  whose  principal  axes  are  2  a  and  2  b ;  and  whose  major 
axis  at  the  time  /  is  inclined  to  the  f-axis,  which  is  measured 
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southwards  along  the  meridian  at  an  angle  equal  to  ^^ + a>sin  A.  / : 
now  this  angle  increases  as  t  increases ;  and  consequently  the 
major  axis  revolves  in  azimuth  with  a  constant  angular  velocity 
equal  to  casinX  in  the  same  direction  in  which  yff  increases. 
Thus,  if  the  path  described  by  the  bob  of  the  pendulum  is  pro- 
jected on  the  horizontal  plane,  it  will  be  a  revolving  ellipse, 
whose  major  axis  revolves  in  azimuth  with  an  angular  velocity 
equal  to  ^sinX,  in  a  direction  opposite  to  that  in  which  the 
earth  moves :  the  actual  path  will  thus  be  a  spiral  limited  by 
two  concentric  circles  whose  radii  are  a  and  b,  of  which  a  is 
the  gi'eater ;  the  spiral  never  extending  beyond  the  former,  nor 
coming  within  the  latter;  and  the  point  where  it  meets  the 
larger  circle  advancing  with  an  angular  velocity  equal  to  ca  sin  A, 
in  a  direction  opposite  to  that  of  the  earth's  rotation,  and  oppo- 
site to  that  in  which  the  pendulum  itself  moves. 

This  is  the  law  which  the  experiment  exhibited  by  M.  Fou- 
cault  confirms.  We  have  already  given  a  simple  explanation  of 
it  in  Art.  30 ;  and  that  explanation  appeared  to  M.  Poinsot  (see 
Comptes  Bendus,  Tome  XXXII,  p.  206)  to  be  sufficient.  The 
preceding  investigation  however  shews  that  the  result  follows 
from  the  equations  of  motion,  when  small  terms  are  omitted. 
This  therefore  is  only  the  general  effect ;  but  there  are  sundry 
deviations,  owing  to  the  omitted  terms,  which  this  dynamical 
process  will  indicate  if  it  is  carried  to  a  higher  approximation, 
and  the  other  method  fails  to  shew ;  but  it  is  beyond  our  pur- 
pose to  enter  upon  these  small  disturbances  in  this  treatise. 
The  several  memoirs  already  alluded  to  contain  further  approxi- 
mations, and  to  them  I  must  refer  the  student.  I  should 
also  mention  that  M.  Poncelet,  whose  name  must  ensure  atten- 
tion from  every  mathematician,  has  written  two  memoirs  on 
this  subject,  which  are  inserted  in  the  Comptes  Bendus  de 
FAcademie  des  Sciences  de  Paris,  Vol.  LI,  1860,  and  has  arrived 
at  results  differing  in  some  respects  from  the  preceding. 

247.]  The  motion  whose  circumstances  we  have  investigated 
has  been  imagined  to  be  that  of  a  bob  of  a  pendulum  fixed  by  a 
rod  of  given  length  to  a  point  fixed  relatively  to  the  earth  and 
moving  with  it,  and  the  effect  of  that  rotation  has  been  exhibited 
in  the  preceding  equations.  This  motion  is  consequently  that 
of  a  material  particle  moving  on  the  lower  concave  surface  of 
a  sphere,  whose  radius  is  /,  fixed  to  the  earth  and  moving  with 
it ;  and  the  general  equations  are  applicable  to  any  other  kind 
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of  conatrained  motion  of  a  particle.    Let  us  take  another  ex- 
ample. 

A  particle  moves  on  a  smooth  inclined  plane  fixed  to  the 
earth  and  moving  with  it :  it  is  required  to  determine  the  rela- 
tive motion  of  the  particle. 

Let  the  plane  pass  through  v,  the  place  of  observation^  see 
Fig.  63,  whose  latitude  is  A  ;  and  let  the  equation  be 

f  cosa  +  T/cos^  +  fcosy  =  0;  (101) 

let  m  R  be  the  normal  pressure  of  the  particle  on  the  plane ; 
then  the  equations  of  motion  are 

-yr^ -f  2a)SmX-37  =  Rcosa. 

at'  at 


—  2  »  ^sm  X^  ■*■  ^®  ^  ^/  ~  »  cos  ft 


^-2«(smX^4-cosX^^) 

d^C      «  V  drt 

-rnr  +  2»cos\-~  =  Rcosy— at. 

dt^  at 


(102) 


Although  it  is  convenient  to  retain  a,  ft  and  y,  yet  we  shall  re- 
quire their  values  in  terms  of  (6)  the  inclination  of  the  plane 
to  the  horizontal  plane  of  (i,  rj),  and  of  the  angle  (^)  between 
the  f-axisj  which  is  southwards,  and  the  line  of  intersection  (the 
line  of  nodes)  of  the  plane  with  the  horizontal  plane.  In  refer- 
ence to  these  cos  a  =     sin  ^  sin  yff,  •) 

cos)8  =  —  sin  ^  cos  ^r,  I  (103) 

cosy  =     cos^.  J 

Let  the  particle  start  from  rest  from  (f^,  tjq,  Q  5  then,  multiply- 
ing (102)  severally  by  d^,  drj,  and  d(,  adding,  and  integrating, 
we  have  ds^ 

because,  by  reason  of  (101), 

df  co8a-|-d»;co8)8-|-rfCcosy  =  0.  (105) 

Thus  (104)  shews  that  the  velocity  acquired  is  the  same  as  if 
the  rotation  of  the  earth  was  not  considered. 
From  the  last  two  equations  of  (102)  we  have 

d^rj  dK  d( 

cosy^  — cos/3  ^  -f  2»(cosXcosa— sinXcosy)^   =  g  cos/S; 

therefore 

^^^Y-;^^—^^fi^+^<^(oo^>^cosa-sinKeo9y)i£-Q  =  gtcosp.  (106) 
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Similarly 

cosa^' — C08y^-f  3»(co8Aco8a— 8in\cosy)(i7— i7o)  =— ^/co8a;  (107) 

^^^^  ^  ""  ^^®  "  ^  "^  '^  ®  ^^^®  X  cos  a  -  sin  A  cosy)  (f—  Q  =  0.  (108) 

Again,  multiplying  (102)  severally  by  cos  a,  cosjS,  and  cosy; 
adding^  and  omitting  the  terms  which  vanish  by  reason  of  the 
differential  of  (105),  we  have 

— 2casinA(co8/3^— co8a^)+2»co8A(co8y^--co8/3^)=E— ^cosy;  (109) 

substitating  in  which  from  (106)  and  (108),  and  omitting  terms 
involving  »^,  we  have 

R  =  ^cosy+2»co8Acos/3^/,  (110) 

=  ^cos^— 2a)^/cosAsin^co8^;  (111) 

which  assigns  the  pressure  on  the  plane ;  and  shews  that  it  is 
diminished  or  increased  by  the  earth's  rotation  according  as  the 
line  of  nodes  lies  in  the  S.  W.  and  N.  E.  quadrants,  or  in  the 
N.  W.  and  S.  E.  quadrants ;  and  that  this  increase  or  diminution 
vanishes  when  the  line  of  nodes  lies  E.  and  W.  It  vanishes  at  the 
pole,  and  is^  cseteris  paribus,  a  maximum  at  the  equator;  and  it 
also  vanishes  when  the  plane  is  horizontal.  It  also  varies  as  the 
time  during  which  the  particle  has  been  moving.  Since  cd  cos  A 
is  the  component  of  the  earth's  angular  velocity  along  the 
tangent  to  the  meridian,  that  is,  along  the  N.  and  S.  line  on  the 
horizontal  plane,  the  change  of  pressure  on  the  plane  is  due 
to  that  component  only,  and  not  to  the  component  along  the 
vertical. 

Substituting  in  the  first  and  third  equations  of  (102)  the  value 
of  R,  given  in  (110),  and  integrating,  we  have 


y  (112) 


—  +2a)sinX(i7— ijo)  =     jr/cosacosy +  »co8Xco8acos/3jr/^, 

^+2»cosA(iy— 17^)  =  — ^/  (siny)*   -f  a)COsAcos/3cosyjr/^; 

and  substituting  these  values  in  the  second  of  (102),  and  omit- 
ting the  terms  involving  cd^,  we  have 

-7j^  +2<ii>cosa{cosAcosa— sinXcosy}^/  =  jrcos/Scosy; 
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therefore 

t;— i7o=co8^co8ys^5 tt008a{co8Xoo8a— sinXcoBy}  ^^;  (113) 

and  8ub8titating  thi8  value  of  r\—y\^  in  (112),  and  integrating, 

f— £o  =  coBaco8y^~-  +«co8/3{co8Xco8a~sinXco8y}^^;  (114) 

f-<;,=:-(8iny)»^;  (115) 

80  that  in  term8  of  0  and  ^, 
f  =  f^  +  sin^coB^sin^^^  — »8in^co8\^{co8X8in^co8^— ainXcoB^}^, 

9}  =  iy^— 8in^co8^co8\^— — a>8in^8in^{coBX8in^cos^— sinXcos^} —-, 

f=C>-(8in^)«^; 

which  asBign  the  position  of  the  particle  at  the  time  /.  Whence 
it  appears,  that  if  we  omit  powers  of  6>  higher  than  the  first,  the 
vertical  distance  through  which  m  falls  in  the  time  t  is  not 
affected  by  the  earth's  rotation. 

To  determine  the  curve  which  the  particle  describes,  let  us 
refer  its  place  at  the  time  /  to  the  point  ((q,  t^q,  (^  as  origin ;  and 
to  two  axes  in  the  plane,  one  of  which,  that  of  ^,  is  parallel  to, 
and  the  other,  that  of  V,  is  perpendicular  to  the  line  of  nodes ; 

so  that       (^^_^)  ^^3  ^  ^  (^^_^)  gj^  ^  ^  ^^  ^  ^^^^^ 

fo-f  =  V8in^;f 


f  =  «  sin ^  {cos X sin (? cos ^— ainX cos 6}  ^~- 
V=Bin^^. 


>     (118) 


Thus,  if  tt  =  0,  f'=  0,  and  the  particle  falls  down  the  plane  in 
a  straight  line  perpendicular  to  the  line  of  nodes ;  but  if  the 
rotation  of  the  earth  is  considered,  there  is  a  lateral  deviation 
from  the  rectilineal  path,  which  varies  as  the  cube  of  the  time  of 
falling;  and  if  we  eliminate  /,  we  obtain  the  equation  to  the 
path,  which  is 

ft     2 

P  =  g— ^  {cosX8in^co8^-sinXcos^P»y'«;      (119) 

this  is  the  equation  to  the  semicubical  parabola,  which  is  the 
path  of  the  particle.     It  will  be  observed  that  I  have  assumed 
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the  particle  to  start  from  rest  from  ({q,  rjQ,  Cq)  ;  if  it  were  pro- 
jected from  that  point  on  the  plane  with  a  given  velocity,  other 
terms,  which  can  easily  be  found,  would  be  introduced  into  the 
preceding  equations.  And  if  6>  =  0,  the  resulting  equations 
would  of  course  represent  a  parabola. 

248.]  Let  us  suppose  the  plane  on  which  the  particle  moves 
to  be  horizontal ;  then  the  equations  of  motion  are 

and  let  us  suppose  the  particle  to  be  projected  from  the  origin 
along  the  plane  with  a  velocity  te  in  a  line  inclined  at  an  angle 
/3  to  the  axis  of  f ;  then,  integrating  the  preceding  equations,  we 

have  d(     ^      , 

-^  -\-2<oHm\ri  =  fiCos/3, 

-77  —  2  G)  sin  \  f  =  tt  sin  /3 ; 
at 

which  equations  assign  the  relative  velocity  of  the  particle  at  the 

point  (f,  r;),  and  by  subsequent  integration  we  have 

/.        lisinff  \'      /  tf cos/3  \'  _  u^ 

V^"*"  2a)sinA/       ^'^       2a)8in\/    ""  4a)2(8inA)2' 

which  is  the  equation  to  a  circle.     Consequently  the  particle 

moves  in  a  circle  whose  radius  is  - — :— - ;  whose  centre  is  at  the 
•    />  «  2casmA 

.   ./      fism/3     fiC0Si3\         ,  ^.  •  J-    ,.-  '^ 

pomt  (  —  s — r-^»  K — r-^i'i  and  the  periodic  time  =  — ;— -  = 
'^        V     2«8inA    2wsin\'  '^  casmA 

48082" 

— r— r—  =  a  mean  solar  day  divided  by  twice  the  sine  of  the 
smA  ^  J 

latitude. 

Another  problem,  which  may  be  solved  by  these  general  equa- 
tions, is  the  motion  of  a  particle  on  the  surface  of  a  right  cir- 
cular cone,  whose  vertex  is  at  p,  the  place  of  observation,  and 
whose  axis  coincides  with  the  vertical. 


Section  3. — The  relative  motion  of  a  material  system. 

249.]  The  equations  of  relative  motion  which  have  been 
found  refer  only  to  the  motion  of  a  single  material  particle. 

PRICE,  VOL.  IV.  3  N 
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Those  however  of  a  material  system  may  be  dedaced  from  them 
by  means  of  D'Alembert's  principle. 

Suppose  m  to  be  the  type-particle  of  a  system,  to  the  motion 
of  which  equations  (23)  refer ;  and  suppose  i  to  be  the  type  of 
an  impressed  momentum-increment  due  to  an  internal  force, 
see  Art.  45,  acting  on  m,  of  which  i  cos  K,  1  cos  fi,  1  cos  v  are  the 
axial  components;  and  let  us  suppose  the  system  to  be  free 
from  all  constraint  except  that  which  exists  amongst  its  own 
members ;  so  that  every  particle  is  free  to  move  as  it  is  affected 
by  the  external  forces  acting  on  it,  and  by  the  internal  forces  of 
the  system ;  then  the  equations  of  motion  of  the  system  in  their 
most  general  forms  are 

3.m  jx'—  x<  — 2FC0Sa— ^~>  — s.icosX  =  0, 

5.W||y'-.Y<-2pC08/3--7^|  -3.ICOS/i  =  0,    ^      (120) 

a.m  )  z'—  Zf  2Fcosy — T^  J  — s.icosi;  =  0. 

If  the  material  system  is  a  rigid  body,  or  is  invariable  in  form, 
or  otherwise  is  such  that  the  internal  forces  taken  throughout 
it  disappear,  then  these  equations  become 

a.fii|x'-X|-2pcoso-^>  =  0, 
a.mJY'-Y|-.2pcos/3-^|  =0,    J.  (121) 

a.wi  ]  z'— Z(  — 2pcosy—  -^  >  =  0; 

and  it  is  the  motion  of  a  system  of  this  kind  which  for  the  most 
part  we  shall  consider. 

From  these  the  equations  of  the  axial  components  of  the 
moments  of  the  couples  are  to  be  formed :  let  us  take  that 
whose  axis  is  the  moving  axis  of  f  ;  then  we  have 

2.m  |i7  (z'~z,-2pcosy-  ^)  -  (  (y'-  Yt-2FC0Bfi- -^)^=  0; 

and  replacing  p  cos  /3  and  p  cos  y  by  their  values  given  in  (19), 
this  becomes 

j,(._,_g)_,(y_„_g)i 


3.m 


—  2»^xm^^^^^^^^-^^ +2ca,xm»y^+2«^a.mf^  =  0; 


or 
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-«t^Sj»(.^+n  +  2«i»,S.««J^  +2«f3.mf^=0;  (122) 
and  the  nmilar  equations  for  the  other  axes  are 

-«,^xm(C*+f*)  +  2«fX»if^+2«^xmf^  =  0;  (123) 

-c»f^xm(f«  +  T?»)  +  2c»fX«»fg^+2ai,Xmi,^  =  0;  (124) 

and  by  means  of  these  six  equations  the  relative  motion  of  a  ma- 
terial system  of  invariable  form  may  be  determined. 

250.]  These  six  equations  of  relative  motion  may  be  com- 
bined into  a  single  equation  by  means  of  the  principle  of  virtual 
velocities.  For  suppose  bs  to  be  any  arbitrary  geometrical  dis- 
placement of  the  place  of  m  at  the  time  /,  which  is  consistent 
with  the  geometrical  relations  of  the  system ;  and  let  b^,  brj^  bC 
be  the  axial  projections  of  bs ;  and  let  all  these  quantities  be 
type-quantities ;  then  the  equations  of  motion  may  be  expressed 
by  means  of  the  single  equation, 

B.y/»|(x'-x,-.2pcosa-^)df  +  (Y'-Yt-2pcosi8-^)d»7 

+  (z'-z,-2FC08y-^)«c|  =0.  (125) 

This  equation  is  indeed  equivalent  to  the  six  equations  by 
reason  of  the  arbitrariness  of  b£,  brj,  bC;  for  these  quantities  in 
their  most  general  forms  involve  six  displacements,  which  are 
independent  of  each  other ;  viz.,  three  of  translation  and  three 
of  rotation ;  and  the  coefficients  of  these  separately  vanish.  If 
the  relative  motion  of  one  or  more  of  the  particles  of  the  system 
is  constrained,  these  displacements  are  thus  far  subject  to  cer- 
tain conditions,  and  consequently  are  not  independent ;  and  all 
that  has  been  said  in  Arts.  49,  50,  and  51  is,  mutatis  mutandis, 
to  be  applied  to  this  case. 

251.]  Let  us  suppose  that  the  conditions  to  which  the  system 

3  N  a 
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is  subject  do  not  involve  the  time  explicitly ;  then  we  may  take 
for  the  virtual  arbitrary  displacement  of  the  place  of  m  that 
which  actually  takes  place  in  the  time  dt  by  reason  of  the 
motion  of  the  system,  and  of  the  forces  acting  on  it ;  so  that  in 
equation  (125)  we  may  put 

b£  =  di,         brj  =  rfi7,         aC  =  rff ;  (126) 

then,  since  from  (19), 

F  {cos  o  rff  4  cos  /3  rfij  +  cos  y  dC  }  =  0,  (127) 

(125)  becomes 


■''\§'^-'>*w'^\ 


=  x»»{(x'-x,)df +(y'-T,)rf»y  +  (z'-  z,)rff  } ;  (128) 
so  that  if  V  is  the  relative  velocity  of  m  at  the  time  /, 
d.^.mv^  =  2  a.»i{(x'-  x,)df  +  (Y'-  Yt)drj  +  (z'-  Zt)dC}  ;  (129) 
therefore 

a.mt;»-3.mV  =  2  /    3.m{(x'-x<)df  +  (y'- Y,)rfi7  +  (z'-.zOrfC}  ;  (180) 

wherein  v^  is  the  initial  value  of  v,  and  1  and  0  denote  the 
limiting  values  of  the  relative  coordinates  of  the  place  of  m, 
corresponding  to  the  terminal  and  the  initial  values  of  the  left- 
hand  member  of  the  equation. 

Equation  (130)  is  that  of  the  relative  vis  viva  of  the  material 
system  ;  and  if  we  consider  it  in  its  elemental  form  in  (129),  it 
shews  that  the  increment  of  the  relative  vires  vivae  of  all  the 
particles  of  the  system  in  the  time  dt  is  equal  to  the  excess  of 
twice  the  sum  of  the  products  of  the  impressed  momentum- 
increment  cf  each  particle  and  the  space  through  which  it  has 
acted  over  the  sum  of  the  products  of  the  momentum-increment 
due  to  the  force  of  transference  of  the  coordinate  system  (see 
Art.  226),  and  the  space  through  which  this  latter  force  has 
acted. 

It  will  be  seen  that  f,  the  compound  centrifugal  force,  has 
wholly  disappeared  in  (129)  and  (180) ;  and  rightly  so ;  because 
its  line  of  action  is  perpendicular  to  that  of  the  relative  velocity 
of  m ;  whereas  into  the  equation  of  vis  viva  only  those  forces 
enter  whose  lines  of  action  are  in,  or  have  a  component  along, 
that  of  the  motion  of  m  at  the  time  i. 

252.]  It  is  expedient  to  mention  certain  particular  forms 
which  the  preceding  general  equations  take  in  special  cases. 
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because  in  these  simplified  forms  they  are  frequently  applicable 
to  the  solution  of  problems. 

(1)  Let  us  suppose  the  origin  of  the  moving  system  to  be 
always  in  the  plane  of  {w,  y),  and  to  move  according  to  a  given 
law ;  and  the  system  to  have  no  motion  of  rotation :  then 
a^  =  d,  =  C3  =  1,  and  all  the  other  direction-cosines  vanish ;  so 
that  from  (15),  (16),  and  (17), 

'^li^'  ^'^'dF'  ^"■"dTa"'"     ' 


and  (124)  becomes 


=  s.m(fY'-i,x')-^5.mf+.^:8.fi»i,  (181) 

=  L-^s.mf-h^  s.m,,;  (132) 

if  L  is  the  moment  of  the  couple  of  the  impressed  forces  whose 
axis  is  the  moving  C-aiis. 

If  the  material  system  is  of  invariable  form,  and  is  fixed  to 
the  moving  origin;  and  if  r  is  the  distance  of  m  from  that 
origin,  and  »  is  the  angular  velocity  of  the  body  at  the  time  t ; 
then  (132)  becomes 

^a.rnr*  =  L--^a.mf-f-^a.»nj;  (138) 

by  which  equation  the  relative  angular  velocity  of  the  body  may 

be  determined. 

(2)  Let  us  suppose  the  origin  of  the  moving  axes  to  be  fixed 

at  the  fixed  origin,  and  the  moving  axes  to  revolve  about  the 

z-axis  with  an  uniform  angular  velocity  =  oo  (say) ;  let  B  be  the 

angle  between  the  axes  of  x  and  i  at  the  time  t ;  so  that 
flj  =1  cos(^,         dj  s=  — sin^,         Cj  =  1,  ^ 
0,  =  sin^,         4j|  =      cos^,         c,  =  0,    I  (134) 

03  =  0;  *8  =  0;  C3  =  0;J 

and  X(  =  — «*f,      T(  =  — w^ij,      «<  =  0; 

then  (124)  becomes 

J^j.m(fg-i,g)  =  a.m(fY'-,,x')-a>^a.m(^  +  r;«)  (135) 

=  L-a>^a.m(f*+r;«);  (186)  _ 
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where  l  is  the  relative  moment  of  the  impressed  couple  whose 
axis  is  that  of  z. 

The  equations  (182)  and  (136)  may  also  be  derived  directly 
firom  (35)^  without  the  intervention  of  the  general  forms  givea 
in  (124). 

If  the  body  is  rigid,  and  the  origin  is  a  fixed  point  of  it,  then 
3.971(^^  +  7}')  is  independent  of  the  time,  and  (136)  becomes 

^s.mr»=L;  (187) 

which  is  the  same  equation  as  that  which  expresses  the  rotation 
of  a  rigid  body  about  a  fixed  or  an  instantaneous  axis. 

It  is  also  to  be  observed  that  (132)  is  reduced  to  (137): 
(1)  when  (^0,  yo)>  the  place  of  the  moving  origin,  is  fixed  abso- 
lutely :  (2)  when  this  moving  origin  has  an  uniform  motion ;  so 

that  -jTf-  =  --7^  =  0 ;    (3)  when  the  moving  origin  is  the 

centre  of  gravity  of  the  body,  because  in  that  case  s.m^ 
=  5.1111?  =  0. 

253.]  From  these  general  equations  we  may  deduce  theorems 
similar  to  those  of  absolute  motion  which  have  been  already  de- 
monstrated in  Chap.  II.  Section  2,  of  the  present  Volume.  In 
the  first  place,  the  relative  motion  of  the  centre  of  gravity  of  a 
material  system  of  invariable  form,  or  in  which  the  internal  forces 
mutually  destroy  each  other,  is  the  same  as  if  the  whole  mass 
of  the  system  were  collected  into  it,  and  all  the  momentum  due 
to  the  external  forces,  the  forces  of  transference,  and  the  com- 
pound centrifugal  forces,  the  last  two  with  their  directions 
changed,  was  thereat  applied  in  lines  parallel  to  the  actual 
lines  of  action. 

Let  (J,  rj,  C)  be  the  place  of  the  centre  of  gravity  of  the  sys- 
tem at  the  time  t  relatively  to  the  moving  axes ;  and  let  {^,  rf,  C) 
be  the  place  of  m  at  the  same  time  relatively  to  a  system  of 
parallel  axes  originating  at  the  centre  of  gravity :  then  we  have 

V^v  +  n'A  (188) 


V  =  v_+  v.  f 


Also  let  M  denote  the  mass  of  the  whole  moving  system :  then 
the  newly  introduced  coordinates  are  -subject  to  the  following 
conditions : 
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a.mf  =  a.imy'rr  a.mf'  =  0;  (189) 

a.mf=MS  3.mTj  =  Mi},  a.»»C=Mf.  (140) 
On  referring  to  the  analytical  values  of  the  momentum  due  to 
the  forces  of  transference  given  in  (15)^  (16),  and  (17),  it  appears 
that  the  values  of  3.97»X|,  s.^mt^  s.mzi  are  not  changed;  but 
they  may  be  expressed  as 

MX|,  ^Yt,  MZt; 

where  x«,  y^  z,  are  the  values  of  X|,  y^  z^,  when  f ,  i?,  C  are  re- 
placed by  (,  ri,  C  ^o  that  the  momentum  due  to  the  forces  of 
transference  may  be  applied  to  a  mass  m  at  the  centre  of  gravity, 
along  lines  parallel  to  their  original  lines  of  action.  A  similar 
theorem  is  also  true  of  s.mFcoso,  s.mFcosjS,  ^.mrcosy, 
which  may  be  replaced  by  mfcosq,  mfcosjS,  MFcosy;  so 
that  the  equations  (121)  become,  after  all  reductions, 


—^ xi  -  2  F  cos  o  -  ^  =  0, 

-^ y,«2FCOS^-^  =  0, 

—^ z<-2FCO9y-^=0; 


(141) 


and  these  equations  prove  the  theorem  which  has  been  enun- 
tiated.  The  theorem  of  relative  motion  analogous  to  that  of 
Art.  55  may  be  framed  in  the  same  manner.  Thus  the  rela- 
tive motion  of  a  material  system,  such  as  we  have  considered, 
may  be  resolved  into  the  motion  of  translation  of  its  centre  of 
gravity,  all  the  forces  being  supposed  to  act  on  the  whole  mass 
condensed  into  that  point,  and  into  a  motion  of  rotation  about 
an  axis  passing  through  the  centre  of  gravity.  Consequently 
the  investigations  of  the  preceding  section  are  not  limited  to  the 
motion  of  a  material  particle :  they  are  also  applicable  to  that 
of  the  centre  of  gravity  of  a  material  system,  of  which  the 
internal  forces  vanish.  Thus  they  apply  to  the  relative  motion 
of  translation  of  the  centre  of  gravity  of  planets,  of  shot,  of  pen- 
dulums with  large  balls,  &c. ;  except  that  in  these  cases  the 
resistance  of  the  medium  through  which  the  bodies  pass  must 
be  taken  account  of;  so  that  other  terms  enter  into  the  equa- 
tions beside  those  which  we  have  considered.  It  remains  then 
only  to  investigate  the  rotation  of  the  body  about  an  axis  pass- 
ing through  the  centre  of  gravity  considered  as  a  fixed  point  in 
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reference  to  a  system  of  moving  axes.  It  is  true,  as  we  have 
heretofore  remarked,  that  the  point  through  which  the  rotation- 
axis  passes  need  not  be  the  centre  of  gravity ;  for  the  general 
motion  may  always  be  resolved  into  a  motion  of  translation  of 
any  point,  and  a  motion  of  rotation  about  an  axis  passing 
through  that  point :  but  the  centre  of  gravity  is  the  only  point 
at  which  the  mass  may  be  supposed  to  be  condensed  and  the 
forces  may  be  applied  each  in  its  own  intensity  and  direction, 
and  the  translation  will  be  the  same  as  it  is  in  the  motion  of  the 
whole  system.  In  the  following  Articles  I  shall  take  the  general 
case,  and  shall  suppose  the  fixed  point,  about  which  the  rotation 
is  estimated,  not  necessarily  to  be  the  centre  of  gravity. 

254.]  At  this  point  I  shall  assume  three  systems  of  reference, 
and  subsequently  of  coordinate-axes,  to  originate.  (1)  A  system 
the  lines  of  which  are  parallel  to  the  analogous  lines  in  the 
system  absolutely  fixed,  so  that  all  angles  will  be  the  same  in 
both ;  and  this  system  may  also  be  regarded  as  fixed :  (2)  the 
system  of  axes  to  which  the  motion  of  the  body  is  to  be  referred ; 
this  is  a  moving  system,  and  its  motion  with  reference  to  the 
fixed  system  is  given,  and  the  elements  of  it  are,  as  heretofore, 
data  of  the  problem ;  these  two  systems  are  connected  by  the 
scheme  of  cosines  &c.  which  are  involved  in  (1)  of  the  present 
Chapter :  (8)  another  system  of  rectangular  axes,  fixed  in  the 
body  and  moving  with  it,  which  I  shall  take  to  be  a  principal 
system  at  the  point. 

In  reference  to  these  three  systems  respectively  I  shall  take 
the  place  of  m  to  be  (a?,  y,  z),  (f ,  iy,  0»  (f » »?'*  f) ;  and  these  last 
two  I  shall  take  to  be  connected  by  the  following  scheme  of 
direction-cosines ; 


(142) 
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80  that 


f  =  oif+ftn'+yiT, 
1  =  "jf+ftV+yjC, 
C=  osf+ftV+ysC; 


(143) 


Digitized  by  VjOOQ  IC 


^55'] 


OP  ROTATION. 


465 


To  determine  the  relative  motion^  these  nine  direction-cosinea 
must  be  expressed  in  terms  of  / :  as  only  three  are  independent* 
it  will  be  eventually  more  convenient  to  determine  the  posi* 
tion  &c.  of  the  body  by  means  of  Euler's  three  angles,  0,  <^,  yff, 
according  to  the  process  of  Articles  3  and  4 :  so  that 

Oi  =  cos<f>cos^— sin^sin^^cos^, 
fii  =  — sin<f>cos\/r— cos4>sin^co8^, 
72  =  sin  ^^  sin  ^; 


a,  =  co8^sin>ff-f-sin^cos^cos^, 
^2  =  —  8in^sin^  +  cos(f>cos\^cos^, 
yj  =  — cos\^sin^; 


(144) 


CI3  =  sin  ^  sin  0, 
jSj  ss  cos^sin^, 
73  =  cos^. 

255.]  Now  of  the  body  we  have  two  angular  velocities,  of 
which  one  is  absolute,  and  the  other  is  relative  to  the  moving 
system  of  axes.  Let  us  resolve  these  along  the  principal  axes 
at  the  time  t ;  let  (o^',  6^^,  ^z  ^^  ^^®  Bxial  components  of  the 
former,  and  let  oa^,  o),,  0)3  be  those  of  the  latter.  The  difference 
between  them  is  evidently  due  to  the  angular  velocity  of  the 
moving  system :  and  consequently  if  we  resolve  this  latter  along 
the  principal  axes,  we  may  equate  each  component  to  the  corre^ 
spending  excess  of  the  absolute  over  the  relative  angular  velocity* 
Thus  we  have 

<=  «2  +  A»^  +  A^  +  /33a)f,    I  (145) 

as  co^,  o>3,  0)3,  $^  4>,  yfr  are  all  employed  relatively  to  the  moving 
system  of  axes,  they  are  connected  by  the  equations  given  in 
Article  42 ;  and  we  have 


do       .        .       dyy 
a)i  =r      cos  4>-j7  -^  8m0 sm $  -^ 


d$ 


dip 


602  =  —  sin ^  ^  4-co8<^ sin^ -^ > 
d<l>  ^d^ 


(146) 


Now  en/,  a^\  ^  depend  on  the  constitution  of  the  body,  on  its 
PRICE,  VOL.  rv.  30 
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initial  circnmstances,  find  on  the  forces  which  act  on  it :  they 
must  therefore  be  determined  from  equations  of  motion,  in  terms 
of  $^  <l>,  yjf,  and  t,  and  their  values  substituted  in  (145) :  hereby 
we  shall  have  three  equations  in  terms  of  $,  <!>,  ylf,  and  t,  and 
their  differentials:  from  these,  by  integration^  0,  0,  and  >ff  may 
be  expressed  as  functions  of  t,  and  the  relative  position  of  the 
body  will  be  given. 

Since  a>/,  oa^,,  (03'  are  the  components  along  the  principal  axes 
of  the  absolute  angular  velocity^  they  may  be  determined  by 
Euler^s  three  equations  of  motion :  and  we  have 


rfT 


+  (C-B)«,'«3'=  L, 


B-^  +(A-C)«=M,    |> 


""    dt 


+  (B— A)a)/«j'=  n; 


(147) 


where  a,  b,  c  are  the  principal  moments,  and  l^  m,  n  are  the 
moments  of  the  couples  of  the  whole  impressed  momentum- 
increments  on  the  body. 

256.]  One  first  integral  of  the  general  equations  of  motion  is 
the  equation  of  relative  vis  viva.  Let  us  investigate  the  form  which 
it  takes  under  the  present  circumstances  of  motion.  For  this 
purpose  take  the  /-differentials  of  (143),  bearing  in  mind  that 
(9  n't  C  clo  not  vary  with  the  time :  then 

dt  '^^  dt 


dt 
dt 


,da^ 
dt 


:^  —  C  TT  +*/  "TT  -r\^  -zrr* 


dri  _  ^,da^        ,dp^  ^y^yt 
Tf^  dt  "^"^   dt  '^^lU' 

df^dt  '^'^W^^W 


(148) 


squaring,  adding  them,  and  taking  the  sum  of  them  for  every 
element  of  the  moving  system, 


2.m 


-i(t)'-(^t)"-(f)'l 


+  ai. 


+  t. 
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for  a.«tJi'C'=  a.mff  =  2.mi'rjf=i  0,  because  the  coordinate 
axes,  to  which  (',  rf,  C  refer,  are  principal  axes.  The  quantitiep 
in  the  right-hand  members  of  these  equations  are  subject  to 
equivalences  similar  to  those  given  in  (80),  Art.  39 ;  so  that 

:,.„»^f!±^^±^=  A^^»_^BV  +  ca)3«;  (150) 

and  thus  the  equation  of  relative  vis  viva  given  in  (129)  be- 
comes 

rf.(A«i«  +  B«,Hca)8«)  =  22.m{(x'-x,)rff +  (Y'-Y|)rfT,  +  (z'-z,)dt}.  (151) 

K  ^,  »^  »3  are  replaced  by  their  values  given  in  (146)^  the 
equation  of  vis  viva  will  be  expressed  in  terms  of  0,  ^,  and  ^. 

One  other  remark  may  be  made  as  to  another  method  which, 
we  might  have  chosen.  We  might  have  substituted  the  values 
given  in  (148)  in  the  general  equations  of  moments  given  in 
(122),  (123),  and  (124) ;  and  these  might  have  been  transformed 
into  their  equivalents  in  terms  of  angular  velocities :  we  should 
hereby  have  found  equations  analogous  to  Euler's,  but  having 
more  terms,  on  account  of  the  compound  centrifugal  forces  and 
the  forces  of  transference.  The  student  will  find  them  in  a  form 
equivalent  to  that  which  we  should  have  arrived  at  in  M.Quet's 
Memoir  in  Liouville's  Journal,  Vol.  XVIII.  I  have  however 
chosen  the  present  method,  because  it  is  more  direct,  and  be* 
cause  our  processes  are  simplified  by  the. use  of  Euler's  equa- 
tions, which  have  already  been  investigated. 

257.]  I  propose  now  to  apply  these  equations  to  some  pro-' 
blems  of  considerable  interest.  Suppose  a  body  at  or  near  to  the 
earth's  surface  to  rotate  about  an  axis  which  passes  through  a 
fixed  point,  but  which  is  otherwise  unconstrained,  the  apparent 
relative  motion  to  an  observer  will  doubtless  be  affected  by  the 
diurnal  rotation  of  the  earth.  It  is  this  effect  which  I  propose 
to  investigate. 

We  shall  take  the  fixed  point  to  be  the  origin  of  the  systems 
of  axes,  and  shall  suppose  the  moving  system  of  axes  to  be 
fixed  relatively  to  the  earth,  so  that  the  angular  velocity  of  this ; 
system  is  due  to  the  diurnal  rotation  alone. 

Let  us  moreover  suppose  a  plane  (for  the  present  taken  arbi-  •. 
trarily,  so  as  to  admit  pf  subsequent  determination)  passing 
through  the  fixed  point  to  be  that  of  (f>  ri) :  this  plane  is  of 
course  fixed  to  and  moves  with  the  earth.    Through  the  fixed 
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point  let  a  straight  line  be  drawn  parallel  to  the  earth's  polar 
axis ;  and  let  it  be  projected  on  the  plane  of  (f ,  1;) :  this  line  we 
shall  take  to  be  the  ^-axis,  and  reckon  it  positive  in  such  a  way 
that  when  the  plane  is  horizontal  that  direction  shall  be  south- 
wards ;  and  the  positive  direction  of  the  i^-axis  we  shall  take  to 
be  such  that  that  direction  may  be  westwards  when  the  plane  is 
horizontal :  hereby,  if  the  plane  of  (f,  tj)  is  horizontal  at  the 
place  of  observation,  we  shall  have  the  same  arrangement  and 
the  same  system  of  axes  as  in  Fig.  63.     Let  the  positive  direc- 
tion of  oC  be  so  taken  as  to  be  away  from  the  earth's  surfiice 
when  the  plane  of  (£,  ri)  is  horizontal ;  and  let  v  =  the  angle  at 
which  the  C'^x\%  is  inclined  to  the  earth's  polar  axis;  so  that 
whed  the  t-axis  is  vertical,  v  is  the  co-latitude  of  the  place  of  ob- 
servation. 

Let  (0,  as  heretofore,  be  the  diurnal  angular  velocity  of  the 
earth.     Then,  taking  account  of  its  direction^ 

o)^  =  (osinv,       ©,  =  0,       0)^  =  —  wcoSjf;  (152) 

and  let  us  suppose  the  dimensions  of  the  body  to  be  such  that 
the  force  of  gravity  is  the  same  for  all  parts  of  it :  and  let  m  (for 
the  instant)  be  the  mass  of  the  body,  then  x'—  x^,  y'—  y^,  z'—  Zt 
are  constant  for  all  parts  of  the  body ;  and  we  may  abbreviate 
the  expressions  and  denote  them  thus  : 

x'—  Xt  =  B,     Y  —  y«  =  F,     z'—  Z(  =  g;  (168) 

and  if  ( J^  ^^  ^)  jg  the  place  of  the  centre  of  gravity  relatively  to 
the  moving  axes,  then 

3.w{(x'-xOrff+(Y'-y,)rfT?  +  (z'-Z,)rfC}  =  M{Brff  +  prf^+Grff};    (154) 

which  may  be  substituted  in  the  right-hand  member  of  (151); 
and  this  being  integrated  will  give  the  value  of  the  relative  vis 
viva. 

258.]  We  will  take  however  a  special  case  of  motion  of  this  kind; 
and  consider  that  of  the  gyroscope  of  M.Foucault,  of  which  a  dia- 
gram has  been  given  in  Pig.  21,  and  of  which  the  construction 
and  arrangement  have  been  described  in  Art.  95.  The  centre  of 
gravity  of  the  whole  machine,  which  coincides  with  those  of  the 
several  parts  of  it,  is  at  the  centre  of  the  rotating  disc ;  and  this 
point  remains  at  relative  rest,  whatever  are  the  rotations  of  the 
disc  and  of  the  metallic  circles.  At  this  point  therefore  the 
systems  of  axes  originate. 
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Now  M.  Foucanlt  contrived  in  some  of  his  experiments  that 
the  axis  of  the  disc  should  be  constrained  to  move  in  a  given 
plane,  fixed  relatively  to  the  earth :  we  will  in  the  first  place 
consider  this  case^  and  investigate  the  phenomena  which  the 
machine  presents  to  an  observer  moving  with  the  earth.  The 
problem  in  its  dynamical'form  is^his : 

A  heavy  body  of  revolution  rotates  rapidly  about  its  axis  of 
figure ;  its  centre  of  gravity  is  fixed  relatively  to  the  earth,  and 
the  rotation-axis  of  the  body  can  move  only  in  a  plane,  which  is 
likewise  fixed  relatively  to  the  earth :  it  is  required  to  determine 
the  motion  of  this  moving  axis  when  regard  is  had  to  the  diurnal 
rotation  of  the  earth. 

We  will  take  the  fixed  plane^  in  which  only  the  rotation-axis 
of  the  body  can  move,  to  be  the  plane  of  (f,  rj) ;  so  that  v  is  the 
angle  at  which  this  plane  is  inclined  to  that  of  the  terrestrial 
equator.  As  the  rotating  disc  is  a  solid  of  revolution,  a  =  b  ; 
and  if  the  axis  of  the  disc  is  that  of  (',  c  is  the  principal  moment 
relative  to  it,  and  we  will  suppose  it  to  be  greater  than  a.  Also, 
as  the  rotation-axis  is  in  the  plane  of  ((,  77),  6  =  90^ 

259.]  We  must  in  the  first  place  investigate  the  values  of 
L,  M,  N  which  occur  in  (147),  and  are  the  moments  of  the  im- 
pressed couples  acting  on  the  body  relative  to  its  principal  axes, 
and  to  which  the  absolute  angular  velocity-increments  are  due. 
Now  these  couples  are  the  same  whether  the  body  is  or  is  not 
at  rest  relatively  to  the  earth.  We  may  therefore  investigate 
the  values  which  they  have  when  the  body  is  at  relative  rest ; 
that  is,  when  its  absolute  angular  velocities  are  only  those  which 
are  due  to  its  attachment  to  the  revolving  earth.  Suppose 
therefore  the  body  to  be  carried  round  with  the  earth,  and  its 
^-axis  to  be  inclined  at  an  angle  0  to  the  terrestrial  axis,  then 
6  is  constant ;  let  a>p  coj,  6)3  be  the  angular  velocities  of  the  body 
about  its  principal  axes ;  then, 

0)3  =:  (tfCOS^,  ^ 
(a>iH«2*)*  =  a>8in(?.  )  ^^^^^ 

Euler^s  equations,  which  connect  these  quantities  with  l,  m  and 
N,  become  in  this  case, 

A-^  -f  (C— A)«2aC08d  =    L, 
A  -^  —  (c  —  a)  »i  a  COS  ^  =  M, 


0   =    N.  J 
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[^59- 


AlsQ  we  haye 


•••    «i*  +  V  =  l8in^)«(^)'; 


and  therefore^  from  the  second  of  (155)^  --^  =  » ;  conseqaently, 
from  the  last  of  (156)^ 

dt  -"' 
*.*     0  =  a  constant 
=  o  (say) ; 
.*.     Oil  =  oisinasindj         a>2  =  cacosasind; 
.• .     L  =     0)*  (c— a)  cosa  sin^  cos^^ 
u  =— c»'(c*a)  sinasin^cos^j 

and  these  quantities  are  the  right  hand  members  of  the  first  two 
equations  of  (147).  But  ca'  is  a  factor  of  both ;  and  our  ap- 
proximations are  carried  to  such  an  extent  that  the  squares 
and  higher  powers  of  ca  are  omitted.  Therefore  l  :=  m  =  0 ; 
and  N  =  0.    Thus  (147)  become 

dia^ 


dt 
dt 


•(C— A)«,'«i'=  0, 

=  0; 


(157) 


from  the  last  of  these  equations 


«>,'  =  a  constant 


=  n(say);  (158) 

the  value  of  n  will  be  perceived  hereafter.     Hence  the  first  two 
of  (157)  become 


rf«,'       c— A       ,      „ 


Let 


rfWg'  C  —  A 

~~dt  I~ 

C— A 


»a)/  =  0. 
n  =  ft; 


(159) 
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'then,  integrating  (169),  we  have 

ci>2  =  KSin  (/x^— r);) 

where  r  and  k  are  constants  introduced  in  integration^  depending 
on  the  initial  circumstances ;  as  the  former  is  determined  by  the 
commencement  of  the  time,  and  the  latter  is  the  greatest  value 
of  »i'  and  &>/ :  these  we  shall  also  explain  hereafter. 

Since  0x9(f  and  is  constant,  -rr  =  0 ;  therefore,  firom  (146),  we 

at 

have 

0)1  =  «m<^-^,        «,  =  cos<^-^y,         0)3  =  -^;  (161) 

and  from  (144)  we  have 

o^  =  cos  </»  cos  i/f^  a,  =  cos^sin>fr, 
j9i  =  — sin  0  cos  >fr,  )32  =  —  sin  <f>  sin  ^^ 
yi  =     sin^r;  y,  =— cos^; 

Thus^  if  we  substitute  for  »^,  o>,,  o^  from  (152),  (145)  become 
«!  =  jcco8(/i/— r)— ttlsini^cos^cos^— cosirsin^}^*^ 
a>2  =  Ksin(fi/— r)+<0{sini;8in^cos\^  +  cosi;cos<f>},  V  (162) 
CA3  =  n— usini^sin^;  J 

and  replacing  m^,  w^y  0)3  by  their  values  given  in  (161),  we  have 
three  equations,  by  means  of  which  6,  0,  and  yjr  may  be  expressed 
as  functions  of  t. 

The  equation  of  vis  viva  however  will  give  a  condition  more 
useful  for  our  present  purpose.  Equating  the  values  given  in 
(161)  and  (164),  we  have 

flf,{Ao)i>+B«j*+co)3>}  =  2u{Ed€+vd^'^QdC}; 
but  the  centre  of  gravity  ((,  rj,  C)  is  fixed  at  the  origin ;  therefore 

rff=rf^=:rff=0; 
and  replacing  »i,  ca,,  09  by  their  values  given  in  (161),  we  have 

A  \-^)  +  c  o>j*  =  a  constant 

=  *«(8ay),  (163) 

Let  us  consider  the  meaning  of  the  constants,  which  have  been 
introduced ;  and  suppose  a  to  be  the  relative  velocity  commu- 
nicated to  thebody,  when/  =  0;  so  that  <»3  =  a,  and  0)^  =  0)2  =  0, 

d\U 
when  ^  =  0 ;  therefore  at  that  time,  fit)m  (161),  -^  =  0 ;  as 

at 

the  position  of  the  principal  axes  of  ^  and  tf  in  the  plane  of 

Digitized  by  VjOOQIC 


472  THE  OYEOSCOPE.  [259. 

(£',  yf)  is  arbitrary,  let  us  take  that  of  f'  to  be  in  the  plane 
of  (f  , »?),  when  ^  =  0 ;  and  at  that  time  also  let  >/r  =  ^^ ;  then 
the  preceding  equations  give 

0  =  jccosr— usinvcos^o, 

0  =  Ksinr — ocosv, 

A  =  n— cAsinysin^^ 

whence  we  have 

ic^  =  a,«{l-(8ini^)*(8inV^o)*}i] 
tan  r  =  cot  j;  sec  ^/r^,  i  ,_  ^^^ 

n  =  a  +  cdSinrsm^/rQ,  ' 


(164) 


*  =  nci; 
so  that  from  the  last  of  (162,)  and  from  (168),  we  have 

«3— a  =  aisini;{sin^o^sin^}  ;  (166) 

A(^)*  =  c(n«-.a,3>).  (167) 

Since  o  sin  j;  is  the  component  along  the  axis  of  f  of  the  an- 
gular velocity  of  the  earth,  <k>  sin  v  sin  -^  is  the  component  of  that 
angular  velocity  along  the  axis  of  (' ;  and  a>  cos  r,  which  is  the 
other  component  of  the  earth's  velocity,  has  no  effect  along  that 
axis,  because  its  axis  is  the  axis  off:  thus  (166)  shews  that  the 
sum  of  the  apparent  angular  velocity  of  the  body  about  its  own 
axis,  and  of  the  component  of  the  earth's  angular  velocity  about 
the  same  line,  is  constant  throughout  the  motion. 

Equation  (167)  shews  that  the  apparent  vis  viva  of  the  body 
is  also  constant. 

Eliminating  6»3  between  (166)  and  (167)  wehave 

A  v-jt)  =  cwsini;  {sin\/f — sin^^}  {2n— a)(sin>/r— sin^/r^)}  ;  (168) 

from  which  equation  1^  is  to  be  found  in  terms  of  /.  The  equa- 
tion however  does  not  admit  of  integration  in  its  present  com- 
plete form.  But  in  all  experiments  with  the  gyroscope  a  very 
rapid  rotation  is  given  to  the  body,  so  that  a  is  very  great  in 
comparison  of  a> :  we  may  therefore  omit  the  last  part  of  the  last 
factor  in  the  right  hand  member  of  (168),  and  employ  the  ap- 
proximate equation 

^\-jf)    =  2cno)8inv(8in^— sin>|r^).  (169) 

It  will  be  convenient  to  make  a  slight  change  in  the  form  of 
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this  equation.  >fr  is  the  angle  measured  in  the  plane  of  (f,  ti) 
between  the  axis  of  (  and  the  line  of  intersection  of  the  planes  of 
(&  Tj)  and  ((',  t[).  The  axis  of  ('  is  also  in  the  plane  of  (^,  ij) 
and  is  perpendicular  to  this  line  of  intersection :  if  therefore  v 
is  the  angle  between  the  axes  of  f  and  (\ 

Vr  =  i;  +  90°;  (170) 

and  substituting  v  in  (169),  we  have 

/  dv  \* 
^[-yT)   =  2cn«smi^(cosi;— cosvq).  (171) 

Now  this  equation  is  the  same  in  form  as  (40),  Art.  181,  which 
expresses  the  motion  of  a  pendulam  under  the  action  of  a  con- 
stant force  whose  line  of  action  is  parallel  to  that  of  the  line  of 
the  rod  of  the  pendulum  when  it  is  at  rest.  Let  us  then  com- 
pare the  motion  of  the  rotation-axis  of  the  body  as  expressed  by 
(171)  with  that  of  the  pendulum ;  and  let  us  assume  the  length 
of  the  pendulum  to  be  unity ;  so  that  the  constant  force,  under 
the  action  of  which  the  rotation-axis  may  be  supposed  to  moFC, 

is ,  the  line  of  which  is  the  f-axis,  and  is  the  projec- 
tion southwards  on  the  plane  of  ((,  rj)  of  the  earth's  polar  axis. 
Now  the  pendulum  vibrates  through  small  arcs  to  equal  dis- 
tances on  either  side  of  the  vertical  line  ;  and  so  will  the  rota-  * 
tion-axis  of  the  disc  vibrate  over  equal  small  angles  on  either 
side  of  the  ^-axis.  And  as  the  pendulum  remains  always  at 
rest  in  a  vertical  line,  if  it  is  ever  at  rest  in  it ;  so  will  the  rota- 
tion-axis always  be  at  relative  rest  along  the  ^-axis,  if  it  is  ever 
at  rest  in  it.   If  therefore  the  rotation-axis  is  on  the  ^-axis  when 

-^  =  0,  it  always  remains  on  it,  and  has  no  oscillation. 

Also,  as  the  pendulum  has  two  positions  of  rest,  one  of  stable 
equilibrium,  when  it  hangs  vertically  downwards  from  its  point 
of  suspension,  and  another  when  it  is  balanced  on  its  point  of 
suspension,  the  centre  of  gravity  having  its  lowest  and  its  highest 
position  in  the  two  cases  respectively ;  so  are  there  two  positions 
of  relative  rest  of  the  rotation-axis  of  the  disc,  one  of  which  is 
of  stable,  and  the  other  of  unstable  rest.  Now  if  w  and  n  have  the 
signs  given  to  them  in  (171) ;  that  is,  if  the  direction  of  a  is  con- 
trary to  that  of  the  earth,  then  the  rest  of  the  rotation-axis  will 
be  stable  or  unstable,  according  as  the  axis  coincides  with  the 
positive  or  negative  direction  of  the  ^axis.    And  the  contrary 
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will  be  the  case^  when  the  direction  of  xi  is  the  same  as  that  of 
the  earth. 

If  the  rotation-axis  is  in  its  position  of  stable  rest,  and  is 
slightly  disturbed  therefrom  by  an  extraneous  force,  it  oscillates 
in  the  plane  of  (f,  rj)  over  a  small  angle  on  either  side  of  the 
line  of  rest ;  and  if  t  is  the  time  of  an  oscillation, 

T  =  .rj ^--J*.  (172) 

(  c  a  a>  sm  1; ) 

If  however  the  rotation-axis  is  in  its  position  of  unstable  rest, 
and  is  slightly  displaced  therefrom,  it  goes  farther  from  that 
position  and  does  not  return  to  it,  until  it  has  passed  through 
860°  in  its  plane  of  motion. 

260.]  In  particular  cases  these  results  take  forms  which  are 
of  considerable  interest. 

(1)  Let  the  plane  of  (f,  17),  in  which  the  rotation-axis  of  the 
body  is  constrained  to  move,  be  horizontal  at  the  place  of  ob- 
servation :  and  let  the  latitude  of  the  place  be  X ;  then  sin  v 
=  cosX;  and  from  (172), 


T  =:   IT  ' 


j*.  (173) 


( c  n  0)  cos  \ ! 

In  this  case  the  f-axis  is  the  meridian  line,  of  which  the  positive 
direction  is  that  towards  the  south.  If  the  direction  of  the  rota- 
tion of  the  body  is  the  same  as  that  of  the  earth,  the  position 
of  rest  of  the  rotation-axis  will  be  of  stable  or  unstable  equili* 
brium  according  as  it  is  drawn  from  the  point  towards  the  north 
or  towards  the  south ;  and  if  the  rotation  is  contrary  to  that  of 
the  earth,  the  rotation-axis  will  be  in  stable  or  unstable  rest 
according  as  its  direction  is  due  south  or  due  north. 

(2)  Let  the  plane  of  (f,  77),  in  which  the  rotation-axis  is  con- 
strained to  move,  be  the  meridian  plane  at  the  place  of  observa- 
tion ;  then  v  =  90° ;  and  the  line  of  relative  equilibrium  of  the 
rotation-axis  is  parallel  to  the  earth's  polar  axis ;  and  the  equi- 
librium  of  the  axis  is  stable  or  unstable  according  as  the  direc- 
tion of  rotation  is  contrary  to,  or  is  the  same  as,  that  of  the 
earth.     In  this  case 

T  =  ^j-^^iS  (174) 

so  that,  caeteris  paribus,  the  time  of  oscillation  is  less  in  this 
case  than  it  is  when  the  rotation-axis  moves  in  the  horizontal 
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plane ;  and  generally  the  oscillations  in  the  meridian  plane  are 
quicker  than  in  any  other  plane. 

(3)  These  last  results  however  are  not  limited  to  the  meridian 
plane ;  for  sin  i;  =  1  for  all  planes  drawn  through  the  place  of 
observation  and  parallel  to  the  earth's  polar  axis. 

(4)  If  the  plane  of  {(,  ri)  is  perpendicular  to  the  earth's  polar 
axis,  V  =  0 ;  and  t  =  oo  ;  so  that  the  rotation-axis  of  the  solid  is 
at  rest  for  all  positions  in  that  plane. 

(5)  If  the  number  of  oscillations  of  the  rotation-axis  in  the 
meridian  plane  is  determined  by  observation,  t  is  known  ;  and 
consequeutly,  from  (174), 

0)  =  -^,;  (175) 

and  thus  the  angular  velocity  of  the  earth  may  be  determined. 

(6)  If  T  and  t'  are  the  times  of  oscillation  of  the  rotation-axis 
in  the  horizontal  and  the  meridian  planes  respectively  at  a  given 
place,  corresponding  to  the  same  value  of  a,  then 

cos  A  =  —J. 

From  all  these  theorems  we  conclude,  that  if  the  phsenomena  of 
the  gyroscope  are  observed  with  sufficient  care,  we  can  by  them 
determine  the  meridian  line  and  the  altitude  of  the  pole  at  the 
place ;  and  consequently  the  latitude :  we  can  determine  also  the 
direction  of  the  diurnal  rotation  of  the  earth,  and,  from  (175),  the 
mean  length  of  the  sidereal  day.  All  these  results  then  are 
confiimations,  if  they  are  required,  of  the  evidence  of  that  mo- 
tion of  the  earth  which  astronomical  phsenomena  suggest  to  us. 
And  although  the  proof  of  the  diurnal  rotation,  thus  acquired, 
may  not  be  as  palpable  as  that  afforded  by  astronomical  observa- 
tion, yet  it  is  not  to  be  rejected  as  useless,  nor  is  its  investiga- 
tion to  be  regarded  as  idle  speculation ;  for  evidence  supporting 
theories  of  cosmical  phaenomena  is  cumulative ;  and  the  value  of 
any  addition  to  it  increases  in  geometrical  ratio. 

261.]  The  gyroscope  again  may  be  so  arranged  that  the  rota- 
tion-axis of  the  disc  shall  be  constrained  to  move  in  a  right 
circular  cone,  whose  axis  passes  through  the  fixed  point  which 
is  the  centre  of  gravity  of  the  disc  and  rings.  If  we  take  this 
axis  for  the  f-axis,  $  =  the  semi-vertical  angle  of  the  cone 
=  a  (say) ;  and  thus  the  equations  which  determine  the  motion 
of  the  instrument  become 

3  p  2 
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dylf  dyU  dd>  dUr      ,,„^ 

80  that  the  equation  of  tIs  viva  becomes 

A(8ina)«  (^)Vc(«3«-V)  =  0;  (177) 

and  since  y^  =  sin  >^  sin  a,  y,  =  ^cos  yjr  sin  a,  y^  =  cos  a,  from 
the  third  of  (145)^  we  have 

<»3— n+ttsinvsinaCsin^—sin^ffo)  =0;  (178) 

from  which,  and  from  (177)^  results  may  be  deduced  similar  to 
those  of  the  last  Article^  those  indeed  being  only  the  particular 
forms  which  these  take,  when  a  =  90''.  Thus  the  time  of  small 
oscillation  of  the  rotation-axis  of  the  disc 

=  ,i_i«^l*.  (179) 

(cAttsmi/) 

262.]  Finally,  let  us  take  the  most  general  case  which  the 
gyroscope  presents  to  us,  and  suppose  the  axis  of  the  disc  to  be 
free  from  all  constraint.  Then  the  problem  is^  to  determine  the 
phenomena  which,  by  reason  of  the  earth's  diurnal  rotation,  the 
motion  of  this  rotation-axis  exhibits  to  an  observer  placed  on 
the  earth. 

I  shall  suppose  a  very  rapid  angular  velocity  a  to  be  given  to 
the  disc,  and  the  axis  to  be  placed  at  the  beginning  of  the  time  in 
relative  rest.  Let  the  centre  of  gravity  of  the  disc  be  the  origin 
of  the  systems  of  moving  axes  and  of  the  principal  axes  of  the 
disc.  Let  the  line  drawn  through  that  point,  and  parallel  to  the 
earth's  polar  axis,  be  the  f-axis,  the  positive  direction  being  that 
towards  the  north ;  so  that  in  this  case,  x;  =  0 ;  and 

(0^  =  tt,^  =  0 ;         0)^  =  -—  CD ;  (180) 

then  the  plane  of  (f ,  r\)  is  parallel  to  that  of  the  earth's  equator. 
At  the  beginning  of  the  time,  when  the  relative  angular  velocity 
of  the  disc  about  its  own  axis  is  a,  and  the  rotation-axis  is  at 
relative  rest,  let  6q  be  the  angle  at  which  the  rotation-axis,  or 
the  f'-axis,  is  inclined  to  the  C-t^xis;  and  let  the  line  of  in- 
tersection of  the  planes  of  (^,  77)  and  of  (f ',  V)  be  the  ^-  and 
the  f '-axes ;  so  that  <^  =  >^  =  0,  when  /  =  0 ;  at  which  time  also 

dt"  dt  ^    • 

Now  as  equations  which  have  already  been  found  are  suffi- 
cient for  the  solution  of  this  problem,  I  shall  only  refer  to  them ; 
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and  deduce  from  them  the  results  which  we  require.  The  com- 
plete values  bf  the  nine  direction-cosines  given  in  (144)  are  true 
in  this  case :  and  (145)  become 

002  =  (03'  +  o»  sin  ^  cos  0,  i-  (181) 

a)j|  =  0)3'  -f  0)  cos  0 ;         J 

(146)  remain  in  the  general  form  which  they  have  in  that  place. 
From  (147)  we  deduce  the  results  (158)  and  (160) ;  viz. 

»l'=    K  COB  Qlt'-T),^ 

<=  Ksin(M^-r),  I  (182) 

since  however  when  ^  =:  0,  Wi  =  »2  =  0 ;  «8  =  ^  *^^  ^  =  ^0  * 
therefore  from  these  and  from  (181)  we  have 


»/ =      cDsin^Qsin/x/^  1 


(188) 


j 


(02'=  —  tt  sin  6q  cos  ft  i 

and  consequently, 

a)j  =      a>sin^osinfi^ +  <osin^sin^/ 

c»3  =  — <»sin^oCOSfi^  +  «0sin^cos</>> }-  (184) 

003  =  n  +  «(cos^  — cos^o). 

The  equation  of  relative  vis  viva  gives 

A  |(^)V(8in^^(-^)'}  +  c(V-n>)  =  0.         (185) 

Again  from  (184)  we  have 

«2  (sin  0q)^  =  (coj — «  sin  ^  sin  4))*  +  (0)3 — o)  sin  6  cos  </>)* 

sss  00^2  +  <02'— 2tt  sin  ^  (a)i  sin </>  +  (02  cos  </>)+«* (sin ^)* 

=  «i8+ a)2*-2«  (sin  d)2  ^  +  •^  (Mn  ^)* ; 
therefore 
«i»  +  a>22  =  a)a{(sin^o)^-(sin^)2}+2a)(8ind)«^, 

and      flOg^  =  {n  +  «(cosd— cos^o)}*; 
therefore 

A  (V + V)  +  c  <»3«  =  A  a)»  { (sin  ^0)*  -  (sin  0)^}  +  2  a  o)  (sin  tf  )*  -^ 
+  cn*-f  2cna(cosd— cosdo)+c«*(cos^— cos^o)*;  (186) 

but  the  left-hand  member  of  this  equation  is  by  the  equation  of 
vis  viva  equal  to  c  a> :  consequently 
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A(8intf)>^ 

= ^ {2cnH- Aa)(co8^  4-  cohOq)  +  c«(co8d— oos^^)*} ;  (187) 

elimmating  -tt-  between  this  equation  and  (185),  replacing  <a^ 

by  its  value  given  in  (184),  and  omitting  terms  involving  ia^,  we 
have 

A*(8intf)*(^)  =  cn(co8^o— cosd){A(»(sin^)*-f  Afi>(8in^o)* 

-f  c  n  (cos  ^— cos  ^0)  +  c  « (cos  6 — cos  6q)^}  ;  (188) 

which  equation  determines  6  in  terms  of  / ;  and  when  this  value 
of  0  is  substituted  in  (187)^  that  gives  ^  in  terms  of  t. 

268.]  If  the  gyroscope  does  not  rotate  when  /  =  0,  that  is,  if 
A  r=  0,  then  ^  =  0 ;  so  that  6  does  not  vary,  and  is  constantly 

dylf 
equal  to  ^o  •  therefore  from  (187),  -^  =  0 ;  hence  also  cuj  =  0 : 

so  that  notwithstanding  the  diurnal  rotation  of  the  earth,  the 
axis  of  the  disc  remains  at  relative  rest. 

If  however  n  is  very  great,  and  this  is  the  ordinary  case  in 
the  gyroscope,  the  most  important  term  in  the  last  factor  of  the 
right-hand  member  of  (188)  is  ca(cosd--cos^o),  as  the  other 
terms  involve  <»,  which  is  a  small  quantity:  but  these  must 
not  be  wholly  neglected,  because  such  an  omission  is  equivalent 
to  the  omission  of  a>,  which  is  the  angular  velocity  of  the  earth ; 
and  because  in  such  a  case  the  only  circumstances  which  would 

satisfy  (188)  are  ^  =  0,  ^  =  ^^ ;  and  the  axis  of  the  gyroscope 

would  be  at  relative  rest.  Of  the  small  terms,  however,  we  may 
without  sensible  error  neglect  those  which  have  periodical  values^ 
and  retain  those  which  are  constant ;  for  we  shall  hereby  obtain 
the  general  effect.     Thus  (188)  becomes 

A*(8intf)^(^)  =  cn(co8tfo— costf){cn(co8d— co8^o)+Aa)(sin(9o)*+co)(cos(?o)'} 
Now  let  us  suppose  a  to  be  an  angle  such  that 
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COS  a  =  cos^rt ^ —-'»  (190) 

which  equation  is  possible^  if  —  is  positive^  for  all  values  of  6q 

between  0  and  a  limit  a  little  less  than  180° ;  and  if  —  is  nega- 

tive  for  all  values  of  6q  between  ISO''  and  a  limit  a  little  greater 
than  0.     Thus  (189)  becomes 

A*  (sin  ^)*  (^ )  =  c*rf  (cos  ^0 — cos  $)  (cos  6 — cos  o) ;      (191) 

so  that  0  always  lies  between  ^0  and  a,  which,  as  (190)  shews, 
are  two  angles  nearly  equal :  and  consequently  the  inclination 
of  the  rotation-axis  of  the  disc  to  the  f-axis  is  not  constant,  but 
varies  within  limits  very  near  to  each  other. 
From  (191)  by  integration  we  have 

^       cos  00  + cos  a      cos  ^0— cos  o        en.  .-^^x 

cobS  =  H- _,. 1!« cos^';        (192) 

and  replacing  a  by  its  value 

^             .       A  (sin  do)* +  c  (cos  ^o)*  »   <t  en.)      ,,^0^ 

cos  d  =  cos  do ^^ Z 1I— cos  — ^>.    (193) 

Let  us  introduce  the  preceding  value  of  cos  $  into  (187) :  then 
omitting  terms  involving  the  square  and  higher  power  of  <k>, 

dyjf      A(sindo)'  +  c(cosdo)^^5i     ^.^n.) 
It  = 2A(sine?o)* ^  {1-cos -^  J  , 

.  ^  A(sindo)»-fc(cos(?o)>  i      _  A.  ^^cn^) 

^  2A(smdo)*  I  en        a    3 

the  limits  of  integration  being  such  that  >/r=0  when  ^=0. 

If  then  we  consider  the  first  terms  in  (193)  and  (194),  which 
are  the  principal  terms,  it  appears  that  the  rotation-axis  of  the 
disc  revolves  uniformly  round  an  axis  parallel  to  the  earth's  axis 
in  a  direction  contrary  to  that  of  the  earth,  and  that  it  is  inclined 
to  this  axis  at  an  angle  almost  constant :  and  besides  this  general 
precessional  motion  the  axis  has  also  motion  of  nutation  both 
parallel  to  and  perpendicular  to  the  plane  of  the  earth's  equator ; 

and  that  the  periodic  time  of  these  nutations  = ;  so  that  the 

*^  on 

periodic  time  is  shorter  the  greater  is  the  initial  angular  velocity 

of  the  disc. 
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264.]  From  this  investigation  then  the  following  results 
follow : 

(1)  If  the  disc  of  the  gyroscope  has  not  any  initial  angular 
velocity,  it  remains  at  relative  rest  with  the  earth,  whether  the 
earth  rotates  or  not. 

(2)  If  the  disc  rotates  with  a  very  rapid  angular  velocity,  and 
is  placed  in  a  position  of  relative  equilibrium  with  the  earthy 
then  that  equilibrium  would  continue  if  the  earth  did  not  rotate ; 
but  if  the  earth  rotates,  the  axis  of  disc  has  a  relative  motion. 

(3)  And  the  direction  in  which  this  motion  takes  place  does 
not  depend  on  that  of  the  angular  velocity  of  the  disc,  but  is 
always  opposite  to  that  of  the  angular  velocity  of  the  earth ;  and 
consequently,  if  it  is  observed,  it  indicates  the  direction  in  which 
the  earth  rotates ;  and  thus  its  motion  supplies  evidence  of  the 
rotation  of  the  earth. 

(4)  The  angle  of  inclination  of  the  rotation-axis  of  the  disc  to 
the  axis  of  the  earth  is  nearly  constant  throughout  the  motion 
of  the  disc :  there  are  however  small  nutational  variations  of 
this  angle  as  well  as  of  the  precessional  velocity  of  the  axis,  the 
periodic  time  of  which  decreases  according  as  the  angular  velo- 
city of  the  disc  increases. 

Here  I  must  conclude  this  subject ;  for  it  would  be  quite  be- 
yond the  scope  of  the  present  work  to  enter  further  into  the 
details  of  it.  Let  me  however  refer  the  student  to  the  Memoir 
of  M.Quet,  already  alluded  to,  which  is  contained  in  Vol.  XVIII 
of  Liouville's  Journal,  and  to  which  I  have  been  largely  indebted 
for  the  preceding  Articles.  This  memoir  also  contains  an  inves- 
tigation of  the  motion  of  the  several  rings  of  the  gyroscope ;  as 
well  as  a  further  inquiry  into  the  interpretation  of  the  several 
equations,  when  small  terms,  which  we  have  omitted,  are  taken 
account  of. 

I  may  also  refer  the  reader  to  another  mathematical  investi- 
gation by  M.  Yvon  Villarceau,  which  will  be  found  in  Vol.  XIV, 
p.  848,  Nouvelles  Annales  des  Math^matiques ;  Paris,  1866. 
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CHAPTER    IX. 

ON  THE  THEOHY  OP  MACHINES  IN  MOTION. 

265.]  In  Section  4,  Chapter  III,  of  the  present  Volume,  a  com- 
bination of  the  principle  of  virtual  velocities  and  of  D^Alem- 
bert's  principle  led  to  the  general  equation  of  vis  viva  of  a  system 
of  moving  particles ;  of  which  the  form  is 

2.mv^'-ji.mvo^  =  22./m(xrfa?  +  Ydy4-zflf5f);  (1) 

the  right-hand  member  being  a  definite  integral,  and  the  limits 
of  integration  being  the  values  of  the  several  quantities  at  the 
times  t  and  ^0  respectively,  v  and  Vq  being  the  corresponding 
values  of  v  at  those  times.  For  the  truth  of  this  theorem  it  is 
necessary  that  neither  the  connections  between  the  several  par- 
ticles of  the  system,  nor  the  acting  forces,  which  produce  the 
impressed  increments  in  the  right-hand  member  of  (1),  should 
be  explicit  functions  of  the  time  /.  It  is  also  necessary  that 
2.m(xdx-\-i[ dy -\-zdz)  should  be  an  exact  differential;  and  in 
that  section  several  cases  are  given  in  which  these  conditions 
are  satisfied. 

Now  the  geometrical  relations  of  the  several  parts  of  a  ma- 
chine (I  use  this  word  in  its  ordinary  meaning)  and  the  forces 
which  act  on  a  machine  satisfy  all  these  conditions ;  so  that  the 
preceding  equation  is  applicable  to  them.  I  propose  to  apply  it 
to  the  theory  of  their  motion ;  for  this  is  our  immediate  subject 
of  inquiry.  We  shall  hereby  ascertain  not  only  general  proper- 
ties of  them,  but  also  measures  of  their  effects  and  criteria  of 
their  goodness  or  efficiency.  Mathematical  and  precise  defini- 
tions will  be  given  of  these  terms ;  and  we  shall  thereby  be  able 
to  reduce  their  values  to  measurement  and  to  number ;  and  this 
is  in  such  cases  the  end  of  all  exact  scientific  inquiry. 

It  will  be  convenient  however  to  put  (1)  into  a  slightly  dif- 
ferent form.  The  right-hand  member  of  (1)  consists  of  a  series 
of  groups  of  terms  which  arise  from  an  equal  number  of  different 
acting  forces.    Let  f  =  that  movinff  farce  of  which  mx,  m  y,  mz 
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are  the  axial  compouents ;  and  let  ds  be  the  projection  on  the 
line  of  action  of  f  of  the  distance  through  which  its  point  of  ap- 
plication moves  in  the  time  dt ;  so  that 

m{xdx-^Ydy-^zdz)  =  vds.  (2) 

Let  this  transformation  be  made  for  all  the  acting  forces ;  then 
the  equation  of  vis  viva  becomes 

s.mr*— a.mt?o*  =  22.  vds;  (3) 

the  right-hand  member  being  a  definite  integral  with  limits  cor- 
responding to  the  times  /  and  to;  and  f  being  the  momentum  im- 
pressed on  the  machine.  It  is  this  equation  which  we  shall  apply 
to  the  theory  of  machines  in  motion. 

266.]  A  machine  is  an  instrument  by  which  the  momentum 
arising  from  certain  acting  forces,  and  applied  at  one  or  more 
definite  points  in  given  lines  of  action,  is  transmitted  to  other 
points,  and  is  at  them  and  along  given  lines  communicated  to 
other  matter. 

A  machine  generally  consists  of  many  pieces,  which  are  con- 
nected by  articulations  of  various  kinds,  by  axles  or  shafting 
common  to  two  or  more  wheels,  by  sliding  and  rolling  contact, 
&c. ;  the  connections  being  such,  that  when  one  piece  moves  by 
the  action  of  a  force,  many  or  all  the  other  pieces  also  move. 

The  point  at  which  the  momentum  of  a  moving  force,  or 
power  as  it  is  popularly  called,  is  applied,  is  called  the  driving 
point:  and  the  point  at  which  the  transmitted  momentum  is 
applied  is  called  the  working  point  of  the  machine;  and  the 
series  of  pieces  which  connect  these  two  points  is  called  the 
train. 

Let  the  object  of  a  machine  be  clearly  understood.  It  is  to 
enable  us  conveniently  to  apply  at  a  certain  point  in  a  definite  line 
of  action  and  in  a  certain  way  momentum  which  arises  from  a  cer- 
tain power  or  moving  force  applied  elsewhere.  Thus  it  transmits 
momentum.  It  neither  generates  it  nor  destroys  it.  The  action  of 
it  is  in  complete  accordance  with  the  law  of  inertia.  All  the 
momentum  which  is  communicated  to  it  either  has  been  or  may 
be  abstracted  from  it.  Let  us  now  consider  the  mode  in  which 
(8)  enables  us  to  trace  the  relation  between  the  momentum 
communicated  to  a  machine  and  that  which  it  either  gives  or 
is  capable  of  giving  at  its  working  point.  The  sign  of  summa- 
tion in  the  left-hand  member  of  (3)  includes  all  particles  to 
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which  velocity  is  communicated  by  the  action  of  the  moving 
forces;  and  thus  includes  not  only  the  moving  parts  in  the 
train  of  the  machine^  but  also  the  fixed  framework,  the  sup- 
ports, the  ground  or  base  on  which  it  rests,  and  even  the 
particles  of  the  surrounding  air,  if  so  be  that  velocity  of  vibra- 
tion or  any  other  velocity  is  communicated  to  all  or  any  of  them. 
And  the  left-hand  member  expresses  the  excess  of  the  vis  viva 
of  all  the  moving  particles  at  the  time  t  over  the  vis  viva  at  the 
time  to ;  that  is,  it  is  the  increment  of  the  vis  viva  of  the  whole 
system  in  the  time  /— /q- 

The  right-hand  member,  viz.  2^.1  rds,  expresses  twice  the 

sum  of  all  the  definite  integrals  of  the  products  of  each  im- 
pressed momentum-increment  (f),  and  the  space  (ds)  through 
which  its  point  of  application  moves  along  its  own  line  of  ac- 
tion in  the  time  dt ;  the  limits  of  integration  being  the  values 
of  these  several  quantities  at  the  times  t  and  to  respectively. 
This  product  vds  is  called  the  element  of  work  due  to  the  force 

f;  and  the  definite  integral /fc/^,  which  is  the  sum  of  these  ele^ 

ments,  is  called  the  whole  work  of  the  force  m  the  time  /— /©; 
and  in  reference  to  this  impressed  work  the  force  is  called  la- 
bourinff  force. 

267.3  Of  these  terms  and  definitions  I  will  take  some  simple 
instances,  and  shew  how  exactly  they  coincide  with  our  ordinary 
notion  of  work,  which  involves  resistance  overcome  and  space 
described. 

Let  us  suppose  the  force  to  be  the  earth^s  attraction,  acting 
on  a  mass  m,  of  which  w  is  the  weight,  or  the  impressed  moving 
force.  Let  us  suppose  this  weight  to  move  from  rest  in  a  vertical 
line  towards  the  earth,  and  ds  to  be  the  element  of  its  path  in 
the  time  dt :  then  w  ds  is  the  element  of  work  in  the  time  dt. 
Let  t  be  the  time  during  which  the  body  falls,  and  let  h  and  z 
be  the  vertical  distances  from  the  earth's  surface  when  /= 0  and 
/=/  respectively. 

The  work  in  the  time  t  =z  Iwds 

=:w(A-«);  (4) 

and  is  equal  to  the  product  of  the  weight  and  the  vertical  dis- 
tance through  which  it  has  fallen.  This  then  is  the  work  which 
has  been  impressed  by  the  labouring  force  of  the  earth's  attrac* 

3Qa 
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tion  in  the  time  t;  and  hence  an  equal  amount  of  labouring 
force  must  act,  and  an  equal  amount  of  wort  must  be  spent 
on  w,  so  as  to  put  it  into  its  original  place.  This  work  in  a 
given  time  is  measured  by  the  product  of  the  weight  moved  and 
the  vertical  distance  through  which  it  is  moved.  Work  is  im- 
parted to  a  heavy  body  as  it  is  removed  further  from  the  earth's  sur- 
face, and  is  taken  from  it  as  the  body  moves  nearer  to  the  earth. 
Consequently,  a  heavy  body  has  a  greater  amount  of  work  in  it 
at  a  greater  altitude  than  it  has  at  a  less.  The  absolute  amount 
of  work  too  remains  the  same :  whatever  change  it  undergoes  in 
the  change  of  place  of  the  body,  an  equal  change  in  an  opposite 
direction  takes  place  when  the  body  returns  to  its  original  place. 
This  result  is  evident  from  (4) ;  for  if  h  is  less  than  z,  the  work 
is  negative,  so  that  work  must  be  imparted  to  the  body  to  raise 
it  to  a  greater  altitude. 

Suppose  again  that  we  have  a  series  of  weights,  w^,  w,,  ..., 
whose  altitude  above  the  earth's  surface  at  the  times  to  and  t 
are  severally  hi,Zi,h^,z^,..;  then  the  work  in  the  time  /— /o 
=  2.w(A— «) 

=  (A-:i)3.w,  (5) 

if  h  and  z  are  the  vertical  distances  of  the  centre  of  gravity  of 
the  weights  above  the  earth's  surface  at  the  time  to  and  /.  So 
that  the  work  depends  on  the  vertical  distances  between  the  places 
of  the  centre  of  gravity  of  the  system  of  weights  at  the  times 
to  and  /  respectively.  If  h  is  greater  than  z,  so  that  the  centre 
t)f  gravity  is  lower,  work  is  taken  by  the  earth  from  the  weights ; 
if  h  is  less  than  z,  work  is  given  by  the  earth  to  the  weights, 
and  their  work  is  increased :  if  A  =  ^,  the  work  of  the  weights 
is  unaltered. 

Equation  (4),  which  gives  a  mathematical  definition  of  work, 
enables  us  to  determine  an  unit  of  work,  and  thereby  to  measure 
other  work,  although  it  is  only  founded  on  the  application  of  the 
general  principle  of  vis  viva  to  the  particular  case  of  a  heavy 
body  moving  near  to  the  earth's  surface.  Work  done  in  the 
time  /  =  the  product  of  the  weight  moved  and  the  vertical  dis- 
tance over  which  it  is  moved.  Consequently,  if  the  weight 
moved  is  an  uuit-weight,  and  the  vertical  distance  over  which  it 
is  moved  is  an  unit- distance,  the  product  of  these  two  quantities 
is  the  unit  of  work :  and  we  have  the  following  definition  : 
An  unit  of  work = an  unit-weight  x  an  unit  of  vertical  distance.  (6) 
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In  Britain  we  express  distances  in  terms  of  feet^  and  weight 
in  terms  of  pounds  aroirdnpois ;  and  consequently  the  British 
unit  of  work  is  one  pound  raised  one  vertical  foot ;  this  is  called 
a  foot-pound ;  and  work,  which  is  defined  by  the  product  of 
numbers  expressing  the  number  of  pounds  raised,  and  the  num- 
ber of  feet  through  which  they  are  raised,  is  said  to  consist 
of  such  and  such  a  number  of  foot-pounds.  Thus,  if  100  pounds 
are  lifted  through  5  feet,  the  work  done  is  500  foot-pounds ;  and 
if  50  pounds  are  lowered  through  10  feet,  work  to  the  amount 
of  500  foot-pounds  has  been  taken  from  them  and  communi- 
cated to  something  else. 

In  France  distance  is  expressed  in  metres,  and  weight  in 
kilogrammes;  and  the  unit  of  work  is  called  a  kilogram- 
metre. 

Now  this  mode  of  estimating  work  done  is  applicable  to  not 
only  machines,  but  also  to  living  agents,  as  a  man  or  a  horse. 
Thus,  if  a  man  lifts  a  weight  w  through  a  vertical  height  A  in  a 
given  time,  w  A,  expressed  in  foot-pounds,  is  the  work  done  by 
him  in  that  time.  So  it  is  found  that  a  man  working  on  a 
tread-mill  will  raise  himself  through  10,000  feet  in  a  day  of 
8  hours ;  and,  taking  the  weight  of  his  body  to  be  ISOlbs,  his 
work  in  the  day  is  1,500,000  foot-pounds. 

I  should  observe  also  that  there  is  a  peculiar  unit  of  work 
called  a  horse-power,  in  terms  of  which  the  work  of  a  steam 
engine  and  of  other  machines  is  ordinarily  estimated.  In  Britain 
a  horse-power  is  550  foot-pounds  in  a  second  of  time ;  that  is, 
is  38,000  foot-pounds  in  a  minute.  In  France  the  term  ^' force 
de  cheval'^  means  4,500  kilogramm^tres  in  a  minute ;  and  this 
is  equivalent  to  82,549  English  foot-pounds. 

268.]  Having  said  thus  much  on  work,  and  the  mode  of  mea- 
suring work,  I  will  return  to  the  consideration  of  the  equation 
of  vis  viva,  given  in  (3),  and  introduce  into  it  these  definitions ; 
in  which  case  the  theorem  of  vis  viva  may  be  enunciated  as 
follows : 

In  the  motion  of  a  system  of  particles,  subject  to  connections 
which  are  independent  of  the  time,  and  under  the  action  of 
forces  which  do  not  explicitly  involve  the  time,  the  increment  of 
the  sum  of  the  vires  vivse  of  all  the  particles  in  a  given  time  is 
equal  to  twice  the  sum  of  the  work  communicated  to  the  system 
during  the  same  time  by  all  the  acting  forces. 
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Of  the  forces  which  act  on  the  several  parts  of  the  machine 
and  prodace  the  work,  there  are  two  kinds^  which  must  be  dis- 
tinguished ;  there  are  moving  forces,  and  there  are  resisting  or 
retarding  forces.  The  former  are  called  positive  forces,  or  the 
moving  powers  acting  on  the  machine,  and  the  effect  of  them  is 
the  moving  work  of  the  machine,  and  is  that  which  is  impressed 
at  the  driving  points.  The  latter  are  called  negative  forces,  and 
correspond  to  the  whole  resisting  work  of  the  machine ;  that  is^ 
not  only  to  the  work  done  by  the  machine  at  its  working  points^ 
bat  also  that  due  to  the  friction  of  the  pieces  of  the  machine 
one  against  another,  or  against  the  fixed  framework  or  the  sup- 
ports ;  that  due  to  the  stiffness  of  cords  and  connecting  bands ; 
that  due  to  the  vibrations  of  the  several  particles  of  the  machine, 
to  the  vibrations  of  the  supports,  of  the  ground  on  which  they 
rest,  of  the  surrounding  air.  All  these  are  causes  of  work,  and 
the  work  due  to  them  is  resisting  work,  which  acts  in  a  contrary 
direction  to  the  moving  work  of  the  machine.  These  forces  are 
by  Camot  and  by  other  writers  distinguished  according  as  the 
angles  between  their  lines  of  action  and  the  path  described  by 
their  points  of  application  in  the  time  dt  are  acute  or  obtuse. 

Let  Wm  be  the  moving  work  of  all  the  forces  acting  on  the 
machine  during  the  time  t—tQ;  and  let  w^  be  the  resisting  work 
due  to  the  resisting  forces  in  the  same  time ;  so  that 


/' 


p*  =  w^-Wr; 

then  equation  (8)  takes  the  form 

a.wiv^-a.mV  =  2(Wm-w,.) ;  (7) 

so  that  the  increment  of  vis  viva  is  equal  to  twice  the  excess  of 
the  moving  work  over  the  resisting  work. 

The  resisting  work  w^  consists  of  two  parts ;  firstly,  the  useful 
work,  which  we  will  call  w«,  which  acts  at  the  working  points, 
and  the  production  of  which  is  the  object  of  the  machine ;  and 
secondly,  the  lost  work,  which  we  will  call  W/ ;  which  is  spent  on 
the  friction  of  the  pieces,  the  vibrations  of  the  several  particles 
of  the  framework,  the  ground,  and  the  surrounding  air,  as  we 
have  just  now  explained ;  so  that 

Wr  =  w«  +  w,.  (8) 

Equation  (7)  embodies  the  theory  of  all  machines  in  motion ; 
and  consequently  a  careful  consideration  of  it  will  indicate  the 
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conditions  which  good  machines  ought  to  satisfy,  and  the  general 
principles  of  their  construction. 

As  to  the  circumstances  which  cause  the  lost  work  (w^),  I 
would  observe,  that  the  work  due  to  friction  may  be  much 
lessened  by  means  of  a  proper  choice  of  materials,  and  by 
unguents,  &c.,  and  that  in  all  cases  the  quantity  of  it  can  be 
calculated.  The  work  spent  on  the  vibrations  of  the  several 
parts  of  the  machine  cannot  be  calculated  in  the  present  state 
of  the  science  of  molecular  physics;  but  the  vis  viva  of  the 
several  particles  due  to  this  work,  which  enters  in  the  left-hand 
member  of  (7),  is  nearly,  if  not  quite,  equal  in  quantity ;  so  that 
the  ''lost  work''  due  to  this  cause  will  disappear  in  the  application 
of  the  equation.  The  work  which  is  spent  on  the  motion  commu- 
nicated to  the  supports,  and  which  is  eventually  conveyed  to  the 
earth  and  lost,  varies  much  in  different  machines,  but  is  some- 
times very  considerable.  It  cannot  however  generally  be  cal- 
culated. That  which  is  lost  in  giving  motion  to  the  particles  of 
the  surrounding  air  is  very  small,  and  consequently  may  be 
neglected. 

269.]  Let  us  now  trace  the  action  of  a  machine  in  motion 
with  reference  to  the  equation  (7),  which  connects  the  vis  viva 
with  the  work  done.  When  a  machine  begins  to  move,  the 
element  of  moving  work  is  greater  than  that  of  the  resisting 
work  which  is  brought  into  action  in  the  same  time,  and  vis 
viva  increases;  this  increase  of  vis  viva  continues  until  the 
elements  of  moving  work  and  resisting  work  due  to  the  same 
element  of  time  are  equal ;  then  there  is  equilibrium  between 
these  two  work-elements,  no  further  increase  of  vis  viva  takes 
place,  and  the  vis  viva  becomes  a  maximum. 

Now  the  subsequent  motion  of  the  machine  may  be  either 
uniform  or  periodic  :  let  us  suppose  it  to  be  uniform ;  and  let  t^ 
be  the  time  at  which  this  state  is  reached;  and  let  ^,mVo*  be 
the  vis  viva  which  the  machine  then  has.  As  the  velocity  of 
every  particle  continues  the  same,  whatever  is  the  time  expressed 
hy  t—to.^.mv^  =  s-mv^*;  consequently,  from  the  right-hand 
member  of  (7),  we  have  w^  =  Wr,  and  the  whole  moving  work  is 
equal  to  and  becomes  resisting  work ;  and  we  have 

w«  =  w„  +  w/;  (9) 

and  the  machine  transmits  the  whole  moving  work  to  the  points 
at  which  tlie  resisting  work,  both  useful  and  lost,  is  applied,  with- 
out loss  or  modification. 
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When  the  motion  of  a  machine  is  not  uniform,  but  periodic, 
as  it  is  in  an  ordinary  steam  engine,  there  is  a  continual  increase 
or  decrease  of  vis  viva ;  and  the  element  of  moving  work  is  not 
equal  to  the  element  of  resisting  work  for  every  time-element. 
If  however  we  consider  an  interval  of  time,  at  the  beginning  and 
the  end  of  which  the  velocities  of  the  different  elements  of  the 
machine  are  the  same,  the  left-hand  member  of  (7)  vanishes, 
and  consequently  w^  =  w,. ;  that  is,  the  whole  moving  work 
appUed  during  that  interval  is  equal  to  the  corresponding  whole 
resisting  work.  And  thus,  although  the  elements  of  the  moving 
and  the  resisting  works  for  any  time-element  are  not  equal,  yet 
the  sums  of  these  elements  are  equal,  for  the  interval  at  the 
beginning  and  end  of  which  the  vis  viva  of  the  machine  is  the 
same.  And  as  this  result  is  true  for  any  one  such  interval,  so 
is  it  true  for  the  time  of  many  such  intervals. 

If  then  we  consider  a  machine  during  the  whole  time  that  it 
moves,  that  is,  from  the  instant  at  which  it  begins  to  move,  to 
that  at  which  it  comes  to  rest,  s.mv^  =  s.iTtt;^'  =  0,  and  con- 
sequently, corresponding  to  that  whole  time,  w^  =  w^ ;  so  that 
whatever  is  the  motion  of  the  machine,  whether  it  is  uniform 
or  periodic,  or  of  any  other  nature,  the  work  due  to  all  the 
moving  forces  for  the  time  during  which  the  motion  continues 
is  equal  to  the  whole  resisting  work  developed  in  the  same 
time. 

It  also  appears  from  equation  (7),  that  if  the  vis  viva  ^.mv^ 
at  the  time  t  is  greater  than  the  vis  viva  ^.mv^  at  the  time  t^, 
Wm  is  greater  than  w^;  and  that  if  ig.mt;'  is  less  than  s.mt;^', 
Wm  is  less  than  Wr*  Thus  the  vis  viva  of  the  machine  increases 
or  decreases  according  as  w^  is  greater  or  less  than  Wr ;  and  the 
vis  viva  remains  the  same,  if  w^  =  w,..  If  therefore  the  moving 
work  is  greater  than  the  resisting  work,  the  vis  viva  of  the 
machine  increases,  because  the  excess  of  the  moving  over  the 
resisting  work  is  being  stored  as  vis  viva  in  the  several  parts  of 
it.  Whereas,  if  the  resisting  work  is  greater  than  the  moving 
work,  that  excess  is  taken  from  the  machine  in  the  form  of  a 
loss  of  vis  viva.  Hereby  we  see  the  reason  why  a  machine, 
whose  motion  is  not  uniform,  will  yield  a  resisting  work  equal 
to  a  moving  work,  if  these  are  considered  during  the  whole  time 
of  motion.  As  the  machine  starts  from  rest,  w^  is  greater  than 
Wr,  and  work  is  being  stored  in  the  machine  in  the  form  of  vis 
viva,  until  the  machine  reaches  a  state  at  which  its  vis  viva  is 
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a  maximum.  And  as  the  machine  returns  to  its  state  of  rest  it 
loses  vis  viva,  which  becomes  resisting  work^  and  eventually 
gives  out  just  as  much  as  it  received  at  first ;  so  that  if  w^,  and 
Wr  are  estimated  through  the  whole  motion^  Wm  =  w^.  Thus  it 
is  that  a  machine  does  not  create  work ;  it  receives  it ;  it  may 
store  it  for  a  time ;  but  finally  it  yields  exactly  the  same  quan- 
tity as  has  been  given  to  it. 

270.]  Whenever  the  differential  of  the  vis  viva  vanishes,  then, 
firom  (8),  2,vd8  =  0;  that  is^  the  vis  viva  of  the  machine  is 
a  maximum  or  a  minimum,  or  does  not  vary  with  a  small  motion 
of  the  machine,  when  all  the  forces^  moving  and  resisting,  acting 
on  it  at  the  time  are  in  equilibrium  ;  in  equilibrium,  I  say ;  be- 
cause :i.vds  is  the  sum  of  the  virtual  moments  of  the  forces; 
and  when  this  sum  =  0,  the  forces  are  in  equilibrium  by  reason 
of  the  principle  of  virtual  velocities.  Now  :x.mv^is  2l  maximum 
or  a  minimum  according  as  ^.vds  changes  sign  from  +  to  — , 
or  firom  —  to  +,  as  it  passes  through  zero.  In  the  former 
case,  the  moving  forces  are  greater  than  the  resisting  forces 
before  equilibrium  takes  place,  and  after  equilibrium  the  resist- 
ing forces  become  greater  than  the  moving  forces ;  these  cir- 
cumstances indicate  a  state  of  stable  equilibrium.  In  the  latter 
case,  all  these  circumstances  are  reversed,  and  the  state  is  that 
of  unstable  equilibrium.  So  that  the  vis  viva  of  the  machine  is 
a  maximum  or  a  minimum  according  as  the  equilibrium  of  it  at 
the  instant  is  stable  or  unstable.  If  the  forces  are  in  equili- 
brium, and  no  change  of  sign  takes  place  in  :i.Fd8,  the  vis  viva 
of  the  machine  is  neither  a  maximum  nor  a  minimum ;  in  this 
case  the  equilibrium  cannot  be  said  to  be  either  stable  or  un- 
stable. If  an  infinitesimal  motion  of  the  machine  takes  place, 
then  3.F  ds  will  pass  through  0  from  +  to  + ,  or  from  —  to  — , 
according  as  one  or  other  of  the  two  directions  of  motion  is 
taken;  and  thus  the  equilibrium  is  said  to  be. neutral.     If 

^.rds  =  0y  because  s.  / F(f«  is  a  constant,  then  the  vis  viva  is 

constant,  and  the  equilibrium  of  the  machine  is  continuous. 

271.]  The  goodness  or  the  efficiency  of  a  machine  depends 
on  the  amount  of  useful  work  yielded  by  it  in  comparison  of 
the  moving  work ;  so  that  the  efficiency  is  mathematically  de- 
fined by  the  following  equation  : 

the  efficiency  of  a  machine  =  — -  •  (10) 

PRICE,  VOL.  IV.  3  R 
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The  superior  limit  of  this  ratio  is  unity,  the  ratio  in  all  machines 
being  less  than  1 ;  and  the  nearer  the  ratio  approaches  to  1,  so 
much  more  efficient  is  the  machine.  Thus^  a  machine  is  per- 
fectly efficient  when  w^  =  w^,  that  is^  when  the  useful  work  is 
equal  to  the  moving  work.  This  however  is  a  theoretical  state^ 
which  is  never  found  in  practice.  And  why  ?  Because  in  con- 
sidering the  work  done  by  a  machine  during  the  interval  of 
time  at  the  beginning  and  the  end  of  which  the  vis  viva  of  the 
machine  is  the  same,  so  that  no  increase  of  vis  viva,  and  con- 
sequently no  increase  of  work,  is  stored  in  the  machine,  Wr  =  w. ; 
and  consequently,  ^^  =  w.  +  w, :  (11) 

thus  part  of  w^  goes  to  w;,  which  is  the  work  lost  in  the  various 
ways  which  have  been  enumerated  and  explained  in  Art.  268 
above;  and  w/  can  never  be  made  wholly  to  disappear.  We 
must  however  diminish  it  as  far  as  possible,  so  that  w^  may  be  as 
nearly  as  possible  equal  to  Wm-  All  frictions  therefore  of  rolling 
and  sliding,  which  are  not  absolutely  necessary,  must  be  avoided ; 
and  when  they  cannot  be  avoided,  the  spaces  over  which  they 
take  place  must  be,  as  far  as  possible,  reduced,  and  their  work 
must  be  diminished  by  means  of  hard  and  polished  materials 
and  of  unguents.  All  vibratory  motion  is  also  to  be  avoided  ; 
for  although,  as  we  have  before  observed,  vis  viva  may  be  pro- 
duced in  parts  of  the  machine  which  will  be  equal  or  almost 
equal  to  the  work  spent  on  it,  and  which  may  be  retransferred 
to  work,  yet  oscillatory  motion  of  the  parts  produces  oscillatory 
motion  in  the  molecules  of  the  parts,  which  is  propagated  from 
molecule  to  molecule  by  the  elasticity  of  the  materials  through 
the  supports,  the  framework,  and  the  surrounding  air,  and  is 
finally  lost  in  the  mass  of  the  earth  without  the  production  of 
any  useful  work.  We  must  also  avoid  all  sudden  impulses  and 
blows ;  for  they  will  be  the  cause  of  not  only  intense  vibrations 
in  the  molecules  of  the  machine  and  of  its  supports,  but  of 
changes  of  form  of  the  parts  and  supports ;  which,  although 
perhaps  not  considerable  in  extent,  may  consume  a  large  quan- 
tity of  work,  because  the  resistance  to  such  changes  is  very 
great.  In  short  the  most  efficient  machines  move  without  noise, 
without  displacement  of  any  support,  and  we  may  almost  say 
without  a  suspicion  on  the  part  of  the  observer  of  any  strain  or 
effort  in  any  of  its  parts,  or  of  work  done  by  it. 
Notwithstanding  all  precautions,  if  w^  is  the  useful  work  to 
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be  done  by  a  machine^  Wm>  the  moving  work^  must  be  greater 
than  it ;  for  we  can  never  rednce  w^  to  zero.  We  perceive  then 
the  great  error  of  those  who  are  in  search  of  perpetual  motion. 
They  propose  to  invent  a  machine  by  means  of  which  useful 
work  may  be  done  without  any  moving  work ;  or  at  least  at  the 
expense  of  moving  work  less  than  the  useful  work.  This  is  impos- 
sible ;  for  it  is  inconsistent  with  the  truth  of  the  equation  of  vis 
viva ;  and,  as  all  known  mechanical  forces  satisfy  that  equation^ 
they  cannot  effect  it  *. 

272.]  Another  property  of  a  good  machine  is  uniformity  of 
the  velocity  of  its  several  parts ;  so  that  when  the  machine  is  in 
its  fuU  working  state,  the  variation  of  the  velocity  of  every  part 
during  the  motion  may  be  as  small  as  possible.  This  condition 
is  desired,  not  because  the  transmission  of  work  is  rendered 
more  effective  thereby,  nor  because  the  amount  of  useful  work 
is  increased ;  but  because,  from  an  industrial  point  of  view,  the 
quality  of  the  useful  work  is  better,  being  more  regular.  Now 
in  many  machines  not  only  is  the  moving  work  communicated 
irregularly  at  the  driving  point,  as  in  a  steam  engine ;  but  also 
the  useful  work  at  the  working  points  is  irregularly  applied ;  as 
in  coining,  punching,  shearing,  slotting,  &c.  machines  ;  so  that 
w»,— Wy  is  a  quantity  varying  within  limits,  which  are  consider- 
ably distant,  and  thus  the  velocities  of  the  several  parts  of  the 
machine  are  far  from  uniform.  It  may  also  be  remarked,  that 
irregular  motions  produce  vibrations  of  the  molecules,  which 
cause  loss  of  work.  It  is  consequently  important  to  devise  means 
by  which  uniformity  may  be  obtained  as  far  as  possible ;  and 
the  equation  of  vis  viva,  as  we  proceed  to  shew,  suggests  a 
method. 

In  most  machines,  by  means  of  the  train,  the  velocities  of  the 
different  parts  have  constant  ratios  which  depend  on  their  rela- 
tive positions,  if  we  omit  the  forced  molecular  vibrations ;  and 
thus  the  velocity  of  any  molecule  may  be  expressed  in  terms 
of  that  of  another  which  is  arbitrarily  chosen.  Let  us,  to  fix  our 
thoughts,  take  this  last  to  be  the  driving  point,  that  at  which 
the  moving  work  is  applied.  Let  v  and  Vq  be  the  maximum  and 
minimum  velocities  of  it  which  succeed  each  other,  t  and  /q 
being  the  times  at  which  these  respectively  take  place ;  and  let 

*  See  a  curious  paper  on  this  subject  by  G.  B.  Airy,  M.  A.,  &c.,  the  present 
Astronomer  Rojral,  in  the  Cambridge  Philosophical  Transactions,  Vol.  III. 
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Wn  and  Wr  be  the  moving  and  resisting  works  of  the  machine  in 
the  time  /— /q.  Let  the  velocities  of  any  molecule  m  at  tlieae 
times  be  respectively  av  and  uVq  ;  and  as  this  will  be  true  for  all 
particles,  a  varying  from  particle  to  particle,  the  equation  of 
vis  viva  takes  the  form 

(r*  -V)  2.m  a«  =  2  (w«  -  w,) ;  (12) 

so  that  V  -  Vo  =  — ^  !!l!LZZr .  (18) 

Our  object  is  to  make  t^—v^  as  small  as  possible;  so  that  the 
variations  of  the  velocity  of  the  driving  point,  and  consequently 
of  all  the  particles  of  the  machine^  may  be  as  small  as  possible. 
Wm— Wr  is  a  known  quantity,  varying  with  the  variations  of  the 
moving  and  resisting  works  ;  which  however  cannot  be  so 
arranged  as  to  make  v—Vq  small.  But  the  difference  v—Vq 
will  be  less^  the  greater  x,ma*  is;  this  therefore  suggests  the 
addition  to  a  machine  of  large  masses  moving  with  great  velo- 
cities. These  are  generally  introduced  in  the  particular  form  of 
large  and  heavy  wheels  moving  with  high  velocities,  having  the 
greater  parts  of  their  mass  in  a  thick  rim  of  a  considerable  radiua ; 
because  thereby  the  vis  viva  of  the  wheel  is  increased ;  they  are 
called  flywheels;  and  are  generally  placed  on  an  axle  near  to 
the  moving  force  of  the  machine,  when  the  variations  of  the 
moving  work  are  great ;  and  near  to  the  working  points  when 
the  variations  of  the  work  at  their  points  are  great.  Being 
wheels  moving  on  fixed  axles,  the  centre  of  gravity  of  them 
remains  fixed  during  the  motion,  so  that  no  work  is  consumed 
on  its  motion ;  a  small  quantity  of  work  is  spent  on  the  fric- 
tion at  the  bearings,  and  on  the  vibrations  which  are  commu- 
nicated by  their  motion  to  the  surrounding  air. 

Flywheels  not  only  give  steadiness  to  a  machine,  by  prevent- 
ing great  fluctuations  of  velocity,  but  when  the  variations  of 
the  moving  and  the  resisting  work  are  not  periodic,  they  are 
employed  to  prevent  too  great  an  accumulation  or  a  diminution  of 
vis  viva;  this  they  effect  by  bringing  into  action  a  piece  of 
mechanism  called  a  governor,  or  a  regulator,  whereby  the  supply 
of  moving  work  can  be  varied.  Such  is  the  sluice  or  valve, 
which  adjusts  the  opening  through  which  water  is  supplied  to  a 
water-wheel ;  the  throttle  valve^  which  regulates  the  space  in 
the  steam  pipe  through  which  steam  is  supplied  to  the  cylinder ; 
the  damper,  which  regulates  the  supply  of  air  to  a  furnace.   The 
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governor  which  is  most  commonly  in  use  is  Watt's  centrifogal 
governor,  of  which  a  drawing  is  given  in  fig.  62^  and  which  is 
described  in  Art.  234. 

Flywheels  also  serve  a  most  useful  purpose  in  those  machines 
wherein  a  large  amount  of  work  is  required  at  the  working 
points^  not  continuously,  but  on  a  sudden,  as  for  instance  in 
punching  machines ;  because  they  contain  a  large  quantity  of 
vis  viva  which  has  been  communicated  from  the  moving  work> 
has  been  stored  in  the  form  of  vis  viva,  and  is  ready  to  become 
useful  work  at  the  working  points. 

273.]  The  conclusions  of  the  preceding  Articles  are  drawn 
from  the  equations  of  vis  viva,  (3),  (4),  and  (7),  the  members  of 
which  severally  are  vis  viva,  work,  and  a  weight  moved  through 
a  given  vertical  space.  Now  if  an  equation  is  intelligible  and 
applicable  to  any  useful  purpose,  its  members  must  be  homo* 
geneous,  that  is,  the  quantities  which  the  two  members  consist 
of  must  be  of  the  same  kind ;  if  one  member  is  linear  space 
only,  the  other  must  equally  be  so ;  and  consequently  if  an 
equation  involves  space,  time,  and  mass,  which  is  the  case  with 
most  dynamical  equations,  the  dimensions  of  these  must  be  the 
same  in  both  members.  I  propose  to  prove  the  homogeneity  of 
the  preceding  equations ;  and  in  so  doing  certain  general  prin- 
ciples will  be  stated  which  are  of  general  application ;  and  I 
shall  incidentally  prove  that  other  fundamental  equations  are 
equally  homogeneous. 

Certain  units  must  be  assumed,  in  terms  of  which,  by  means 
of  number,  quantities  of  the  same  kind  may  be  expressed. 

I  assume  an  unit  of  space,  and  an  unit  of  time.  Then,  from 
the  ordinary  definitions  of  dynamics,  we  have  the  two  following 
consequences  : 

The  unit  of  velocity  is  an  unit  of  space  passed  through  in  an 
unit  of  time. 

The  unit  of  accelerating  force  is  that  which  impresses  an  unit 

of  velocity  in  an  unit  of  time. 

ds 
Since  velocity  =  -^,  velocity  is  of  (1)  dimension  in  space, 

and  of  (—1)  dimension  in  time. 

Since  accelerating  force  =  -j-^,  accelerating  force  is  of  (1) 

dimension  in  space,  and  of  (—2)  dimensions  in  time. 

We  require  the  definition  of  another  quantity,  viz.,  that  of 
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mass.  Now  in  these  and  other  applications,  the  matter  which 
moves  is  terrestrial  matter,  of  which  a  property  is,  that  it  attracts 
directly  as  its  mass,  and  inversely  as  the  square  of  the  distance. 
Let  an  unit  of  mass  be  placed  at,  say,  a  ;  and  let  m  units  be 
placed  at,  say,  b  ;  the  distance  between  a  and  b  being  r  :  then, 
by  the  law  of  gravitation, 

rf*r  _       m  , 

.-.     fn=-r-^.  (14) 

and  consequently  an  unit  of  mass  is  that  which  produces  an  unit 
of  accelerating  force  at  an  unit  of  distance. 

Thus  mass  is  of  (3)  dimensions  in  space,  and  of  (—2)  dimen- 
sions in  time. 

Hence  we  have  the  following : 

mass 
Density  =  — = ;  now  volume  is  evidently  of  (8)  dimensions 

in  space;  consequently  density  is  of  (0)  dimensions  in  space  and 
of  (—2)  dimensions  in  time. 

Since  weight  =  m^  ;  weight  is  of  (4)  dimensions  in  space,  and 
of  (—4)  dimensions  in  time. 

Since  work  =  m.v^  =  2wA;  work  is  of  (5)  dimensions  in 
space,  and  of  (—4)  dimensions  in  time. 

Hence,  if  the  units  of  space  and  time  are  changed,  the  mem- 
bers expressing  the  quantities  above  will  have  to  be  changed  in 
the  ratios  just  now  assigned.  Suppose  for  instance  the  units  of 
space  and  time  to  be  diminished  in  the  ratio  of  1  to  2 ;  so  that 
what  was  s  becomes  2  s,  and  what  was  /  becomes  2L  Then  the 
new  density  is  expressed  by  a  number  which  is  one-fourth  of 
that  which  expresses  the  former  density ;  weight  is  not  altered ; 
work  is  expressed  by  a  number  which  is  twice  that  which  ex- 
presses the  former  work. 

On  these  principles  all  our  mechanical  equations  are  homo- 
geneous. Thus,  if  w  is  a  weight  lowered  through  a  vertical  dis- 
tance =  h ;  and  v  is  the  velocity  given  to  a  mass  =  m  by  the 
work  thus  obtained  :  from  the  preceding  Articles  we  have 

the  work  =  2wA  =  m.v*  =  vis  viva; 

w  A  is  of  (5)  dimensions  in  space,  and  of  (—4)  dimensions  in 
time ;  and  the  dimensions  of  m.v^  are  the  same. 
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Consider  again  the  equation  s  =  j^gP ;  «isof(l)  dimension 

in  space ;  ^is  of  (1)  dimension  in  space^  and  of  (—2)  dimensions 
in  time  :  hence  the  equation  is  evidently  homogeneous. 

Consider  also  the  equation  v^  =  2ffh;  each  member  of  this 
is  evidently  of  (2)  dimensions  in  space^  and  of  (—2)  dimensions 
in  time. 

It  is  unnecessary  to  cite  more  examples.  In  conclusion,  how- 
ever^ I  would  observe  on  the  advantage  of  testing  the  homoge- 
neity on  these  principles  of  all  dynamical  equations  in  their 
original  forms ;  for  that  remains  a  quality  of  them  whatever  are 
the  operations  to  which  they  are  subjected ;  and  consequently  if 
they  are  also  homogeneous  in  their  ultimate  state  after  a  series 
of  operations^  it  affords  a  presumption  that  the  operations  have 
been  correctly  performed. 

These  principles  are  also  capable  of  a  much  wider  application ; 
work^  in  the  meaning  of  the  word  here  given^  is  produced  by 
elastic  action^  by  magnetism,  by  heat,  &c.  We  are  hereby  en- 
abled to  reduce  all  these  to  a  comparison  with  mechanical  work. 
Thus,  for  instance,  we  have  now  a  mechanical  equivalent  for 
heat ;  if  the  temperature  of  one  pound  of  water  be  raised  one 
degree  Fahrenheit,  it  has  been  determined  by  Mr.  Joule  that 
the  work  thus  produced  is  equivalent  to  772  foot-pounds.  The 
investigation  of  the  equivalence  of  mechanical  work  to  that  done 
by  the  agency  of  heat,  electricity,  magnetism,  &c.,  is  a  matter 
of  extreme  interest  and  great  importance.  It  is  however  too 
large  to  be  entered  on  in  this  volume,  even  if  it  were  appropriate 
to  do  so ;  for  our  limits  would  not  allow  justice  to  be  done  to 
it ;  and  we  can  only  refer  the  reader  to  the  various  treatises  and 
memoirs  on  these  subjects. 
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CHAPTER   X. 

THE  MOTION  OF  ELASTIC  BODIES. 

274.]  The  principles  and  laws  of  motion  have  thas  fSeur  been 
applied  to  rigid  bodies,  and  to  systems  of  rigid  bodies,  the  eon* 
stitnent  molecules  of  which  have  been  assumed  to  be  in  a  state 
of  relative  rest  during  the  motion ;  and  the  equations  of  motion 
by  which  problems  have  heretofore  been  solved  have  been  de- 
duced from  these  principles  thus  restricted.  Our  purpose  is  to 
apply  them  more  generally.  Ere,  however,  we  do  so,  there  are 
two  reasons  why  we  should  repeat  as  concisely  as  possible  the 
modification  of  the  equations  which  this  assumption  of  the  rela- 
tive rest  of  the  constituent  molecules  introduces.  (1)  Because 
we  have  come  to  the  end  of  our  investigations  on  that  subject^ 
and  it  is  good  once  more  prominently  to  restate  the  conspicuous 
principle  of  the  process  so  frequently  employed :  and  (2)  because 
in  the  present  chapter  we  shall  investigate  equations  expressing 
the  motion  of  a  particle  which  is  not  at  rest  relatively  to  its 
neighbouring  particles,  all  being  constituent  molecules  of  a  body; 
and  our  research  will  include  the  varying  form  of  flexible  bodies, 
(as  they  are  called,)  the  molecules  of  which  move  relatively  to 
each  other;  and  our  conception  of  such  motions  will  be  more 
exact  when  they  are  contrasted  with  those  of  the  molecules  of  a 
rigid  body  in  their  chief  differences. 

.  The  equations  of  motion  of  a  rigid  body  are  found  by  the 
following  process  :  Let  dm  be  an  element  of  the  body,  and  let 
(^,  y,  z)  be  its  place  at  the  time  /,  relatively  to  a  system  of  coor- 
dinate axes  fixed  in  space.  Now  this  particle  is  supposed  to  be 
under  the  action  of  certain  external  forces,  whereby  a  certain 
velocity  or  velocity-increment  is  impressed  on  it  In  consequence 
of  this  external  force  it  would  have  a  definite  expressed  velocity- 
increment  if  it  were  alone,  and  thus  free  from  all  constraint  from 
its  surrounding  molecules.  As  it  is  not  free,  the  constraints 
enter  as  other  forces,  which,  affecting  its  motion,  produce  a  change 
of  its  expressed  velocity-increments :  these  constraints  we  con- 
sider as  internal  forces,  which  produce  their  own  effects ;  and 
these  effects  modify  those  which  would  otherwise  take  place. 
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And  consequently^  if  x^  y,  z  are  the  axial  components  of  the  ve- 
locity-increment impressed  on  dm  by  the  external  forces,  and  if  i 
is  the  resultant  of  the  velocity-increment  due  to  all  the  internal 
forces  or  constraints,  of  which  a,  /3,  y  are  the  direction-angles; 
then  the  equations  of  motion  of  dm  are 


dm 


fl^w  |y-^|  +  icos/3  =  0, 
rfm|z— ^^  +  icosy  =  0; 


(1) 


from  which  also  arise  three  other  equations,  which  express  the 
rotation  of  dm;  viz. 


rfm  |y(z  -  ^)  -  ;?  (y  -  ^)|  +  1  (y cosy-;? cos ^)  =  0, 
rfm|xr(x--^)-.j?(z--^)|  +  i(5rcosa-a?cosy)  =  0, 
rfm|a?(Y--^)-y(x-^)|-f  i(iccosj3-ycosa)  =  0. 


k2) 


Equations  of  the  same  form  as  those  in  (1)  and  (2)  are  true  for 
every  molecule  of  the  body.  Let  these  be  formed ;  then  we 
shall  have  a  series  of  groups  of  equations  expressing  the  motion 
of  every  molecule^  the  sum  of  which  will  express  the  motion  of 
the  whole  body.  And  here  enters  the  characteristic  of  the 
rigidity  of  the  body:  all  the  internal  forces  and  their  con- 
sequent velocity-increments  enter  in  pairs,  of  which  the  direc- 
tions are  opposite  to  each  other ;  every  constraint,  acting  from 
(say)  dm  to  dm*,  has  an  equal  and  opposite  constraint  acting 
from  dm'  to  dm :  the  law  of  the  equality  of  action  and  reaction  is 
true  in  this  case  of  every  pair  of  molecules ;  so  that 

2.1  cos  a  =  2.1  cos  j3  =  2.1  cosy  =  0.  (8) 

2.i(ycosy— ;?cos/3)  =  2.i(-2rco8a— a?co8y)  =  2.i(a?co8/3— yco8a)=0.  (4) 

And  therefore,  adding  together  (1)  and  all  its  similar  groups,  and 
(2)  and  idl  its  similar  groups,  we  obtain  the  equations  of  motion 
of  a  rigid  body  which  are  given  in  (37)  and  (38)  Art.  48. 

The  same  process  of  reasoning  is  applicable  to  the  motion  in 
space  of  a  system  of  rigid  bodies  moving  relatively  to  each  other, 
if  the  internal  action  of  one  on  another  is  always  accompanied 
with  an  equal  and  opposite  reaction ;  because  these  will  disappear 

PRICE,  VOL.  IV.  3  s 
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in  the  sammation  of  the  several  equations^  when  that  extends  to 
and  includes  all  the  molecules  of  all  the  moving  bodies. 

275.]  In  the  problem  of^the  present  chapter^  however,  the 
subject  of  motion  is  a  body,  the  molecules  of  which  move  one 
relatively  to  another,  and  the  bounding  form  of  which  hereby 
changes.  A  fine  vibrating  string,  a  thin  vibrating  membrane,  a 
mass  of  quivering  jelly  or  caoutchouc,  are  such  bodies  as  we  here 
contemplate.  In  these  the  form  of  the  bounding  surfiace  will 
change  from  time  to  time ;  and  so  also  will  the  relative  arrange- 
ment of  the  constituent  molecules.  When  the  molecules  move 
one  relatively  to  another,  internal  forces  are  brought  into  action 
which  affect  their  motion:  these  are  generally  called  elastic 
forces,  and  are  of  the  nature  explained  in  Art.  153,  Vol.  III. 
These  forces  vary  from  molecule  to  molecule,  and  also  from 
time  to  time ;  so  that  if  the  body  is  referred  to  a  system  of  axes 
fixed  in  space,  and  {x,  y,  z)  is  the  place  of  dm  at  the  time  /,  the 
elastic  forces  acting  on  dm  are  functions  of  x,  y,  z,  and  L  In 
the  most  general  case  we  suppose  external  forces  to  act  on  the 
several  molecules  of  the  body;  so  that  dm  is  acted  on  by  these 
as  well  as  by  the  elastic  forces,  and  both  will  enter  into  its  equa- 
tions of  motion.  Thus,  if  i  is  the  whole  elastic  force  acting  on 
dm  at  the  time  /,  and  a,  /3,  y  are  the  direction-angles  of  its  line  of 
action,  the  equations  .of  motion  of  dm  are  those  given  in  (1)  and 
(2).  Similar  equations  will  express  the  motion  of  every  particle 
of  the  body.  Now  we  cannot  take  the  sum  of  all  these,  and 
thereby  determine  the  motion  of  the  whole  body,  as  the  process  is 
in  the  case  of  a  rigid  body ;  (1)  because  bur  object  is  to  determine 
the  form  of  the  body  at  any  time,  and  to  do  this  it  is  necessary 
to  determine  the  place  of  every  particle  at  that  time ;  so  that 
the  set  of  equations  corresponding  to  a  given  particle  must  be 
separately  considered,  and  its  place  therefrom  determined :  and 
(2)  because  all  the  internal  forces  may  not  be  in  equilibrium 
amongst  themselves ;  and  consequently  the  conditions  (3)  and 
(4)  may  not  be  satisfied.  These  interiud  or  elastic  or  molecular 
forces,  as  they  are  called,  may  enter  in  pairs  of  equal  and  opposite 
forces  in  the  interior  of  the  body,  and  thus  far  may  disappear  in 
the  sum  corresponding  to  the  sum  of  all  the  particles ;  but  at 
the  bounding  surface  they  may  be  counteracted  by  and  thus  be 
in  equilibrium  with  certain  external  forces  thereat  acting ;  so 
that  all  will  not  disappear  in  the  sum  of  the  groups  of  the  equa- 
tions corresponding  to  all  the  particles  of  the  body.     Herein 
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then  is  the  difference  of  the  mode  of  formation  of  the  equations 
of  motion  of  a  rigid  body  and  of  a  molecule  of  a  flexible  body. 

276.]  These  internal  forces^  which  enter  into  the  equations  of 
motion  of  each  molecule,  depend  on  the  molecular  constitution 
of  the  body^  and  are  what  are  commonly  called  elastic  or  mole- 
cular forces. 

There  are  two  principles  on  which  the  required  equations  of  mo- 
tion may  be  formed.  We  might  assume  a  particular  theory  of  the 
molecular  constitution  of  an  elastic  body,  and  deduce  from  it  the 
intensity,  mode  of  action,  law  and  direction  of  the  elastic  force 
which  ^ects  a  certain  molecule  in  a  given  position^  and  which 
corresponds  to  a  given  displacement.  This  method  has  been 
adopted  in  Art.  152 — 161  of  Vol.  Ill,  and  has  been  therein  ap- 
plied to  the  formation  of  the  conditions  of  statical  rest  of  the 
molecules  of  an  elastic  body.  And  we  might  take  the  elastic 
forces  of  restitution  or  of  further  separation^  corresponding  to  a 
given  displacement,  to  be  those  which  are  therein  determined. 
This  method  would  have  an  obvious  advantage.  It  would  give 
us  the  expression  of  elastic  action  in  a  most  general  form ;  that, 
viz.,  which  affects  a  molecule  of  an  elastic  substance  of  three 
dimensions  in  space :  a  particular  form  of  this  would  be  a  mem- 
brane or  plate  of  infinitesimal  thickness ;  and  a  still  more  parti- 
cular form  would  be  a  thin  thread  or  string :  and  the  equations 
which  express  the  motion  of  the  molecules  of  these  reduced 
forms  of  elastic  matter  would  be  reduced  forms  of  the  general 
equations. 

Our  knowledge,  however,  of  molecular  physics  is  at  present 
too  imperfect  that  equations  founded  on  aoy  general  theory  of 
elastic  action  should  be  made  the  basis  of  equations  which  ex- 
press the  motion  of  fine  elastic  strings^  and  of  thin  elastic  plates 
or  membranes ;  especially  too  in  a  didactic  treatise.  I  prefer  to 
take  laws  which  have  been  established  by  observation^  such  as 
Hooke's  law;  and  to  deduce  from  them, special  though  they  be^the 
equations  which  express  the  particular  motion  in  question.  These 
particular  laws  are  doubtless  parts  of  the  more  general  law ;  and 
if  the  latter  is  true^  the  former  are  included  in  it.  And  conse- 
quently, it  is  my  intention  to  state  and  explain  the  equations 
which  express  the  elastic  action  of  the  constituent  molecules,  as 
it  has  been  given  in  Vol.  Ill^  and  to  deduce  from  it  the  parti- 
cular equations  of  strings  and  membranes ;  but  it  will  be  beyond 
our  purpose  to  apply  them  further  in  the  present  work. 

3sa 
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277.]  In  the  first  place  let  us  form  the  equations  of  motion  of 
a  perfectly  flexible  fine  thread  or  string,  which  in  the  general 
casp  we  conceive  to  be  extensible,  and  to  be  elastic;  so  that 
when  it  is  stretched^  elastic  forces  of  restitution  are  brought  into 
action.  We  suppose  the  string  to  have  been  displaced  from  its 
position  of  statical  rest  by  the  action  of  some  external  foroea, 
and  consider  it  in  its  motion  at  the  time  /.  To  take  the  most 
general  case^  we  will  suppose  it  to  be  a  curve  of  double  cur- 
vature ;  and  we  will  refer  it  to  a  system  of  rectangular  axes  fixed 
in  space. 

Let  dmhe  hn  element  of  its  mass^  whose  place  at  the  time  / 
is  (x^  y,  z).  Let  ds  =  the  length  of  this  element,  and  let  p 
=  its  density ;  let  a>  =  the  area  of  a  transverse  section  of  the 
string:  so  that  dm  =  ptads.  Let  x,  y^  z  be  the  axial  compo- 
nents of  the  impressed  velocity-increments  on  dm;   and  let 

d^a?    d^y     d^z 

777i  '  Ifh  '  17^  ^®  *^®  ^isX  components  of  the  expressed  velo- 
city-increments. Let  T  =  the  tension  of  the  thread  at  the  point 
{x,  y,  z)y  which  I  take  to  be  the  beginning  of  ds :  then,  as  the 
tangent  is  the  line  of  action  of  t,  the  axial  components  of  t 

are  t  ^ ,  '^TT  '  "^  Z" '  *^^  ^^®  ^^^1  components  of  the  tension 
at  {x  +  dxj  y-^dy^  z-^dz)^  which  is  the  other  end  of  rf*,  are 
dx      J     dx  dy      J    dy  dz       .     dz 

thus,  according  to  (1)^  the  equations  of  the  motion  of  dm  are 
J    S         d^x)      J    dx       ^ 

I  may  observe  that  these  equations  have  been  found  before; 
viz.  in  Art.  52,  where  their  determination  has  been  given  in 
illustration  of  the  principle  of  virtual  velocities.  I  have  chosen 
however  again  to  investigate  them,  in  order  that  the  meaning 
of  all  the  symbols  involved  in  them  may  be  clearly  understood. 
278.]  Of  these  I  will  first  take  a  most  simple  case.  Let  the 
string  be  fastened  at  one  end  o  to  a  fixed  point,  and  let  it  pass 
over  a  small  pulley  a,  where  oa  =  a,  and  have  a  weight  =  w 
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attached  to  its  other  end :  so  that  the  tension  of  the  string 
tbronghoat  is  equal  to  w ;  and  let  w  be  so  great  that  the  weight 
of  the  string  may  in  comparison  of  it  be  neglected.  Let  us 
however  suppose  x  =  t  ss  z  =  0 ;  then^  in  its  position  of  equili- 
brium, the  string  lies  along  the  straight  line  oa;  let  it  be  slightly 
displaced  by  means  of  an  external  force ;  the  displacement  being 
so  small  that  the  angle  at  which  any  element  of  it  is  inclined  to 
the  line  oa  is  infinitesimal.  Our  object  is  to  investigate  the  law 
of  the  displacement  of  any  particle  which  follows  on  this  initial 
displacement.  Let  oa  be  the  axis  of  w ;  and  let  {x^  y,  z)  be  the 
place  of  any  element  (^paxis)  at  the  time  t  Then^  as  the 
angle  of  inclination  of  ds  to  the  axis  of  a?  is  infinitesimal,  we 
have  approximately  ds  =  dof.  So  that  neglecting  infinitesimals 
of  the  second  order,  each  element  of  the  string  moves  in  a  plane 
perpendicular  to  the  line  o  a,  and  consequently  the  point  of  the 
string  at  A  does  not  move :  thus  there  will  be  no  motion  along 

d^sc 
the  line  oa,  and  -r-^  =  0,  for  all  elements  of  the  string.    Thus 

the  first  of  (5)  gives  t  =  a  constant ;  and  the  tension  of  the 
string  is  constant  throughout  its  length  and  throughout  the 
motion.  Litroducing  these  results  into  the  last  two  equations 
of  (5)^  they  become 


dt^  pw  dx^  ■"  ' 
d^z  _  JP_  rf*£  _  Q 
'dfl       pa  dx^  "" 


(6) 


If,  for  the  sake  of  simplicity,  we  suppose  the  curve  of  the  string 
in  its  initial  displacement  to  be  in  one  plane,  we  may  take  that 
to  be  the  plane  of  (x^  y) ;  and  then  the  equation  which  repre- 
sents the  subsequent  motion  of  the  particle  is 

dt^      padx^"     '  ^^ 

which  is  a  partial-diflTerential  equation  of  the  second  order.  The 
integration  and  interpretation  of  it  I  shall  defer  to  the  following 
Articles ;  because  we  shall  again  meet  with  equations  of  the  same 
form.  The  homogeneity  of  it  on  the  principles  explained  in  Art. 
273  deserves  notice. 

279.]  Next  let  us  investigate  the  motion  of  the  particles  of  a 
thin  heavy  elastic  string,  which  is  homogeneous  and  of  the  same 
thickness  throughout  its  length,  stretched  between  two  given 
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points  o  and  a  ;  see  Fig.  64 ;  where  oa  =  /.  Let  Tq  be  the  ten- 
sion of  the  string  at  rest :  which  we  assume  to  be  so  great  that 
the  weight  may  be  neglected  without  sensible  error  in  compari- 
son of  it :  thus  the  string  lies  in  the  straight  line  joining  o  and 
A,  when  it  is  in  statical  equilibrium. 

Now  let  us  suppose  the  string  to  be  put  into  motion  by  some  ex- 
ternal force ;  as  a  piano-forte  string  by  the  blow  of  the  hammer, 
or  the  string  of  a  harp  by  the  finger  of  the  player:  hereby  the 
particles  are  displaced. both  relatively  and  in  space;  and  elastic 
forces  of  tension  are  brought  into  action,  tending  to  restore  the 
string  to  its  original  condition ;  and  although  the  force  which 
produces  the  displacement  ceases  to  act^  yet  the  particles  of  the 
string  continue  to  move,  and  the  string  vibrates  about  its  recti- 
linear position.  We  will  take  the  most  simple  form  of  the 
problem,  and  suppose  no  other  force  to  act :  so  that  in  (5), 
X  =  Y  =  z  =  0. 

Let  us  consider  the  string  in  its  vibrating  state  at  the  time  /, 
and  refer  it  to  three  rectangular  axes  originating  at  o,  of  which 
the  ar-axis  coincides  with  oa.  Let  us  take  a  particle  ( r=  dm) 
whose  distance  from  o  in  its  position  of  rest  =s  x ;  and  let  p  be 
its  density :  then  if  ai  =  the  area  of  a  transverse  section  of  the 
string,  dm  =  pwdx:  let  the  place  of  this  particle  at  the  time  t 
be  (x-j-ifTif  Of  c^d  let  p  be  its  density  in  its  displaced  state, 
and  »  the  corresponding  area  of  the  transverse  section  of  the 
string ;  and  let  ds  be  the  length-element  of  the  curve  which  dm 
occupies :  then,  as  the  mass  of  dm  is  unaltered, 

dm  =  pG>dd?  z=pci/ds.  (8) 

As  the  displacement  of  the  particle  is  very  small,  (,  17,  f  are  all 
small :  they  are  functions  of  x  and  /,  and  are  to  be  expressed  in 
terms  of  these  variables.  It  is  however  to  be  observed  that  x 
is  not  a  function  of  /.     Thus  (5)  become 


p^dxp.-^d.Tp^  =0, 


dt^  ds 


ptadx-nz  ^d.T-r-  =  0. 


(9) 


Now  the  length  of  the  element  =  dx,  under  the  action  of  the 
tension  To:  and  =  dsy  under  that  of  the  tension  t  :  consequently, 
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if  E  is  the  modulus  of  elasticity,  by  Hooke's  Iaw,  as  explained 
in  Art.  149,  VoL  III, 

(10) 


rf,=  rfa?|l  +  l^*|; 


where^  it  will  be  observed^  e  is  a  weight  depending  on  the  nature 
of  the  string.  i 

Also  dt^  =  {dx  +  rff)»  -{-drf  +  dCi 

and  as  the  displacements  of  the  molecules  are  small,  d(,  drj^  dC 
are  so  small^  that  all  powers  of  them  higher  than  the  first  may 
be  neglected.     Consequently, 

ds=:dw  +  d(;  (11) 

.-.       T  =   To  +  B-T^' 

as 
Let  us  substitute  aD  these  values  in  (9) ;  and,  omitting  small 
terms,  we  have 

dai*' 

-oS'  y  (12) 


Let 


d'$ 
d*r, 
d»C 

—  =  a\ 
put 


=   E 


To 


da» 


(18) 


then  the  preceding  equations  become 
dt^  ■"      rfa^  ' 

^   -   ft2^,      L  /14X 

di^-  ^da^'    ^  ^^^^ 

dt^  dsfl' 

which  are  three  partial  linear  differential  equations  with  con- 
stant coefficients  of  the  second  order.  As  the  variables  in  them 
are  separated^  we  conclude  that  the  vibrations  of  the  string 
parallel  to  the  three  axes  of  f»  17,  C  <^e  independent  of  each 
other^  and  coexist  without  interference.  The  first  equation  ex- 
presses the  vibrations  along  the  string ;  these  are  called  longi- 
tudinal vibrations ;  and  those  which  are  expressed  by  the  last  two 
equations  take  place  at  right  angles  to  the  axis  of  ^,  and  are  called 

*  It  may  be  noticed  that  a  and  h  are  of  (i)  dimension  in  space,  and  of 
( —  i)  dimension  in  time,  and  thus  represent  velocities. 
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transversal  or  lateral  vibrations.  The  form  however  of  all  the 
equations  is  the  same ;  and  we  need  only  discuss  one  of  them,  say 
the  second ;  for  the  result  of  that  will  also  give  the  solution  of  the 
first,  if  we  change  b  into  a ;  and  will  thus  assign  the  nature  of 
the  longitudinal  motion. 

280.]    These  equations  may  be  integrated  by  the  method 
given  in  Art.  865»  Vol.  II ;  and  the  integral  of  the  second  of 

<1^>  ^«  ,,  ^^{x+bt)  +/(^-A0;  (15) 

where  r  and  /  are  symbols  of  arbitrary  functions,  as  yet  im- 
determined. 

As  to  this  process  of  integration^  I  may  by  the  way  observe, 
that  if  we  change  the  variables  in  the  second  of  (14)  by  putting 

x-\-bt  =r  a,  «?— 4/  =  )3, 

the  equation  becomes 

;^  =  »=  <"> 

.-.     j?  =  r(o)+/0) 

=  r(a?+A/)  +/(a?-AO. 
Now  our  object  is  to  determine  the  form  of  these  functions  by 
means  of  the  initial  or  other  circumstances  of  the  string ;  and  of 
the  fact  of  the  two  points  at  o  and  a  being  fixed. 

Let  us  suppose  the  equation  of  the  curve  of  the  string,  when 
^  =  0,  to  be  ^  =  ^  (^) .  (17) 

where  ri  is  the  initial  displacement  parallel  to  the  y-axis  of  the 
molecule  whose  distance  from  o  =  x.  Also  let  us  suppose  the 
velocity  parallel  to  the  y-axis,  when  /  =  0^  to  be  given  by  the 
eqaation  g=5f(*);  (18) 

where  4>  (^)  is  the  derived  function  of  <f>  (x).    *  and  ^  are  sym- 
bols of  known  functions,  and  will  be  treated  as  known  for  all 
values  of  le  between  0  and  I ;  they  are  also  subject  to  the  con- 
dition that  both  vanish  when  a  —  0,  and  when  x  ss  I. 
Hence,  when  <  =  0,  firom  (16),  (17),  and  (18),  we  have 
r{x)+f(x)  =  *(x), 
t\w)-f{^x)  =  4!{x): 
.-.     r(x)-f(x)  =  4,(x); 

...  p(^)=(i<f)+iM.  (19) 


/(;,)  =  {*(^)-1>(^)}  ,  (80; 


2 


Digitized  by  VjOOQ  IC 


28o.]  ELASTIC  STRINGS.  505 

and  consequently  f  (x)  and  f{x)  are  known  for  all  values  of  x 
for  which  « (x)  and  <^  {x)  are  known  ;  that  is,  for  all  values  of  x 
between  ^  =  0,  and  a?  =  /. 

The  subject-variables  however  of  p  and  /,  as  they  are  given 
in  (15),  are  not  limited  by  these  values.  The  subject- variable  of 
"9  i%  x-\~bt,  and  if  b  is  positive,  as  we  may  take  it  to  be,  this 
varies  as  i  increases  through  all  positive  values  between  0  and  oo  . 
And  the  subject-variable  of /is  x—bt,  which  has  all  values  between 
/  and  —  oc  ;  so  that  the  complete  solution  requires  the  values 
of  the  functions  corresponding  to  these  values  to  be  known. 
As  &  is  a  velocity,  bt  denotes  a  line,  and  is  consequently  homo- 
geneous with  Xy  and  may  be  taken  in  addition  to  or  subtraction 
from  X  alotig  the  o^-axis. 

Since  the  points  o  and  a  are  fixed  throughout  the  motion, 
r;  =  0,  when  a?  =  0  and  when  a?  =  / ;  consequently,  from  (15),  we 
have  F(A/)+/(-AO  =  0,  (21) 

F(/+AO-f/(^-AO  =  0.  (22) 

It  appears  from  (21)  that/(— i^  ^^^  ^{bt)  are  equal  and  of 
contrary  signs ;  so  that  if  f  {b  t)  is  known  for  all  values  of  t 
between  0  and  ^ ,  f(  —  bt)  is  also  known  between  those  same 
limits. 

In  (22)  let  bt  be  replaced  by  l-\-bt;  then 
F(2/+A0  =  -f(-bt) 

=  F(50;  (23) 

which  shews  that  the  value  of  f  {b  t)  remains  the  same,  when  its 
subject-variable  is  increased  by  2  / ;  consequently  it  is  the  same 
when  the  subject-variable  is  increased  by  4?,  or  6 /,...,  or  2  »/, 
^where  n  is  a  whole  number.  And  therefore  if  the  value  of  f  {bt) 
is  known  from  i/=:0toA/  =  2/,  the  value  is  known  for  all 
values  between  ^  =  0  and  ^  =  oo  . 

Again,  in  (22)  let  bthe  replaced  by  l—bt,  so  that  bt  is  less 
than/;  then  ^(Zl-bt)  =  -f(bt);  (24) 

hut  /(bt)  is  known  for  all  values  of  bt  between  0  and  I;  con- 
sequently the  value  of  f  (bt)  is  known  for  all  values  o{bt  between 
bt  =  lBxidbi  =  2L 

Hence  the  value  of  f  (a)  is  known  for  all  values  of  a,  from 
a  =  0  to  a  =  00 ;  and  these  are  the  required  limits. 

Thus  much  as  to  f.  And  we  have  shewn  above  that  all  values 
offiP)  are  known  from  )3  =  0  to  ^  =  —  oo ;  and  the  initial  equa- 

PKICE,  VOL.  IV.  3  T 
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tion  (20)  gives  all  values  of /(i3)  from  ^  =  /  to  ^  =  0;  so  that 
all  valaes  of/()3)  are  known  within  the  required  limits. 

It  is  worth  observing  that  the  values  of  v(a)  for  negative 
values  of  a,  and  that  offifi)  for  values  of  fi  greater  than  I,  have 
not  been  found  in  the  preceding  explanations ;  and  they  are  not 
required ;  as  their  subject-variables  are  not  within  the  limits 
given  by  the  problem. 

The  values  of  the  functions  which  express  the  ^displacement 
may  be  found  in  a  manner  precisely  similar. 

Thus  the  form  of  the  string  in  its  displaced  state^  and  the 
velocities  of  its  several  molecules  parallel  to  the  y-  and  s-axes  at 
the  time  t  will  be  known ;  and  tlie  problem  will  be  completely 
solved,  so  far  as  the  transversal  vibrations  are  concerned. 

Also,  all  that  has  been  said  on  transversal  vibrations  is  ap- 
plicable, if  we  replace  b  by  a,  to  the  longitudinal  vibrations  of 
the  string.  In  this  case  the  initial  equations  will  assign  the. 
position  and  the  velocity  along  the  ^-axis  of  every  particle  of 
the  string,  when  /  =:  0,  between  the  limits  j?  =  0  and  «r  =  /. 

Thus  the  problem  is  completely  solved.  I  propose  however 
to  interpret  the  result  graphically,  for  the  general  motion  of  the 
string  will  be  rendered  clearer  by  means  of  a  diagram.  The 
results  which  will  be  exhibited  might  be  derived  from  the  equar 
tions  just  now  discussed  ;  but  it  will  be  more  convenient  to  take 
a  less  general  form,  which  will  be  equally  expressive  and  more 
easily  constructed. 

281.]  For  this  purpose  I  will  assume  that  the  string,  having 
been  disturbed,  takes  the  form  given  by  a  known  equation,  such 
as  (17),  when  /  =  0;  and  that  all  its  particles  are  then  at  rest; 

so  that  ;jT  =  0,  when  /  =  0 ;  consequently  since 

ri  =  F(a?  +  S/)+/(a?-AO> 

dn 
and  therefore  if  -~  ==  0,  when  ^  =  0, 

i^ix)  =/'(^); 
•'.     r(a?)=/(a?); 
and  ij  =  fix^bt)  +fiw-bt) ;  (25) 

therefore^  when  ^  =  0, 

i,  =  2/(^);  (26) 
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Suppose  however  the  equation  to  the  curve  of  the  string  in  its 
displaced  state  at  rest^  when  /  =  0^  to  be 

?7  =  p  (a?) ; 
then,  from  (26),         ,  (a:)  =  2/(ar)  ; 

and  thus  (26)  becomes 

i7  =  |{F(a?  +  A0  +  F(a?-A/)}.  (27) 

This  then  is  the  77-displaccment  of  \he  particle  which  is  at 
(07, 0,  0),  when  the  string  is  rectilineal. 
The  function  whose  symbol  is  f  is  subject  to  the  following 

conditions,  which  are  derived  from  equations  (21) (24)  of 

the  preceding  Article : 

F(0?)  =-F(-0?),  (28) 

¥(l+x)  =-F  (/-«?);  (29) 

F(^)  =     F(2/+ar)  =     F(4/-|-fl?)  =  ...  =  F(2ii/+a?),     (80) 

F(ar)  =-F(2/-a?)  =-F(4i-a?)  = (31) 

These  equations  enable  us  to  infer  a  correct  notion  of  the 
motion  of  the  several  molecules  of  the  string,  from  the  form 
which  it  has  in  its  initial  displaced  state.  From  (28)  it  appears, 
that  the  curve  represented  by  y  =  f  (o?)  is  continued  in  similar 
forms  on  each  side  of  o ;  the  curve  being  on  one  side  above,  and 
on  the  other  below  the  axis  of  x ;  and  (29)  shews  that  the  curve 
is  continued  in  similar  forms  on  each  side  of  A,  the  curve  being 
on  one  side  above,  and  on  the  other  below  the  axis  of  a;.  Con- 
sequently the  curve  about  the  points  o  and  a,  and  between  these 
points,  is  of  a  form  similar  to  that  drawn  in  fig.  65,  the  plane  of 
the  paper  being  that  of  (0?,  y). 

Again,  to  develope  other  properties  of  it :  along  the  axis  of  x 
take  from  o  in  both  directions  a  series  of  lengths,  each  of  which 
is  equal  to  /;  viz.,  oa  =  ao'=  o'a'=  aV=  ...=/.  Then  equa- 
tion (30)  shews  that  whatever  is  the  form  of  the  curve  between 
o  and  o',  it  is  the  same  between  o'  and  o".  And  (31)  shews 
that  the  form  of  the  curve  between  o  and  a  is  the  same  as  that 
between  o'  and  a,  except  that  in  the  latter  case  it  is  inverted  and 
lies  below  the  axis  otx.  Thus  the  whole  curve  consists  of  similar 
portions  drawn  as  in  fig.  65. 

Now  this  curve  enables  us  to  trace  the  motion  of  any  particle 
of  the  vibrating  string;  and  consequently  the  motion  of  the 
whole  string.  For  the  place  p  at  the  time  /  of  the  particle, 
which  is  at  m  (om  =  s)  when  the  string  is  straight,  may  thus  be 
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found :  along  oa  take^  on  both  sides  of  m,  mn  =  mn'=  6/  ;  so 
that  NQ  =  F(.r+ A/),  n'q'=  F(a?— A/) ,  then,  from  (27), 

MP  =  i{NQ  +  N'Q'};  (32) 

and  by  a  similar  process  may  the  place  of  every  element  be  de- 
termined at  any  time  /. 

282.]  Now  this  molecule,  and  similarly  every  molecule  of  the 
string,  and  consequently  the  whole  string,  will  oscillate;  that 
18,  the  string  will  occupy  a  certain  series  of  positions  in  succes- 
sion, and  will  then  be  found  in  its  original  state ;  afterwards  it 
will  go  through  the  same  series  again,  and  then  return  to  its 
original  state  ;  and  so  on  continually. 

For  if  we  assume  bt  =  2/,  or  =  4/,  or  =  6/,  ...,  or  =  2n/,  at 
the  times  corresponding  to  tliese  intervals,  we  have,  by  means 
of  (30)  and  ^31), 

=  F  (a?) ; 

which  is  the  value  of  ?;,  when  ^  =  0;  and  as  this  result  is  true 

for  every  point  of  the  string,  the  string  comes  back  to  its  original 

position  at  the  times  corresponding  to  these  values.   The  interval 

2  / 
between  two  successive  states  of  like  position  is  -j- ;  which  is 

therefore  the  periodic  time  of  vibration. 

When  we  take  bt  =  /,  or  =  3/,  or  =  5/, ...,  or  =  (2«  +  l)/, 
at  the  times  corresponding  to  these  intervals,  we  have 

17  =-{F(a?-f/)+F(^-/)}; 

=  F(a?-f-/); 
so  that  in  the  time  =  ^,  every  molecule  will  have  described  one 

half  of  the  whole  course  which  it  describes  in  going  from  a  posi- 
tion to  the  same  position  again.  Thus  the  form  of  the  string  at 
these  times  is  exactly  similar  to  what  it  was  when  /  =  0,  but  in 
an  inverted  position  ;  as  the  lower  line  in  fig.  64 ;  the  greatest 
ordinate  being  now  at  the  same  distance  from  a  as  it  was  from 
o  in  the  original  form  of  the  string.  The  time  which  is  occupied 
in  this  change  of  figure  is  one  half  of  that  occupied  in  a  complete 
vibration. 

Similarly  we  may  consider  the  positions  of  the  curve  when 
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/  o  / 

/  =  -  _ ,  or  when  /  =  --^ :  in  the  former  case,  the  length  of  time 

is  one-fourth  of  that  of  a  complete  vibration  ;    and  in  the  latter 

case,  is  three-fourths  of  that  of  a  complete  vibration.     Similar 

results  are  also  true  when  each  of  these  times  is  increased  by 

2  / 

-J-.     It  is  to  be  observed,  that  during  this  vibratory  motion  the 

string  never  becomes  a  straight  line. 

Similar  results  to  these  are  also  true  for  the  C-^^isplacement ; 
for  in  the  last  equation  of  (14)  the  same  constant  coefficient 
enters  as  in  that  for  the  17-displacement.  Thus  the  periodic  time 
of  the  complete  path  will  be  the  same  in  both  displacements. 
The  forms  of  the  functions  may  be  different  in  the  two  cases, 
although  they  are  both  subject  to  the  conditions  developed  in 
Art.  280. 

This  vibratory  motion  would  continue  perpetually  if  there 
were  no  diminution  of  vis  viva  of  the  string.  In  the  case  how- 
ever of  pianoforte  or  harp  strings  vis  viva  is  lost  for  two  reasons. 
The  points  o  and  a,  to  which  the  ends  of  the  string  are  fastened, 
are  not  points  rigidly  fixed ;  so  that  vibrations  are  communicated 
to  them  from  the  string,  and  continued  by  means  of  their  sup- 
ports or  framework  to  the  earth,  and  thereby  lost  to  the  string ; 
the  string  also  vibrates  in  air,  to  the  particles  of  which  vibra- 
tions are  communicated,  and  thus  vis  viva  is  taken  from  the 
string.  Owing  to  these  two  causes,  the  oscillations  of  the  string 
become  gradually  feebler,  and  evetitually  cease.  The  periodic 
time  of  the  vibrations  however  is  not  changed. 

283.]  If  the  original  position  of  the  string-curve  had  been 
that  drawn  in  fig.  66,  where  b  is  the  middle  point  of  oa,  and 
where  the  two  branches  of  the  curve  are  exactly  equal  and 
similar,  though  their  positions  are  inverted,  the  string  would 
vibrate  so  that  the  point  b  would  always  remain  fixed ;  that  is, 
each  half  will  vibrate  as  if  the  string  were  fixed  at  o  and  b,  and 
at  b  and  a;  and  the  periodic  time  of  vibration  will  be  only  one- 
half  of  what  it  is  in  the  case  already  discussed.  So,  again,  if  the 
original  string-curve  had  consisted  of  three  or  more  equal  and 
similar  portions,  intersecting  oa  at  points  equally  distant  from 
one  another  and  from  o  and  a,  and  being  alternately  above  and 
below  the  line  oa,  the  string  will  vibrate  as  if  it  were  three  or 
more  distinct  strings,  and  the  points  of  it  at  which  it  intersects 
oa  will  remain  at  rest  during  the  motion. 
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These  points  are  called  nodes  or  nodal  points,  and  the  cunre 
between  two  consecutive  nodes  is  called  a  ventral  segment. 

284.]  If  T  is  the  time  in  which  one  complete  transversal  vi- 
bration of  the  string  takes  place^ 

T=i-'=2/(-^)*;  (38) 

b  Wo  ^ 

so  that,  for  a  string  of  constant  thickness  and  density,  the  tune 
of  transversal  vibration  varies  as  the  length  of  the  string  directly, 
and  as  the  square  root  of  the  tension  in  its  straight  form  in- 
versely. 

And  if  It  is  the  number  of  transverse  vibrations  which  take 
place  in  a  second  of  time, 

„  =  U1(^)*;  (84) 

so  that  for  a  string  of  constant  thickness  and  density  n  varies 
as  the  square  root  of  the  tension  in  its  straight  form  directly, 
and  as  the  length  of  the  string  inversely. 

Again,  let  if  be  the  periodic  time  of  a  complete  longitudinal 
vibration;  then  ^,  . 

'■=T  =  »'(^)=  (») 

and  let  n'  be  the  number  of  longitudinal  vibrations  which  take 
place  in  a  second  of  time, 

Now  if  the  string  suspended  by  one  end  is  stretched  by  a 
weight  at  the  other  end,  e  is  that  weight  by  which  the  length  of 
the  string  will  be  doubled ;  so  that  the  number  of  longitudinal 
vibrations  of  the  string  in  a  second  of  time  varies  directly  as  the 
square  root  of  this  weight. 

From  the  preceding  equations  we  have 

^  =  (^)*J  (87) 

but  in  the  ordinary  pianoforte  strings,  e  is  evidently  very  much 
greater  than  t^,  so  that  the  number  of  longitudinal  vibrations  in 
a  second  of  time  is  very  much  greater  than  that  of  the  trans- 
versal vibrations. 

The  ratio  of  n  to  n'  may  also  be  expressed  in  the  foUowing 
way :  suppose  /  to  be  the  length  of  a  string  in  its  natural  state. 
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and  Alto  be  the  increase  of  length  when  it  is  stretched  by  t^ : 
then,  by  Hookers  law, 

.         To  A/. 

•   •      —  ~y  9 

«d  »=(^)'.  (88, 

285.]  Let  us  briefly  notice  these  results  in  reference  to  the 
theory  of  music.  "When  a  string  vibrates,  the  vibrations  are  im- 
parted to  the  molecules  of  the  surrounding  air^  and  are  through 
the  medium  of  the  air  communicated  to  the  tympanum  of  the 
ear^  the  auditory  nerves  of  which  are  excited,  aud  the  sensa- 
tion of  sound  is  created.  The  ear  recognises  three  special  pro- 
perties of  sound,  (1)  the  pitchy  (2)  the  intensity^  (3)  a  peculiar 
quality  which  is  in  England  called  technically  the  ''quality^'  of  a 
note,  and  is  in  France  called  '^le  timbre/'  The  origin  of  this 
last  property,  and  indeed  most  of  its  affections,  it  is  very  difficult 
to  account  for ;  it  probably  arises  from  many  causes,  amongst 
which  may  possibly  be  the  difference  of  periodic  time  in  the  lon- 
gitudinal and  the  transversal  vibrations.  The  quality  of  note 
given  by  a  string  of  a  violincello  played  with  a  bow  is  very  dif- 
ferent to  that  given  by  a  pianoforte  string  struck  by  a  hammer, 
when  the  note  or  pitch  is  the  same  in  both.  The  second  pro- 
perty depends  on  the  amplitude  of  vibration^  and  varies  as  the 
vis  viva  of  the  particles  put  into  motion.  The  first  property  is 
that  which  is  called  the  musical  tone  or  note,  and  depends  on 
the  number  of  vibrations  made  by  the  string  in  a  second  of 
time.  And  thus  the  number  of  vibrations  is  taken  as  the  mea- 
sure of  the  pitch  or  note.  The  note  is  higher  the  greater  the 
number  of  vibrations  made  in  a  second  of  time.  Thus  as  to  the 
note  due  to  the  transversal  vibrations^  the  note  varies  inversely 
as  the  length  of  the  string,  and  directly  as  the  square  root  of  the 
tension.  Thus  if  the  note  of  a  given  pianoforte  string  is  too 
low,  the  string  must  be  wound  up,  whereby  the  tension  is  in- 
creased. 

The  note  given  by  a  string  when  its  two  extremities  are  fixed, 
and  when  all  the  other  points  of  the  string  vibrate  in  the  motion, 
is  called  thejundamental  note  of  the  string :  thus  the  fundamental 
note  of  a  string  is  higher  by  one  half  than  that  of  a  string  of 
which  the  length  is  twice  as  great.   And  thus,  too,  if  a  string  is 
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struck  so  that  it  has  one  node^  the  note  in  that  case  is  twice  as 
high  as  the  fundamental  note ;  and  if  it  has  two  nodes,  the  note 
is  thrice  as  high  as  the  fundamental  note ;  and  so  on.  Thus  the 
notes  of  strings  are  compared  hj  means  of  their  lengths  and  the 
distances  between  their  nodes. 

When  two  strings  have  equal  periodic  times,  and  vibrate  toge- 
ther, they  are,  in  musical  language,  said  to  be  in  unison.  If  two 
strings  vibrate  simultaneously,  the  resulting  sound  is  most  agree- 
able to  the  ear  when  they  are  in  unison.  Next  to  an  unison  the 
most  agreeable  concord  is  the  octave,  in  which  one  string  vibrates 
twice  as  fast  as  the  other ;  that  is,  in  which  the  times  of  vibra- 
tion are  as  1 : 2 ;  and  the  note  produced  by  the  former  is  said  to  be 
an  octave  above  that  of  the  latter.  Thus  if  a  given  string  vibrates 
so  that  its  middle  point  is  a  node,  it  produces  the  octave  to  the 
fundamental  note. 

It  is  invariably  found,  for  all  ears,  that  when  two  notes  not  in 
unison  are  sounded  together,  the  resulting  sounds  are  most  agree- 
able when  the  times  of  vibration  of  the  individual  notes  are  in 
some  simple  proportions ;  say  1:2;  1:3;  1:4;  2:8;  and  that 
the  concord  is  more  agreeable  the  less  the  difference  between 
the  terms  of  the  ratio. 

Thus  the  octave  of  the  octave  of  a  note,  or  the  fifteenth,  as  it 
is  called  in  music,  is  an  agreeable  concord ;  for  it  consists  of  vi- 
brations of  two  strings  whose  periodic  times  are  as  the  numbers 
1 : 4.  Thus  also  two  strings  whose  periodic  times  are  in  the 
ratio  of  1 :  8,  or  in  the  ratio  of  1 :  16,  and  so  on,  produce  plear- 
sant  concords,  and  seem  to  partake  of  the  perfection  of  the 
octave. 

The  next  most  simple  numerical  ratio  is  that  of  1 : 3,  in  which 
we  have  three  vibrations  of  one  string  corresponding  in  time  to 
one  vibration  of  the  other.  This  concord  is  called  a  twelfth.  If 
we  replace  the  string,  which  vibrates  once,  by  its  octave,  which 
vibrates  twice  in  the  given  time,  the  times  of  vibration  of  the 
two  strings  are  as  2 : 8 :  this  also  forms  an  agreeable  concord, 
and  is  called  a  fifth. 

It  is  however  beyond  the  object  of  this  treatise  to  enter  fur- 
ther into  this  subject :  and  for  other  details,  and  for  an  exposi- 
tion  of  the  theory  of  music,  founded  on  the  preceding  and  other 
similar  equations,  I  must  refer  the  reader  to  the  Treatise  on 
Sound  by  Sir  John  F.  W.  Herschel,  which  was  originally  con- 
tained in  the  Encyclopaedia  Metropolitana. 
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286.]  A  few  words  muBt  be  said  on  another  process  of  finding 
the  solution  of  the  general  differential  equations  given  in  (14) ; 
and  now,  as  heretofore,  I  will  take  the  second  of  the  three  equa- 
tions to  be  the  type-equation.  It  is  impossible  not  at  once  to 
see  that  the  equation 

t}  =  {ACOsmi^+Bsini»i/}sin(ma?+a)  (89) 

satisfies  the  differential  equation ;  a^  b,  m,  and  a  being  undeter- 
mined constants.  Since  however  17  =  0^  when  ^  =  0,  and  when 
X  =  I,  whatever  is  the  value  of  t,  we  have 

0  =  (ACOsmi/+Bsin97»6^)sina^  (40) 

0  =  (Acos97}i^+Bsinm6/)sin(m/+a),  (41) 

From  (40)  it  appears  that  a  =  mty  where  n  is  any  whole  number ; 
which  however  it  is  convenient  to  take  to  be  positive,  as  no 
limitation  to  generality  will  be  introduced  thereby.    And  from 

m  =  —  -|-;  (42) 

consequently  (39)  becomes  of  the  form, 

S  nvbt  .  mrbt)    .    mtx  ,.^^ 

rj  =  |AnCOS-y-  +  »!»  MU— j—  ^  sm— y-.  (43) 

And  this  equation  satisfies  the  differential  equation,  and  also 
fulfils  the  conditions  that  97  =  0,  when  w  =  0  and  when  x  -=  l^ 
whatever  is  the  value  of  t. 

Also,  by  reason  of  the  linearity  of  the  differential  equation,  it 
will  be  satisfied  by  a  sum  of  expressions  of  .the  same  form  as  the 
rightrhand  member  of  (43),  so  long  as  n  is  a  positive  integer : 
and  thus 

fl  =  3|.;a,»cos— J— +  B„Bm— y-  Ism— |— ;         (44) 

the  sign  of  summation  indicating  the  sum  of  all  similar  expres- 
sions corresponding  to  integer  values  of  n. 

The  A^s  and  the  b*s  are  still  undetermined.  They  are  how- 
ever to  be  expressed  in  terms  of  initial  circumstances.  These  we 
will  take  to  be  the  same  as  those  in  Art.  280 ;  so  that  17 =«(j7),  and 

!^  =  i<^'(a?),  when/=0. 
4ii 

Consequently  firom  (44), 

♦  (j?)  =  3i.A«sin— J— ,  (45) 

^'{x)  =  a .  -J-  B„  sm  -J- .  (46) 

PEICE,  VOL.  IV.  3  U 
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liu  point  of  the  process  this  method  fails^  because  these 
itions  will  not  determine  the  values  of  the  undetermined 
Itants^  viz.  the  a's  and  the  b\  in  terms  of  the  given  functions 
which  express  the  initial  circumstances  of  the  string.  The  form 
of  the  given  functions  is,  it  is  to  be  observed^  arbitrary ;  and  the 
analytical  solution  is  not  perfect  unless  the  constants  are  ex- 
pressed in  terms  of  them. 

The  following  equations  however,  at  first  due  to  Lagrange, 
and  afterwards  deduced  from  a  theory  on  definite  int^pralsy 
more  fully  developed  by  Fourier  and  Poisson,  will  complete  the 
solution.  They  may  be  found  in  most  treatises  on  definite  in- 
tegrals. 

*{x)  =  -a.jf^gm-j^*(f)rffsm— p-;  (47) 

*'(^)  =  I  ^.f  rin-^  *'(f)rff  sin  ^ .  (48) 

Let  these  be  substituted  in  (44) ;  then  we  have 


2     /•'. 


sm  — r^  ♦  (f) d$ sm  — =—  cos— 7— 
^0  /  I  i 


+  -2.jf^  8m-y^^'(f)rff-sin-^sm-j-;  (49) 

wherein  the  summation  denoted  by  s.  indicates  the  sum  of  all 
these  similar  quantities  corresponding  to  positive  integer  values 
of  n.  As  this  equation  satisfies  all  the  conditions  of  the  problem, 
it  is  the  complete  integral  of  the  original  equation ;  and  all  the 
properties  of  the  motion  of  the  string,  which  have  been  deduced 
in  Art.  280  from  the  arbitrary  functions  f  and/,  may  be  just  as 
conveniently  inferred  from  this  equation. 

Thus,  according  to  this  method,  the  motion  of  the  string  is 
expressed  by  a  series  of  terms^  each  of  which  might  exist  alone, 
and  might  be  the  complete  solution  of  the  equation^  if  it  agreed 
with  the  initial  state  of  the  string.  The  most  general  motion  of 
the  string  however  results  from  the  coexistence  or  superposition 
of  an  infinity  of  vibratory  motions,  and  the  resulting  note  from. 
the  coexistence  of  the  several  notes  which  are  due  to  these  se- 
veral single  motions. 

287.]  We  proceed  now  to  other  particular  cases  of  the  mo- 
tion of  elastic  bodies  and  of  their  constituent  molecules.  And 
I  will  first  consider  the  longitudinal  vibrations  of  the  molecules 
of  a  fine  elastic  rod. 
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I  shall  assume  the  rod  to  be  homogeneoas,  and  in  its  natural 
state  to  be  prismatic  or  cylindrical ;  so  that  if  »  =  the  area  of  a 
transverse  section,  a>  is  constant  throughout  the  length,  and  is 
infinitesimal  because  the  rod  is  thin.  I  shall  take  the  line  which 
contains  the  centres  of  gravity  of  all  thin  transverse  slices  to  be 
the  ^-axis.  Although  the  rod  is  thin,  that  is,  although  the  lines 
of  its  transverse  section  are  infinitesimal  in  comparison  of  the 
length  of  the  rod,  yet  its  thickness  is  such  that  the  rod  is  not 
bent  by  the  forces  acting  on  it. 

Now  we  suppose  the  particles  of  the  rod  to  be  displaced  lon- 
gitudinally by  a  force  acting  in  the  direction  of  the  length  of 
the  rod,  so  that  each  particle  is  displaced  through  a  small  dis- 
tance along  the  a;-axis.  Moreover,  we  suppose  that  every  particle 
in  a  thin  transverse  section  or  slice  perpendicular  to  the  ^-axis 
is  displaced  through  an  equal  distance;  so  that  all  particles 
which  were  in  a  given  transverse  slice  before  the  displacement 
are  in  a  transverse  slice  after  the  displacement.  We  also  sup- 
pose that  by  this  displacement,  due  to  an  external  force,  certain 
elastic  forces  are  brought  into  action  whose  lines  of  action  are 
parallel  to  the  ^-axis,  and  that  the  molecules  subsequently  vi- 
brate under  the  action  of  these  forces.  It  is  this  subsequent 
motion,  when  all  other  forces  have  ceased  to  act,  which  we  shall 
now  investigate. 

Let  o  and  a  be  the  ends  of  the  bar  in  its  original  state  of  rest ; 
and  let  oa,  its  length,  =  1;  let  »  =  the  area  of  a  transverse  sec- 
tion, p  =  the  density.  Let  us  consider  the  motion  of  a  thin 
slice,  whose  distance  from  o  =  «r,  when  /  =  0,  and  whose  thick- 
ness =  ^;  so  that  its  mass  =  ptada:.  This  mass  is  unchanged 
during  the  motion. 

Let  0?+ f  be  the  distance  of  this  elemental  slice  from  o  at  the 
time  t :  £  being  a  small  quantity  and  evidently  a  function  of  both 
w  and  t.  Let  t  be  at  the  time  t  the  tension  drawing  the  slice 
towards  o,  and  t  +  </ t  that  drawing  it  towards  a  :  then,  as  no 
other  force  acts,  the  equation  of  motion  is 

p«rfa? —  .  g  ^-  =s  rfT; 

.-.    p(ddx-T^  =  rfT.  (50) 

We  suppose  the  extension  of  the  bar  to  vary  according  to 
Hookers  law :  so  that  if  e  is  the  modulus  of  elasticity  of  the 
bar,  according  to  Art.  149,  Vol.  Ill, 
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dse  +  di  =  dx\l  +  ^\; 

ax 
and  consequently  (50)  becomes 

in  which  expressions  we  must  observe  that 

(1)  —  =  the  velocity  of  the  sKce  pc^dx; 

(2)  ^  sr  the  linear  dilatation  of  an  nnit-Iength  of  the  bar. 

Now  (52)  is  of  precisely  the  same  form  as  the  equation  for  the 
vibrations  of  an  elastic  string,  and  is  to  be  integrated  in  the 
same  manner ;  but  the  initial  circumstances  of  the  two  problems 
may  be  very  different :  and  thus  also  ifri]]  be  the  given  arbitrary 
functions.    Now  I  will  suppose  that  when  /  =  0^  f  =  « (x)  and 

-|  =  a<t>'(x)y  where  ♦  and  ^'  denote  arbitrary  functions  which 

are  given  for  all  values  of  j?  from  0  to  /,  when  /  =  0. 

If  an  end  of  the  bar  is  fixed^  ^  =  0  and  ^  =  0  at  that  point 

at 

during  the  whole  motion ;  and  t  is  the  pressure  which  the  point 

d£ 
has  to  bear.      For  a  free  end,  -r^  =  0,  for  all  values  of  t 

df 
Thus  if  the  two  ends  are  fixed,  f  =  0.  and  -^  =z  0,  when 

at 

a  =  0j  and  when  a?  =  /:  so  that 

2      n  .   niri    ,>,  j^  .    nva       mrat 
i-j^j  sm-^*(Orff  sm-p  cos-y- 

.2       y  .    nvf,,^^jA    .    niTX   .    nvat      .^^^ 
+  —  5./  sm-y  4>\i) rff -  sm -^  sm—jT-.    (58) 

Hence  if  t  is  the  time  of  a  whole  vibration  of  the  slice^  and  n  is 
the  number  of  vibrations  made  by  it  in  a  second  of  time. 
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80  that  the  note  of  the  bar  is  the  same  as  that  of  a  vibrating 
string  of  the  same  elasticity,  thickness^  density,  and  length. 
If  the  end  o  is  fixed^  and  the  end  a  is  free^  then  (  =  0  and 

-r-  =  0  when  x  =  0;  and  -=^ ,  that  is     ,      ,  =  0  when  ^  =  /. 
at  dx  dx 

Hence 


+  -2./    Sll 

V     Jo 


sm  ^ ^rj^-^  *(£)d( sm  ' ^ —  cos-' 


2/        -vw-^^-""         21        ^        21 


.    (2»-l)irf^„.^  ..     1        .    (2n-l)'nx  .    (2n-l)'nat    ,^^, 

because  this  valae  satisfies  all  the  required  conditions. 

Now  the  values  of  f  become  the  same  whenever  at  is  increased 
by  any  multiple  of  4/:  consequently  if  t  is  the  time  of  a  com- 
plete vibration  of  a  slice  of  the  bar,  and  if  n  is  the  number  of 
vibrations  completed  in  a  second  of  time. 


(57) 


=  i(.^)*  m 


41  ^po)' 

Thus  the  time  of  vibration  is  twice  as  long  iu  this  case  as  it  is  in 
the  former^  in  which  both  ends  of  the  bar  are  assumed  to  be 
fixed.  And  thus  also  the  note  due  to  the  longitudinal  vibrations 
of  an  elastic  bar  fixed  at  both  ends  is  an  octave  higher  than  that 
due  to  it  fixed  at  one  end  and  having  the  other  end  free. 

288.]  Let  us  next  consider  the  motion  of  the  molecules  of  a 
thin  elastic  lamina,  which  is  fixed  along  one  edge,  and  which 
is  otherwise  free  from  external  constraint ;  such  as  that  of  which 
the  conditions  of  statical  rest  have  been  investigated  in  Art. 
162 — 166,  Vol.  III.  I  shall  employ  the  same  symbols  and  the 
same  diagram  as  in  those  Articles. 

The  lamina  in  its  natural  state  is  supposed  to  be  plane; 
and  to  have  been  bent,  as  is  assumed  in  those  Articles,  by  the 
action  of  one  or  more  external  forces,  and  then  left  to  itself. 
It  subsequently  vibrates  by  virtue  of  the  elastic  forces  which 
have  been  brought  into  action  by  the  original  displacement.  The 
problem  in  Vol.  Ill  is  the  determination  of  the  curve  which  the 
lamina  takes  when  it  is  bent  by  certain  given  forces :  the  pro- 
blem herein  to  be  treated  is  the  subsequent  motion  of  the  lamina 
by  reason  of  its  elastic  forces,  when  the  original  bending  forces 
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have  ceased  to  act.  For  although  the  hunina  is  assumed  to  be 
very  thin^  jet  its  thickness  is  such  that  elastic  forces  are  brought 
into  action  upon  its  being  bent. 

Now  take  the  Figure  73  in  Vol.  Ill  to  be  an  enlarged  repre- 
sentation of  the  lamina  at  the  time  t,  except  that  there  are  no 
forces  X  and  t  :  then  the  equation  of  motion  of  the  lamina  may 
be  formed  as  follows.  Take  any  transverse  section  of  it,  as 
p'^p  p',  the  mean  fibre  of  which  intersects  the  plane  of  (x^  y)  in 
the  point  (^,  y).  Then,  if  we  suppose  the  fibre  to  be  at  rest  for 
an  instant,  and  l  to  be  the  moment  of  the  elastic  forces  which 
are  due  to  the  part  p"ap'  of  the  lamina,  and  act  on  the  section 
about  an  axis  perpendioular  to  the  plane  of  the  paper ;  by  (178) 
Art.  468,  Vol.  Ill, 

where  a  is  the  radius  of  curvature  of  the  bent  lamina  at  the 
point  p.  But  the  forces  of  which  this  is  the  moment  produce 
the  motion  of  the  part  p'^ap'  relative  to  the  mean  fibre  of  the 
section  p'V.  Now  let  us  take  a  thin  slice  of  the  lamina  at  a 
point  between  p  and  a  ;  and  as  the  lamina  is  very  thin,  we  may 
consider  its  mass,  which  is  equal  to  iprbdsf,  (p  being  the  den- 
sity), to  be  condensed  into  a  particle  at  (a/,  %/),  the  place  of  its 
mean  fibre ;  so  that  the  expressed  momentum-increments  of  this 
slice  parallel  to  the  axes  of  x  and  y  are  respectively 

2pTbd/^^       and       2pTd/^.  (60) 

Let  us  moreover  assume  the  displacement  of  all  particles  of  the 
lamina  to  be  so  small,  that  all  velocity-increments  parallel  to  the 
a?-axis  may  be  neglected ;  and  we  shall  also  assume  the  inclina- 
tion to  the  a?-axis  of  all  elements  of  its  curved  fibres  which  are 

straight  in  their  natural  state,  to  be  so  small,  that  powers  of  — 
above  the  first  may  be  neglected.     Thus 

l  =  li'  rf»'=<'^-  (61) 

Hence  also  the  moment  of  the  expressed  velocity- increments  of 
the  part  f"ap'  about  an  axis  perpendicular  to  the  plane  of  the 
paper,  and  passing  through  the  mean  fibre  of  p'^p'  is 

-2prbf'^(x^x)dx';  (62) 
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and  this  in  equilibrium  with  l  ;  so  that  we  have 

Let  us  take  the  ;r-differential  of  this  equation ;  w  being  the  in- 
ferior limit  of  the  definite  integral  in  the  right-hand  member, 
and  the  differential  being  taken  in  accordance  with  the  princi- 
ples explained  in  Art.  178,  Vol.  II;  then 

and  again  taking  the  ^-differential 

8p   <to*~       rf<»'  ^    ' 

so  that  the  equation  to  the  vibrating  lamina  is  of  the  form 

This  equation  is  not  capable  of  integration  in  finite  terms.  But 
it  is  evident  that 

y  =  {AC08wi*A/-f  Bsinm*i/}8in(m4?  +  a)  (66) 

satisfies  the  preceding  equation ;  a,  b,  m,  and  a  being  undeter- 
mined constants :  and  since  ^  =  0,  when  ^  =  0,  whatever  is  the 
value  of  /^  a  =  nv ;  where  n  is  any  integer  number ;  so  that 

y  =  {AnCosw*6/  +  BnSinm*i^}sin(ma?4-»w).         (67) 

And  as  n  may  be  any  whole  number,  the  complete  solution  will 

be  y  =  2.{AnCOsm'6^  +  BMsinm'6^}ain(md?+nir);     (68) 

wherein  the  sign  of  summation  denotes  the  sum  of  a  series  of 
similar  quantities  given  by  the  several  values  of  n,  which  ad- 
mits of  all  integers. 

All  the  undetermined  coefficients  must  be  found  by  means  of 
the  initial  circumstances  of  the  lamina,  in  the  same  way  as  similar 
questions  have  been  treated  in  the  preceding  Articles. 

289.]  I  come  now  to  the  last  portion  of  our  inquiry ;  viz. 
a  statement  of  the  general  equations  which  express  the  motion 
of  a  molecule  of  an  elastic  body,  homogeneous  and  of  constant 
elasticity,  existing  in  three  finite  dimensions  in  space.  For  this 
purpose,  to  avoid  repetition,  I  must  again  refer  the  reader  to 
Section  2,  Chap.  V,  of  Vol.  Ill,  wherein  the  theory  of  such 
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elastic  bodies  has  beea  explained,  and  eqnations  have  been  found 
which  express  the  conditions  of  the  relative  rest  of  the  consti- 
tuent  molecules.  From  these  the  corresponding  eqaations  of 
motion  are  easily  deduced.  Suppose  a  molecule  of  a  homo- 
geneous elastic  body,  whose  elasticity  is  constant,  to  be  origin- 
ally at  (x,  y,  z\  and  to  be  displaced  by  the  action  of  some  ex- 
ternal force,  so  that  elastic  forces  are  brought  into  action ;  and 
suppose  it  to  move  under  the  action  of  these  last  forces ;  the 
original  disturbing  force,  and  all  other  forces  having  ceased  to 
act ;  and  suppose  its  place  at  the  time  ^  to  be  (^ + f,  y  + 1),  2;  +  C) ; 
then  the  equations  which  express  its  motion  are,  see  (160),  Art. 
160,  Vol.  Ill,  evidently 


,,  do,  Sd^n       d^ri       d^ril  d^ri 


>     (69) 


in  which  a  is  the  dilatation  of  a  cube  whose  volume  is  the  unit- 
volume,  p  is  the  constant  density,  X  and  fi  are  constants  depend- 
ing on  the  elastic  action  of  the  body,  and  all  the  differentials 
are  partial. 

These  equations  may  be  also  put  into  another  form  ;  take  the 
X',  y-,  and  0-  partial  differentials  of  these  respectively,  and  add 
them ;  then,  since 

the  sam  beoomes 

by  means  of  which  equation  n  is  to  be  determined  as  a  function 
of  X,  yy  Zy  t.  If  this  value  of  n  is  substituted  in  the  three  equa^ 
tions  of  (69)^  £,  17,  (  may  be  determined  in  terms  of  w^  y,  z^  and 
t,  and  the  problem  will  then  be  completely  solved. 

I  may  in  passing  observe,  that  these  equations  are  homogene- 
ous on  the  principles  of  Art.  278. 

290.]  It  will  be  beyond  the  object  of  our  work  to  enter  into 
a  discussion  on  the  equations  of  the  preceding  Articles,  as  it 
would  lead  us  into  wave-motion,  and  other  subjects  of  a  similar 
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kind.  Two  special  cases  however,  which  have  already  been 
treated  otherwise,  are  so  easily  deduced  from  these  general  equa- 
tions, that  it  is  desirable  to  insert  them. 

Equations  (69)  express  the  motion  of  a  constituent  molecule 
of  any  elastic  body  under  the  action  of  elastic  forces  which  are 
made  active  by  reason  of  a  displacement  produced  by  some  ex- 
ternal force.  And  as  no  limitation  is  made  as  to  the  dimensions 
of  the  body^  the  equations  are  applicable  to  thin  plates  or  mem- 
branes^ and  to  thin  strings.  These  two  cases  I  will  consider  as 
briefly  as  possible. 

Imagine  a  series  of  molecules  through  the  body,  in  its  natural 
state,  forming  a  thin  plate  or  membrane,  the  bounding  surfaces 
of  which  are  planes  at  an  infinitesimal  distance  apart.  Further^ 
imagine  this  thin  plane  membrane  to  be  separated  from  the 
body,  so  that  no  forces^  elastic  or  other,  act  normally  to  its  plane 
surfaces^  and  its  constituent  molecules  are  at  rest  by  the  ac- 
tion of  internal  forces  only.  If  this  is  homogeneous,  and  of  con- 
stant elasticity^  like  the  body  of  which  it  is  a  part,  so  is  it  a  thin 
elastic  membrane  in  the  ordinary  meaning  of  the  term,  as  the 
parchment  of  a  tambourine  or  the  parchment  in  a  drum-head. 

Now  we  suppose  this  thin  elastic  membrane  to  lie  in  a  plane ; 
that  is^  we  imagine  a  plane  section  of  it  equally,  and  thus  infini- 
tesimally^  distant  from  its  two  plane  surfaces,  to  be  a  geometri- 
cal plane.  Moreover^  we  suppose  it  to  be  stretched  with  equal 
tension  along  all  its  edges  by  a  stretching  force  which  we  will 
call  T.  On  the  membrane  thus  stretched  and  at  rest,  we  suppose 
an  external  force  to  act,  so  that  the  molecules  are  displaced : 
hereby  elastic  forces  are  brought  into  action  tending  to  restore 
the  membrane  to  its  original  position.  We  propose  to  deter- 
mine the  equations  which  express  the  motion  of  a  particle  due 
to  these  elastic  forces,  the  disturbing  force  having  acted  once 
for  all. 

Let  the  system  of  reference  be  as  follows :  take  the  plane, 
which  is  equally  distant  from  the  two  plane  forces  of  the  mem- 
brane, to  be  that  of  (x,  y),  and  any  point  in  that  plane  for  the 
origin.  Let  p  be  the  density  and  r  the  thickness  of  the  mem- 
brane ;  let  the  place  of  the  type-molecule,  whose  motion  we  will 
consider,  be  (a;,  y,  0)  when  it  is  at  rest ;  and  let  its  place  at 
the  time  the  {x  -\-  (,  y  -^  rf,  0  +  Q,  so  that  f,  rj,  fare  the  axial 
components  of  its  displacement  at  the  time  t  Then,  replacing  a 
by  its  value  given  in  (70),  we  have  from  (69) 

PRICE,  VOL.  IV.  3  X 

Digitized  by  VjOOQIC 


522 


THB  MOTION  OF  THE  MOLECITLES 


t»9»- 


(72) 


These  equations  maybe  integrated  by  the  process  explained  in  Art 
286^  and  the  integrals  will  involve  a  series  and  certain  arbitrary 
functions  depending  on  the  initial  values.  These  will  express 
vibrations  of  the  molecules ;  of  which  the  periodic  time  will  be 
equal  for  those  parallel  to  the  a?-  and  y-axes ;  that  corresponding 
to  the  jsr- vibration  will  be  different.  The  sound  yielded  by  it  will 
be  much  more  intense^  and  will  be  the  note  of  the  membrane.  The 
coefficients  A  and  /x  will  depend  on  the  stretching  weight  t. 

291.]  Lastly^  let  us  suppose  the  elastic  body  to  be  a  string 
which  in  its  natural  state  is  straight.  That  is,  let  us  imagine 
such  a  string  to  be  taken  out  of  a  homogeneous  elastic  body  of 
constant  elasticity,  and  to  be  under  the  action  of  a  stretching 
force  T  along  its  length,  and  to  be  subject  at  its  surface  to  no 
other  forces.  We  imagine  this  string  to  be  displaced  by  the  ac^ 
tion  of  an  external  force ;  hereby  certain  elastic  forces  are  brought 
into  action,  which  tend  to  restore  the  string  to  its  original  straight 
state.  The  problem  is,  the  determination  of  the  motion  of  the 
molecules  of  the  string  under  the  action  of  these  elastic  forces. 

Let  us  suppose  the  string  at  rest  to  lie  along  the  axis  of  x ; 
and  let  us  consider  the  motion  of  a  molecule  whose  place  at 
rest  is  (x,  0,  0) ;  and  let  us  suppose  its  place  at  the  time  /  to  be 
(a?  +  f,  0-\-rj,0-\-C),  where  f,  rj,  {  are  the  axial  components  of  the 
displacement  at  that  time.    Then  (69)  become 


(X+2M)g|  = 


dar» 
da* 


=  P 


Pdt^-' 

fdi^' 

dH. 
dt»" 


(73) 


as  these  equations  have  the  same  form  as  (14)  in  the  present 
Chapter,  they  maj  be  integrated  by  the  processes  already  ex- 
plained, and  will  lead  to  the  same  results. 

And  here  I  must  conclude  the  investigations  on  the  motion 
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of  elastic  bodies  and  their  molecules.    The  inquiry  is,  for  the 

subject,  very  imperfect ;  the  completion  of  it  would  lead  me  far 

into  the  theory  of  definite  integrals^  the  properties  of  periodic 

series  simple  and  double^  into  wave-motion^  &c.,  all  of  which 

would  require  more  space  than  we  can  afford^  and  which  might 

be  inappropriate  to  a  treatise,  in  which  I  have  confined  myself 

fli  to  elementary  subjects.     I  cannot  however  refrain  from  recom- 

ic  mending  to  the  student  the  study  of  Lemons  sur  I'Elasticit^  des 

is  corps  soUdes,  by  M.  Lam£,  Paris^  1852 ;   and  chiefly  to  Le- 

fE  §ons  8roc^  9™^  and  10«>c,  wherein  he  will  find  the  subjects  of  the 

y  last  two  Articles  especially  treated  of. 


3x2 
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CHAPTER   XL 

THEORETICAL   DYNAMICS. 
BY  W.  F.  DONKIN,  M.A.,  F.B.S.,  F.RA.S.; 

BAVILIAN  PROFESSOR  OF  ABTBONOICT,  OXFORD. 


[It  will  be  observed  that  many  terms  and  Bymbols  employed  in  this 
Chapter  differ  from  the  corresponding  ones  of  the  previous  parts  of 
the  Treatise  :  this  arises  in  part  from  the  fact  that  Professor  Donkin 
had  not  seen  the  previous  Chapters  when  this  was  written.  In  the 
unavoidable  absence  of  Professor  Donkin,  it  has  not  been  thought 
desirable  to  change  either  the  one  or  the  other.  The  advanced 
student  indeed,  for  whom  especially  this  Chapter  is  intended,  will 
not  require  any  alteration  :  he  will  understand  the  different  terms 
and  symbols  by  means  of  either  the  context  or  the  explanations 
which  are  given.  Whatever  has  been  added  to  Professor  Donkin's 
work  is  enclosed  in  square  brackets.  It  should  also  be  noticed 
that  his  MS.  bears  date  Sept.  6,  i860.] 

292.]  The  object  of  this  Chapter  is  to  give  some  account  of 
the  recent  progress  of  theoretical  dynamics.  But  no  attempt 
will  be  made  to  follow  accurately  a  historical  order^  or  to  assign 
every  step  in  detail  to  its  proper  author.  Such  a  plan  would  be 
hardly  in  accordance  with  the  design  of  this  Treatise,  and  it  is 
moreover  rendered  unnecessary  by  Mr.  Cayley's  '^  Report  on 
Dynamics/'  lately  published  *. 

The  reader's  attention  is  requested  to  the  following  explana- 
tions of  notation : 

Throughout  this  Chapter  total  differentiation  with  respect  to 
t  (the  time)  will  be  denoted  by  accents ;  and  accents  will  be  used 

for  no  other  purpose.      Thus,  instead  of  -ttj  4-  -ti%  ^^  ^^^^ 

write  either  t*"+  v"  or  (u  +  t?/',  ...,  and  if  «  be  a  function  con- 

*  Report  of  the  British  Association  for  1857. 
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taining  t  explicitly,  and  also  involving  Xj  y,  ...>  which  are  func- 
tions of  t,  we  shall  have 

,      du      du  ,     du  J 

where  -r:  signifies  the  partial  differential  coefficient  of  u  with 

respect  to  t,  taken  so  far  as  /  appears  explicitly  in  u. 

But  no  other  distinction  will  in  general  be  made^  by  means  of 
notation^  between  the  various  possible  meanings  of  differential 
coefficients ;  the  interpretation  of  the  symbols^  if  not  clear  from 
the  context,  vail  be  explained  in  each  case. 

Secondly,  expressions  of  the  form  -^  ^ ^  ^  are  of  such 

frequent  occurrence,  that  it  is  desirable  to  have  a  recognised 
abbreviation  for  them.  The  following  has  been  found  convenient, 
and  will  be  adopted,  namely*, 

du  dv      du  dv  ^  d  (ti,  t;) 

dx  dy  dy  dx"  d  (a?,  y) ' 
298.]  The  theorem  of  D^Alembert  reduces  the  mathematical 
statement  of  every  dynamical  problem  to  the  expression  of  con- 
ditions of  equilibrium ;  and  when  these  conditions  are  put  in 
the  general  form,  assigned  by  the  principle  of  virtual  velocities, 
there  results  a  single  formula,  which  may  be  written  thus : 

2,fn{3/'bx-\'y"by-{'Z''bz)  =  2{xbx+Yby  +  zbz)1r  :  (1) 
in  which  x,  y,  z  are  the  coordinates  of  the  mass  m,  referred  to 
rectangular  axes  fixed  in  space,  and  x,  y,  z  are  the  components 
of  the  force  applied  at  the  point  x^  y,  z. 

It  is  necessary  to  observe,  that  the  force  here  meant  is  not 
the  so-called  '^accelerating  force '^  that  is,  the  force  which 
would  act  on  a  unit  of  mass ;  but  the  total  force,  of  whatever 
kind,  which  is  impressed  at  the  point  {x,  y,  z).    Otherwise  the 

♦  More  ffenerally,  the  symbol    ,     *   * — ' '  "  .  stands  for  the  "  Jaoobian" 

determinant,  of  which  the  constituents  are 

du     du     du  dv     dv     dv  dw    dw    dw 

dx*  dy*  dz'"' '  dx'  dy'  dz'" '  '  dx'  dy*  dz'"'  ' 

This  notation  was  proposed  some  time  ago  by  the  writer  of  this  chapter  (see 

Phil.  Trans,  for  1854,  p.  73),  and  has  since  received  the  sanction  of  Mr.  Cayley 

(Report  on  Dynamics,  p.  5). 
t  [See  equation  (40),  Art.  50.] 
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formula  would  not  include  the  case  in  which  all  or  any  of  the 
forces  are  to  be  considered  as  pressures  acting  merely  on  mathe- 
matical surfaces,  lines,  or  points ;  and  having  no  relation  to  the 
magnitude  of  the  masses  which  they  tend  to  move.  It  is  true 
that  such  forces  are  only  mathematical  fictions ;  but  so  are  the 
conditions  of  almost  all  mechanical  problems,  treated  as  we  are 
at  present  obliged  to  treat  them. 

It  would  however  be  out  of  place  to  enter  into  the  questions 
suggested  by  this  remark,  because,  for  the  purposes  of  this  chap- 
ter, we  are  not  concerned  with  the  nature  of  the  problem  which 
gives  rise  to  the  formula  (1),  further  than  is  necessary  for  a  clear 
understanding  of  the  meaning  of  the  symbols. 

In  the  most  general  case  which  occurs  in  practice,  the  values 
of  X,  Y,  z,  at  the  time  /,  may  depend  in  a  given  manner  upon  the 
time,  the  positions  of  all  the  points  of  the  system,  and  the  velo- 
cities and  directions  of  their  movements  at  the  instant  considered. 
In  other  words,  x,  y,  z  may  be  given  functions  of  t,  of  all  the 
coordinates  3P,y,z,  ...,  and  of  their  first  differential  coefSdents 
^'> l/f^y  '•-'  ^his  ™ost  general  case  has  not,  except  in  special 
problems,  as  yet  been  treated  successfully,  and  we  shall  find  it 
necessary  to  limit  the  significations  of  x,  y,  z ;  but  the  problems 
excluded  by  the  limitation  are  comparatively  unimportant. 

294.]  The  meaning  of  the  symbol  of  variation  b  may  be  ex- 
plained as  follows :  If  x^y.z,  ...  be  the  values  of  the  coordinates 
in  the  actual  position  of  the  system  at  the  time  t,  then  ^+d«, 
y-^by,  z-^bz, ...  are  the  values  belonging  to  any  other  position 
which  the  system  might  have  had  at  that  time  without  violating 
the  conditions  by  which  its  possible  displacements  are  limited ; 
provided  only  that  the  two  positions  be  infinitely  near  to  one 
another,  so  that  bXyby,...  are  infinitesimal. 

Whatever  be  the  nature  of  the  conditions  just  mentioned,  by 
which  the  motion  of  the  system  is  constrained,  they  may  always 
be  supposed  to  be  expressed  by  means  of  a  certain  number  of 
equations  of  condition 

Li  =  0,     Lj  =  0,  ...  L«  =  0;  (2) 

in  which  l^,  l^^  ...  are  given  functions  of  any  or  all  of  the  coor- 
dinates, and  may  also  contain  t  explicitly.  Suppose  n  to  be  the 
whole  number  of  coordinates  involved  in  the  formula  (1),  and  m 
the  number  of  equations  of  condition,  m  wiU  be  in  all  cases 
less  than  n ;  otherwise  those  equations  would  imply  either  a  de- 
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terminate  fixed  position  of  the  system,  or  a  determinate  motion 
independent  of  the  forces. 

The  formula  (1)  mnst  be  satisfied  for  every  set  of  values  of 
hx,  y,  ...  which  satisfy  the  m  equations, 


^«*+^6y  +  ...  =0, 
^8x+^8y+...  =0. 


(3) 


By  means  of  these  last  equations  any  m  out  of  the  n  quantities 
^x,  dy^ ...  may  be  expressed  in  terms  of  the  rest,  and  when  their 
values  so  expressed  are  substituted  in  (1),  that  formula  will  in- 
volve only  the  remaining  U'-m  variations;  and  since  the  values 
of  these  may  be  taken  arbitrarily,  without  violating  the  m  equa- 
tions of  condition,  the  coefficient  of  each  must  be  separately 
equated  to  zero ;  and  thus  we  obtain  n—m  simultaneous  linear 
difierential  equations  of  the  second  order,  that  is,  as  many  as 
there  are  independent  coordinates. 

This  process  has  been  described  briefly,  because  the  reader  is 
supposed  to  be  abeady  familiar  with  it*,  at  least  in  principle, 
and  because  we  shall  not  have  to  perform  it  actually. 

295.]  Instead  however  of  eliminating  the  variations  in  the 
manner  just  explained,  we  are  of  course  at  liberty  to  make  use 
of  any  equation  that  can  be  obtained  from  (1)  by  substituting 
for  bx,  by,..,  any  admissible  set  of  values ;  that  is,  any  set  which 
satisfies  the  m  equations  (3). 

Among  the  infinite  number  of  ways  in  which  admissible  values 
may  be  chosen  for  the  variations  bx,  5i/, ...,  there  are  two  which 
require  particular  notice. 

First,  let  us  suppose  (what  is  usually,  but  not  necessarily,  the 
case)  that  every  position  of  the  system  which  is  possible  at  any 
one  time,  is  possible  at  any  other  time ;  which  is  the  same  thing 
as  supposing  that  none  of  the  equations  of  condition  involve  / 
explicitly.  In  this  case,  it  is  evident,  that  among  the  positions 
which  the  system  might  have  had  at  the  time  t  is  that  which  it 
actually  has  at  the  time  t-\-dt;  but  at  the  time  t-^dt,  the  coor- 
dinates 07, y, ...  have  become  x-\-dw^  y-\  dy,...,  where  dx  =  j/dt, 

*  [See  Arts.  51  and  52.] 


Digitized  by  VjOOQIC 


528  THEORETICAli  DYNAMICS.  L^9^' 

i/y  =  t/dt, ... ;  80  that  we  are  at  liberty  to  take  as  an  admissible 
set  of  variations  the  displacements  which  actually  happen  in  the 
time  dt.  In  fact,  since  we  are  now  supposing  that  the  equations 
i^  =r  0, ...  do  not  involve  t,  the  equations  l\=z  0,  ...,  are 

and  comparing  these  with  (3)^  we  see  that  dor,  by,  ...,  may  be 
taken  proportional  to  x',  t/, ...,  that  is,  to  dxydy, ... .  But  if  i^ 
contained  /  explicitly  we  should  have 

which  cannot  be  made  to  coincide  with  the  equation 
8i,,  =  ^»^  +  ^»y  +  ...  =  0 

by  any  values  whatever  of  8j7,  by,  ...*. 

In  the  case  now  supposed^  however,  when  the  values  z'di, 
}/dty ...,  or  dxy  dy, ..,,  are  substituted  for  bx,  by, ...  in  (1),  that 
formula  becomes 

or,  if  we  put  t  for  the  vis  viva  of  the  system,  that  is, 

we  obtain  Jt  =  Ji{xdx-^Ydy+zdz), 

an  equation  which  we  shall  meet  with  afterwards  in  a  somewhat 
different  form. 

296.]  The  second  way  of  choosing  admissible  values  for  bx, 
by,  ...,  is  applicable  in  all  cases  without  exception,  and  may  be 
explained  as  follows : 

The  n  coordinates  x,y, .,.  being  subject  to  m  equations  of 
condition,  it  follows  that  any  n—m  of  the  coordinates  may  be 
considered  as  absolutely  independent ;  that  is,  their  values  might 
at  any  time  t  be  assumed  arbitrarily  without  violating  the  laws 
of  constraint  expressed  by  the  equations  of  condition ;  and  since 
the  same  thing  is  true  at  the  time  t  +  dt,  it  follows,  that  not  only 
the  n—m  coordinates,  but  also  their  first  differential  coefScients 
^,  y', ...  might  be  arbitrarily  assumed  at  the  time  /;  but  the 
values  of  these  2(n-'i7»)  quantities  being  given,  those  of  the 
remaining  m  coordinates  and  of  their  first  differential  coefficients 
*  [This  circumstance  has  been  already  alluded  to  in  Art.  63.] 
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are  determinate.  In  fact^  if  i^ri, .,.  be  these  remaining  coor- 
dinates, the  m  equations  of  condition  would  sufiBce  to  express 
each  of  them  in  terms  o{  x,y, ...,  and  /,  so  that  we  should  have 
m  equations^  such  as 

from  which  we  should  get  bj  differentiation 

where  it  is  evident  that  the  values  of  both  $  and  ^  are  given 
at  the  time  /,  if  those  of  x^  y,  ••.,  sly  y',  ...  are  given. 

Now  the  motion  of  the  system,  under  the  action  of  the  given 
forces,  is  completely  determined  if  the  positions  of  all  its  points^ 
and  the  velocities  and  directions  of  their  movements^  be  given  at 
a  determinate  time ;  that  is^  if  the  values  of  all  the  coordinates 
X,  y,  ,..,  and  their  first  differential  coefficients  of,  y\  ...,  be  given 
at  that  time;  and  since  it  has  just  been  seen  that  all  these 
quantities  are  given  if  any  n—m  of  the  coordinates,  with  their 
first  differential  coefficients,  be  given,  we  conclude  that  the  whole 
motion  is  determined  if  the  values  of  these  2  (n~m)  quantities 
be  given  at  any  one  time ;  it  is  convenient  to  take  the  instant 
when  /  =  0  for  the  time  in  question^  and  we  may  call  the  values 
of  any  quantities  at  that  time  their  initial  values. 

From  these  considerations,  it  is  easy  to  conclude  that  the  final 
integral  equations  of  the  problem  must  contain  2  (n—m)  arbitrary 
constants,  and  no  more ;  that  is^  that  the  values  of  all  the  coor- 
dinates must  be  expressible  in  terms  of  2  (n—m)  arbitrary  con- 
stants and  / ;  for  otherwise^  the  number  of  coordinates  and  first 
differential  coefficients  which  it  would  be  possible  to  assume 
arbitrarily  at  a  given  time  would  be  either  more  or  less  than 
2  (n—m).  The  same  conclusion  follows  from  the  theory  of  dif- 
ferential equations. 

Hence  we  are  in  all  cases  at  liberty  to  suppose  that  the  actual 
value  of  every  one  of  the  coordinates  at  the  time  /  is  expressible 
by  an  equation  of  the  form 

X  ^f{a,h,  ...  0; 
where  a,  £^ . . .  are  the  arbitrary  constants^  of  which  the  number  is 
twice  that  of  the  independent  coordinates. 

These  constants  may  be  the  initial  values  of  some  set  of  inde- 
pendent coordinates  and  of  their  first  differential  coefficients, 
and  must  be  expressible  as  functions  of  such  initial  values. 

PRICE,  VOL.  IV.  3  T 
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297.]  Now  if  we  suppose  the  initial  positions  and  velocities  to 
receive  infinitesimal  alterations^  or  if^  which  comes  to  the  same 
thing,  we  suppose  the  coijistants  a,  b,  ,,,  to  be  changed  into 
a-^bOy  b-^bb,  ...,  the  values  of  a,  y, ...,  at  the  time  i,  will  be 
changed  into  a-\-b3p,  y+by, ..,,  where 

d*B 
the  partial  differential  coefiScients  ^>  •••  being  taken  on  the 

hypothesis  that  ^,  y,. . .  are  expressed^  as  above  supposed,  in  terms 
of  a,b,  ...,  L 

The  values  of  bx,  by,...,  thus  formed,  are  distinguished  ficom 
other  admissible  sets  of  values  bj  important  properties,  which  we 
proceed  to  point  out. 

first,  if  we  suppose  a,  6, ...  to  have  the  values  belonging  to  the 
actual  motion  of  the  system,  so  that  the  point  (x,  y,  z)  actually 
describes  the  path  defined  by  the  equations  x  =if{a,  b, ...,  t), ..., 
then  the  values  a-k-ba,  b  +  bb,...  correspond  to  a  motion  which 
does  not  actually  take  place,  but  which  might  take  place  under 
the  action  of  the  existing  forces,  and  would  take  place  if  the 
initial  circumstances  were  suitably  altered  ;  so  that  the  substi- 
tution, at  every  instant,  of  x-^bx  for  x,...  would  change  the 
actual  paths  and  velocities  of  all  the  points  of  the  system  into 
others  not  merely  consistent  with  the  given  equations  of  con- 
dition, but  consistent  also  with  the  action  of  the  forces.  All 
such  paths  and  velocities  may  be  called  ''  dynamically  possible.'^ 
But  if  the  values  of  bx,  by, ,.,  were  merely  chosen  so  as  to  be 
consistent  with  the  equations  of  condition,  without  any  further 
limitation,  then  the  substitution  at  every  instant  oix-^bx  for  x, 
...,  woidd  change  the  actual  paths  and  velocities  into  others, 
which,  though  not  inconsistent  with  the  given  laws  of  constraint 
of  the  system,  could  not  be  produced  by  the  action  of  the  exist- 
ing forces.  Such  paths  and  velocities  may  be  called  ''geome- 
trically possible*^'  though  dynamically  impossible. 

298.]  But  there  is  another,  and  in  some  respects  more  im- 
portant, distinction. 

*  The  expressions  '' dynamically  possible"  and  '' geometrically  possible" 
are  Sir  W.  R.  Hamilton's. 
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The  values  of  ha,  ^b, ...  are  arbitrary  infinitesimal  constants. 
Let  Aa,  Aft, ...  be  any  other  set  of  similar  values ;  and  let  dti,  au 
be  the  increments  of  any  function  u,  corresponding  to  the  two 
sets  of  increments  of  the  constants ;  so  that  if  u  be  expressed  as 
a  function  o{  a^bfC, ...,  with  or  without  t,  we  shall  have 

aa  do 

du  du    . 

Att  =  -r-Aa+  -jtA6+  ... . 

da  do 

Now  suppose  that  in  the  above  value  of  bu  we  change  a,  6, ... 
into  a+AUy  b  +  Ab, ... ,  without  altering  the  values  of  ba,  bb,.., ; 
the  corresponding  increment  of  bu  will  be 

^        d^u       .        d^u  ,^       .     *, 
Abu  =1  -y-^ Aa.ba-\-  y—ji(ba.Ab -{-bb.Aa)  +  ... ; 
da^  dadb 

but  the  same  expression  will  be  obtained  for  bAu  from  the 
second  of  the  above  equations ;  consequently^ 

Abu  =  bAU*  (4) 

In  this  equation  u  may  evidently  be  any  function  of  the  coor- 
dinates x,y,z,...  and  their  differential  coefficients  of  all  orders ; 
the  property  expressed  by  it  distinguishes  those  variations  of  u 
which  are  due  to  variations  of  the  constants  a,b^...  from  those 
which^  though  otherwise  admissible,  arise  in  a  different  manner. 
In  fact^  it  will  be  found  in  general,  either  that  the  symbols  Ab, 
bA  are  unmeaning^  or  that  the  above  equation  is  not  true. 

299.]  Lastly,  we  must  notice  a  property  which  belongs  to  the 
variations  denoted  by  d  or  a  without  any  limitation,  namely, 

that  the  operations  b,  or  a,  and  -rj  are  commutative ;  that  is, 

b(u')  =  (bu)';  (5) 

where  u  is  any  function  of  x,y,  . .  (with  their  differential  coeffi- 
cients) and  t,  and  bw,  by,  ...  may  be  considered  as  perfectly 
arbitrary  functions  of  /,  subject  to  the  sole  restriction  of  being 
infinitesimal.  In  fact^  the  meaning  of  b  {iii)  is  (U'\-bu)'-'^y  that 
is,  is  (bu)\ 

800.]  Now  let  ^,  y^ ...  be  any  n  variables,  functions  of  t,  and 
subject  to  m  equations  of  condition.  Also  let  f,  17, ...  be  other 
variables^  of  which  the  number  is  not  less  than  n—m,  and  so 
connected  with  the  former  set  of  variables  by  given  equations, 
which  may  involve  i  explicitly  but  may  not  involve  the  differ- 

3  Ya 
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ential  coefficients  of  either  set^  that  any  variable  of  one  set  may 
be  expressed  as  a  function  of  variables  of  the  other  set,  with  or 
without  t,  by  equations  such  as 


(6) 


It  is  to  be  observed,  that  the  expressions  on  the  right  of  these 
equations  are,  to  a  certain  extent,  indeterminate  in  form ;  for 
any  function  of  a?,  y^ ...  and  t  may  be  variously  transformed  by 
means  of  the  given  equations  of  condition  ;  and  the  same  may  be 
said  of  any  function  of  ^,  ?;,...,  if  the  number  of  the  latter  vari- 
ables be  greater  than  n—m. 

Suppose  then  that  u  is  any  function  of  /,  d?,  y,  ,..,  x\  y\  ,.., 
3o"y  y",  ... ;  and  let  r  be  the  order  of  the  highest  differential 
coefficient  contained  in  u.  By  means  of  the  equations,  such  as 
the  first  of  (6),  ^,  y, ...  can  be  expressed  as  functions  of  /,  f,  i?,.**; 
x\y\  ...  as  functions  of  /,  f,  ?;, ...,  f',  i?', ... ;  and  so  on;  so  that 
u  can  be  transformed  into  a  function  of  /,  f,  77,  ...,  ^,  t7^  ...,  in 
which  the  higliest  differential  coefficient  will  still  be  of  the  order 
r.  Also,  hx^hyy...  can  be  transformed  by  means  of  the  equations 
dx    J.     dw 

*''  =  rf?*^+rf,  *"  +  •••• 

dx    dx  .        -        . 

where  ^,  -r-,  ...  are  given  functions  of  /,  f,  ?;,...  . 

Let  EgU  be  for  a  moment  an  abbreviation  for 
du  ^  /  du  \'      /  du  \"^ 

the  series  being  continued  until  it  terminates  of  itself.     Then 
the  expression 

BjgU.bX  +  tiyU,by  +  EgU.bz  +  ... 
can  be  transformed  into  another, involving  the  variables  f,  17,.  •.» 
with  their  variations  and  differential  coefficients^  instead  of  a?,y,... . 

It  is  a  known  theorem  in  the  Calculus  of  Variations  that  the 
result  of  this  transformation  is  an  expression  of  the  same  form, 
namely,  E^w.^f +  E,t«.8i7  +  ... ; 

where  u  only  differs  from  the  former  u  in  being  expressed  in 
terms  of  the  new  variables. 

The  direct  demonstration''^  of  this  theorem  in  its  general  form 

*  For  an  indirect  demonstration,  eee  Lagrange,  Mdcanique  Analytique, 
2de  partie,  4"*  section,  6,  or  De  Morgan's  Diff.  Calc,  p.  519. 
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is  somewhat  complicated^  and  need  not  be  given  here^  because 
the  only  case  with  which  we  are  concerned  is  that  in  which  u 
contains  no  differential  ooeJ£cient  of  a  higher  order  than  the 
first,  or  ^,  ^  p  ^t,  X,  y, ...  x\  %/, ...). 

The  theorem  may  then  be  conveniently  written  thus : 

and  this  admits  of  the  following  simple  demonstration^  due  in 
principle  to  Sir  W.  R.  Hamilton. 

801.]  Since  u^  when  expressed  in  terms  of  the  new  variables, 
i,rjy.,.,  will  contain  ^,  rf,.,.,  only  because  it  originally  contains 
a\  y\  ...,  we  shall  have 

du  ^    du  d^       du  dr{ 
rf^""  'd^'d^'^'HW^  '"' 

where  the  differentiations  in  -^^  •••  are  performed  on  the  sup- 
position that  f ',  ?;',...  are  expressed  in  terms  ott^a^jy^,..,  ^',  y', . '. : 
now  ( being  expressed  in  terms  of  t,  a^^y,..,,  we  have 

and  since  -;->  3^  >  .-m  do  not  contain  a/,  y',  ,..,  we  obtain  at 
at     ax 

once  by  differentiation 

d^_di         di^_d£        ^ 

da/  ~  dx'        d%f  ^  dy'  ""  ^^ 

in  like  manner  we  should  find 

drf        dri  dr/        dri 

dx'  ""  dx^        dy'  ~  dy^ 

hence  the  above  expression  for  -r-n  becomes 

du  ^  du  di      du  dri 
Ts^  "dedx'^Trfdx'^  '"' 
similarly  we  should  have 

du  ^  du  d^       du  dri 

d^'dfdy'^'Hdi^"''' 
and  so  on :  whence,  multiplying  the  first  of  these  equations  by 
5^,  the  second  by  by,  .,.,  and  observing  that 
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we  obtain  by  addition, 

du  ^         du  .  du  ^  ^      du  ^ 

and  differentiating  thia  last  equation  with  respect  to  t,  and  ob- 
aerying  (Art.  299)  that  (5^/=  baf, ..., 

/  du  \\         du  ^   ,  /  du  \\  ^      du  ^^, 

W)**  +  5F  **  +  •••  ^Wi'^+rfF'^"^- 

Now  hu  may  be  expressed  in  either  of  the  following  ways  : 
du  ^         du  ^  ,     du  ^ 
dx  d^  dy   ^ 

^         du  ^.       du  ^..     du  ^ 

and  if  the  first  of  these  values  be  subtracted  from  the  left-hand 
member,  and  the  second  from  the  right-hand  member  of  the 
above  equation,  the  result  is  the  equation  (7),  which  was  to  be 
established. 

302.]  We  now  return  to  the  dynamical  formula  (1),  Art.  293. 
In  that  formula,  the  position  of  the  system  at  the  time  t  is 
assigned  by  means  of  the  rectangular  coordinates  x,y,z,  ... ; 
but  it  is  evident  that  any  other  set  of  variables,  f,  tf,  Cf  •••>  <^Q* 
nected  with  x,y,z,...^ia  the  manner  supposed  in  Art.  300, 
would  answer  the  same  purpose.  We  may  extend  the  meaning 
of  the  word  "  coordinates''  so  as  to  include  all  sets  of  variables 
of  which  the  values  at  the  time  /  determine  the  position  of  the 
system  at  that  time.  For  instance,  the  position  of  a  rigid  sys- 
tem which  has  one  fixed  point  may  be  defined  in  several  ways 
by  means  of  three  angles,  which  may  be  called  the  "coordi- 
nates'' of  the  system. 

Now  the  theorem  (7),  Art.  800,  enables  us  to  express  the 
left-hand  member  of  the  formula  (1)  in  a  form  adapted  to  any 
system  of  coordinates  whatever,  in  the  following  manner : 

Let  T^  denote  as  before  the  vis  viva  of  the  system ;  then,  in 
terms  of  the  original  coordinates,  we  have 

2t  =  3i.w(a?'«+y'«-h*'*); 
but  when  t  is  expressed  in  terms  of  any  other  coordinates, 
h  Vf  •••>  it  will  become  in  general  a  function  of  £,  ?;, ...,  (",  rf,  •••, 
with  or  without  /,  not  containing  any  differential  coefficients  of 

*  [Vis  viva,  as  used  here  and  in  Art.  395,  is  one-half  of  the  quantity  which 
has  heretofore  been  called  by  that  name.] 
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a  higher  order  than  the  first.  Hence  we  may  put  t  for  « in  the 
equation  (7)^  and^  obserying  that 

we  obtain 

which  18  the  required  form. 

The  terms  xdj?  +  Tdy  +  ...^  on  the  right  of  (1),  when  ex- 
pressed in  terms  of  the  new  coordinates,  will  take  the  form 
pdf  +  qSt;  h-  ..,,  where  p,  q,  ...  are  functions  off,  iy, ...  with  or 
without  / ;  so  that  the  equation  (1)  is  finally  reducible  to  the 
form 

In  the  most  usual  and  important  problems,  x,  y,  z, ...  are  the 
partial  differential  coefficients  with  respect  to  x,  y,  z,,,,  of  tk 
function  u,  called  the  force-function,  which  may  also  contain  t^ 
but  does  not  contain  of,  y',  ...i  in  this  case  we  haye 

xhx  +  Yhy  +  ...  =  ^u; 
and  the  right-hand  member  of  (9)  is  obtained  by  deriving  hv 
from  u  expressed  in  terms  of  the  new  yariables :  thus 
rfu  ^^  .    rfu  . 

and  the  equation  may  then  be  written  in  the  form 

this  may  be  abridged  by  putting  t +u= w ;  for,  since  u  does  not 
contain  f", ...,  -jp  =  -jp, ...;  so  that  the  formula  becomes 

If  the  coordinates  f,  17,  ...  be  independent,  that  is,  subject  to 
no  equations  of  condition,  the  coefficients  of  df,  d  17, ...  must  se- 
parately vanish;  so  that  (11)  is  equivalent  to  the  system  of 
equations 

(5?)'=$'    (0)=^ »»> 

We  shall  refer  to  these  as  the  ''Lagrangian""  equations;  a  naipe 
given  to  them  by  Mr.  Cayley. 
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803.]  It  will  be  desirable  to  illastrate  the  preceding  formulae 
by  some  examples  before  proceeding  further.  First  then,  let  it 
be  required  to  express  the  equations  of  motion  of  a  single  mate- 
rial point  bj  means  of  polar  coordinates. 

Let  m  be  the  mass  of  the  point,  w,  y,  z  its  rectangular  coordi- 
nates^ X,  Y^  z  the  components  of  the  force  acting  on  m,  so  that 
the  equations  of  motion  in  their  primitive  form  are  included  in 
the  formula 

w(a?"5a?  +  y"8y+«^'M  =  ^^a^+Tby-\-z^z.  (13) 

In  polar  coordinates  we  have^  according  to  the  usual  notation, 

X  =  rsin^cos<^,    y  =  rsin^sin<^,    z  =  rcos^; 
and  we  must  express  2t  =  wi(a?'*+y'*+/*)  in  terms  of  r,<?,^, 
r\  ^,  4/.    DiflFerentiating,  we  find 

of  =  r^sm$cos<l>  +  ^rcos^cos<^  —  <^'rsindsin<^, 
y'  =  r'sindsin<^  H-  ^rcos^sine^  +  </>'rsin^cos<^y 
iif=zr'coB$  —  d'rsind; 

hence  we  easily  obtain 

2t  =  m  {/« +  r»^«+r«  (sin  d)2<^'2}. 

and  we  know  (Art.  802)  that  the  left-hand  member  of  (18)  will 
become 

Now  IJ-  =  »»/,  5;  =  »»'•  {^*  +  (»•»  <^)  *'*}. 

— ^  =  mr*^,  ^  =5  i»r*sindcosd<^'^ 

and  these  valnes  reduce  the  above  expression  to  the  following : 
m{r"-rff*-r  (sintf)*  <^'»}  b  r 

+  m  {{r' ery -r*  tin 0coad<l>'*}  be +  m{r»{aia0)* <!>'}' b4>. 

1 
i 
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If  the  motion  of  m  be  unconstrained,  br,  b$,  b<l>  are  all  arbi- 
trary^ and  the  formula  (13)  breaks  up  into  three  separate  equa- 
tions. 

304.]  As  a  second  example,  let  us  consider  the  transformation 
from  fixed  rectangular  axes  to  moving  rectangular  axes  with  the 
same  origin. 

''^Let  X,  y,  z  be  the  coordinates  of  the  material  point  m,  referred 
to  the  fixed  axes ;  i,r],C  the  coordinates  of  the  same  point,  re- 
ferred to  the  moving  axes ;  and  let  the  position  of  the  moving 
system  at  the  time  /  be  defined  in  the  usual  manner  by  the 
equations 

Of  =  flif  +  fla'y  +  ^sC  y  =  *if+*a»?  +  *3i'»  ^  =  Cii-hC^rj-k-c^C; 
where  the  nine  direction-cosines  a^,  a^, ...  are  given  functions  of 
t.  It  will  be  convenient  to  introduce  the  usual  symbols  (o^,  a>2^  0)3 
for  the  angular  velocities  of  the  moving  system  of  axes,  estimated 
about  the  axes  of  ^,  %  (  respectively.  Let  a  rotation  about  the 
axis  of  C  be  positive  when  its  direction  is  such  that  the  axis  of  f 
is  following  the  axis  of  17 ;  then^  with  similar  conventions  as  to 
the  other  axes^  we  shall  have 

^3^2'+  *3*2'+  ^3^2'  =— («2«3'+  *2*3'+  ^2^3')    =    ®1* 

a^a^Jf  61 V+  ^i<  =-(«3<+  *3*/+  ^sO  =  «2» 
flg  a{  +  62  *i'  +  ^2  ^1'  =  "~  (^1  ^%  +  *i  V  +  ^1  ^2)  =  ^3* 

Now  differentiating  the  equations  a?  =  a^i--\-  a^r)  ■\-  a^C  •••  wc 

obtain 

x'  =  aif'+  a3V+,«8r+  «i'f +<T7  •\-a^C> 

y'  =  *if  +  *2'?'+ *3r+  Vf  +  Kn  +  VC, 

and  hence,  observing  the  above  values  of  a>i ... ,  and  the  known 
relations  between  the  nine  direction-cosines,  including  the  equa- 
tions flj  a/-f  ii  i/ H-  (?!  c{  =  0, ... , 

«8^'+  *3y'+  ^8^  =    r+  «^l»?—  «2f  5 

and  finally,  by  adding  the  squares  of  these  expressions  on  each 

side 

a,'2  +  y'2^.^2  =  (f +  a,,f-«3r,)2  4-(V  +  «3f-«iO'  +  (f +  «i^-«2f)*- 

*  [This  is  the  problem  which  has  already  been  investigated  in  the  first 
Section  of  Chapter  VIII.    The  difference  of  notation  will  be  observed.] 
PRICE,  VOL.  IV.  3  Z 
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The  meaning  of  the  terms  in  this  expression  is  easily  seen  :  thus, 
f '  is  the  velocity  of  the  point  (£,  ry,  0  relative  to  the  moving 
axes,  estimated  parallel  to  the  axis  of  f ;  and  (o^(~-<a^fj  is  the 
velocity,  relative  to  fixed  space,  and  estimated  in  the  same  direc- 
tion, which  the  same  point  would  have  if  ((,  rj,  C)  were  invariable ; 
the  sum  is  the  total  component  of  the  velocity  relative  to  fixed 
space.  Hence  the  value  of  t,  expressed  in  terms  of  the  new 
coordinates,  becomes 

which  is  the  expression  to  be  used  in  forming  the  left-hand 
member  of  the  equation  (9),  Art.  802. 

The  right-hand  member  of  that  equation  is  to  be  obtained  by 
transforming  the  expression  ^ixbx  +  rby-^zbz). 

Now  from  the  equations 

X  =  a^i   +  a^rj  +  a^C,  ..-. 
we  have  Ix  =  a^h^  -f  a^bri  +  a^bCy ... 

Oj,  a^,  ...  ,  being  treated  as  invariable  in  the  difierentiation 
denoted  by  b,  because  bx,  ...  refer  to  displacements  in  space 
which  might  subsist  at  the  time  /.     Hence 
xbx-\-Yby-{-zbz  = 

(a^x-\-biY  +  c^z)b^-\-{a^x  +  b^Y  +  c^z)bri  +  ia^x-\'b^Y-^c^z)bC; 
now  a^x  4-  AjT  +  c^z  is  the  component  of  the  force  acting  at  {x,y,z)y 
estimated  in  the  direction  of  the  axis  of  f ;  so  that  if  we  call 
this  component  ac,  the  term  involving  5£  becomes  Sdf ;  and 
similar  conclusions  will  result  for  the  other  terms.  Thus  the 
right-hand  member  of  the  equation  (9)  may  be  represented  by 
2.S5(;  the  summation  referring  to  all  the  coordinates  as  well 
as  to  all  the  points,  and  the  coefScient  of  each  variation  being 
the  corresponding  component  of  force. 

305.]  As  an  illustration  of  the  general  formulae  of  the  pre- 
ceding Article,  we  may  take  the  following  problem  : 

To  find  the  modification  introduced  into  the  treatment  of  dy- 
namical problems,  referring  to  motion  near  the  earth's  surface, 
when  the  earth's  rotation  is  taken  into  account. 

Neglecting  the  curvature  of  the  path  of  the  earth's  centre, 
and  assuming  that  the  forces  concerned  in  the  problem  are  in- 
dependent of  the  earth's  position  in  its  orbit,  we  may  consider 
the  centre  as  fixed. 
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Let  the  primitive  axes  of  coordinates  then  have  their  origin  at 
the  earth's  centre^  the  positive  axis  of  z  being  directed  to  the 
north  pole,  the  axes  of  x  and  y  being  in  the  plane  of  the  equator, 
bat  fixed  in  space;  the  positive  axis  of  y  being  to  the  east  of 
that  of  X. 

We  wish  to  take  as  new  axes  a  system  fixed  relatively  to  the 
earth,  and  having  its  origin  at  a  given  point  on  the  earth's  surface. 

As  an  intermediate  step,  let  ^,  17,  C  i^fer  to  axes  fixed  in  the 
earth  and  parallel  to  the  required  axes,  but  having  their  origin 
at  the  centre.  If  then  we  call  a>  the  angular  velocity  of  the 
earth's  rotation,  and  cos  a,  cos  j3^  cos  y  the  direction-cosines  of 
the  polar  axis  referred  to  the  axes  of  f,  17,  C  we  shall  have 

a>i  =  »  cos  a,       0)2  =  »  cos  )3,       0)3  =  o)  cos  y ; 
and  the  expression  (14)  Art.  804^  becomes 

T  =  2:«.i»[{f +a)(Ccosi3-»7C08y)}2 

+  {^'  +  tt>  (f  cos  y  —  Ccos  a)}*  +  {f*  +  ©  (?7  COS  a  —  f  cos  P)Y\  ^ 
and  it  only  remains  to  remove  the  origin  to  the  required  point 
on  the  surface  by  writing  f -h  f ©,  17  +  i/q,  C+  Co  instead  of  £,  ?;,  C, 
where  ^0^  T709  Co  ^^  the  coordinates  of  the  point  in  question,  re- 
ferred to  the  axes  of  ^,  17,  C  ^ith  centre  as  origin.  This  being 
done,  the  following  values  will  be  found  without  difficulty : 

-^  =  »»f  +  »»«{(C+Co)  cos )3-(?7  +  r7o)  cosy}, 

-^  =  i»a)(i7'co8y-C'cosi3)+m<D2(f  +  fo) 

-m««  cos  a  {(f  +  fo)  cos  a  + (17  +  170)  cos  i9-f(C+ Co)  cosy}; 
consequently 

(^.)--^=  »»r  +  2»»®(Ccos)3-i7'c08y)-Wa)«(f+fo) 

+  in«* cos o  {(f +fo)  cos  a  +  (?7  +  ?7o)  cos  j9+  (f  +  Co)  cos  y}  ; 
from  which  the  forms  of  the  terms  referring  to  17  and  C  arc  ob- 
vious. 

If  we  call  /  the  latitude  of  the  place  at  which  the  origin  is 
fixed^  and  take  the  plane  of  (f,  77)  horizontal,  the  axis  of  f  being 
directed  to  the  south  and  that  of  97  to  the  east,  we  shall  have 

cos  a  =  — cos/^     C0SJ3  =  0,     cosy  =  sin/; 
also  ^0  ==  0,  and  170,  Co  &i^c  given  quantities,  the  former  being  small, 
of  which  the  values  are  easily  assigned  in  terms  of  the  earth's 
axes  and  of  /. 

3  z  a 
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Thus  we  obtain  * 

—  i»»*  sin  /  cos  /  (C  +  Co)^ 

(dn  ^     dt 
^j-^  =  i»V' +  2  m  ©(fsmZ+rcosO-m  «*(??+ ijo), 

^^j  —  ^=  mC''— 2ma>cos/i7'  — ma>>Bin/co8/f 

-i»ai*(co8/)MC+fo). 
SO  that,  finally,  the  general  equations  of  motion  of  any  system 
under  the  circumstances  supposed  are  comprised  in  the  follow- 
ing formula : 

+  2«  sin  /  2.f»  (f^iy— iy'8f )  +  2  ©  cos  /  2.«i  (O'?— '?'^0 

— a>*  (sin  tf  ^Jm  f  6f  —  w*  cos*/  ^,fn  (C+  Co)  V—  «*  2.m  (?? + »?o)  ^ 

— fi)*8in/co8/3i.m{(C+Co)8f+f^C}  =  s.msdf. 

806.]|  It  is  not  intended  in  this  Chapter  to  discuss  particular 
problems;  and  the  examples  given  in  the  last  three  Articles 
have  been  inserted  only  because  the  Lagrangian  formulae,  if  left 
in  their  general  shape  without  illustration,  would  probably  fail 
to  convey  precise  notions  to  the  mind  of  a  reader  coming  to 
them  for  the  first  time. 

We  proceed  now  to  an  important  transformation  of  these  for- 
mulae,  duet  to  Sir  W.  R.  Hamilton,  without  stopping  to  intro- 
duce at  this  stage  the  consequences  derived  from  them  by  La- 
grange ;  because  these,  with  many  other  results,  are  more  easfly 
obtained  from  the  Hamiltonian  form. 

Conforming  to  the  notation  of  recent  writers,  we  will  denote 
the  "coordinates^'  in  any  dynamical  problem  by  q^,  q^,  ...,  so 
that  the  general  formula  (11)  Art.  302,  becomes     • 

in  which  we  shall  suppose  that  w  may  be  any  function  whatever 

of  ?i>  fi^ai  -y  9i9  92*  •••»  ^^^  '• 
If  now  we  put 

rfW  dW  ,iy»v 

*  [The  equations  given  in  (55),  Art.  337,  are  identica]  with  these  when  the 
signs  of  09  and  17  are  changed.] 

t  A  first  step  towards  this  transformation  was  made  by  Poisson;  but  we 
have  not  space  for  details  on  this  point. 
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we  may  suppose  q{^  q^^  ...  to  be  expressed,  bj  means  of  these 
equations^  in  terms  o{  Pi,p^,  •••>  ?i>  ^a*  •••>  with  or  without  /; 
and  when  these  values  of  q^,  q^^  ...  are  introduced  in  the  for- 
mula (15)^  that  formula^  together  with  (16),  will  give  a  set  of 
equations  involving  the  two  sets  of  variables  9^,  ^g, ... ,  PitP^-i ... , 
with  their  first  differential  coefficients,  instead  of  the  one  set 
ii>  92>  '*•  ^^^  their  first  and  second  differential  coefficients. 

Thus^  if  the  coordinates  q^^q^t  •••,  q^^^  an  independent  set, 
instead  of  n  differential  equations  of  the  second  order  we  shall 
have  2n  of  the  first  order. 

The  general  form  of  these  2n  equations  was  first  assigned  bj 
Sir  W.  R.  Hamilton.  His  demonstration  depends  upon  the  par- 
ticular character  of  the  function  t  in  most  actual  problems ;  and 
the  following,  which  is  slightly  different  and  more  general^  is 
therefore  substituted. 

807.]  The  principle  of  the  demonstration  may  be  most  clearly 
exhibited  independently^  in  the  form  of  the  following  theorem  : 

If  p  be  any  function  of  the  n  quantities  x-^^  x^^ ,,,  x^^  and  if  n 
other  quantities  y^  Va^  •**  Vn  ^^  defined  by  the  equations 

dv  dv  dv  ,,^^ 

then,  if  by  means  of  these  equations,  x^^,  ...^  Xn  be  expressed  in 
terms  of  y^,  ^2*  •••»  Vnt  their  values  will  be  of  the  form 

where  Q  =  — F+a;iyi  +  ^2y2+ — +^nyn:  (1^) 

in  which  x^^  ...^  ^n  on  the  right  are  supposed  to  be  expressed  in 
terms  of  yi,  •..,  yn. 

Also  if  p  contain  any  other  quantities,  i,,.>,  besides  x^,.,,jXny 
tlien  jp rfQ 

di  -       d{' 
the  differentiation  with  respect  to  f  being  in  each  case  performed 
only  so  far  as  f  appears  explicitly. 

To  prove  this  we  have,  if  the  symbol  d  operate  only  on  ^,  ...^ 

dv  =  yidx^+y^dx^-^ ...  +ifndxn,    by  (17); 
but 

^(^1^1  +  ..  -f^nyn)  =  yi*Pi  +  ...+y„(te„+j?irfyi  +  ...+aj„rfyn; 
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hence^  by  subtraction, 

an  equation  which  must  be  identical  if  both  sides  be  expressed  in 
the  same  way.  If  therefore  we  put,  as  above,  q  =  a^iyi  +  ...  —  p, 
and  suppose  x^^.,, ,  on  each  side,  expressed  in  terms  of  y^,  ..., 

since  da  =  •^— rfyi+...,  we  must  have  w,  =  -; — , ...,  which 

proves  the  first  part  of  the  theorem. 

To  prove  the  second  part,  wc  observe  that  the  value  (19)  of  q 
will  contain  i  explicitly,  partly  because  it  is  contained  explicitly 
in  p,  as  originally  expressed,  and  partly  because  the  values  of 
Xj^,  ... ,  in  terms  of  y^,  ... ,  when  substituted  in  p  and  the  other 
terms,  will  introduce  it  again.     Hence  we  shall  have 

c?Q   __        rfp       _rfp^    rfa^i  ^  rfp    dxn 

dxn  dxn 

but  since  y,  =  3— ,...,  this  equation  becomes  simply  -t>  = r?.» 

axi  *  "  *'  a^  of 

which  was  to  be  proved. 

Let  us  now  apply  this  theorem  to  transform  the  formula 
(15)  and  (16),  Art.  806. 

The  equations  (16)  being  exactly  similar  to  (17)  of  this  Article, 
it  follows,  that  if  we  put 

and  express  g/,  ...  jn  on  the  right  in  terms  of/>i,  ...,/?„,...,  we 

shall  have  .  . 

,       an  ,       dn 

'^'dfr <^-=^' 

and  moreover,  since,  besides  q^',  q^y  ... ,  w  contains  also  the 
quantities  q^,  q^,,..,  analogous  to  f, ... ,  we  shall  have  also 
dw  ^       dn  dw  dn 

dq~i~"'Wi'        rf^~"*5fo""^ 
so  that  the  formula  (15)  will  become 

dm 

These  results  may  be  summed  up  as  follows : 

If  w  be  any  function  of  q^,  5^2, ... ,  g/,  y,', ... ,  r,  the  formula 


'{p'+^)'i  =  o- 
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(20) 


is  transformed  into  the  system 

/   ,      dm 
'(^  +  dg 

)bg  = 

0, 

9^-dp,^           1^  = 

rfH 

> 

by  the  following  substitutions : 

rfw 

rfw 
rfg,'- 

:  jP2'*"i 

where,  in  forming  the  expression  for  h^  we  are  to  express  q^,  q^, 
...  in  terms  of  Pi,p2,..' ,  qiy  Q'sf*^  so  that  h  is  in  general  a 
function  of  Pj,  Pj*  ••• »  Qv  9a'  •••  >  ^^^  ^• 

One  case  deserves  particular  notice,  because  it  occurs  in  most 
actual  dynamical  problems.  If  w  be  of  the  form  t  +  u,  where  t  is 
homogeneous  and  of  the  second  degree  in  q^^,  q^^ ..  ,  and  u  does 

not  contain  g/,  q^^ ... ,  then/?!  =  -j-—, , ... ,  and  therefore 

/  /  /  dT  « 

ft9i+ft9a+  -  =  9i  ^+  -  =2t; 

hence,  in  this  case, 

H  =  2t— w  =  T— u, 

where  t  is  to  be  expressed  in  terms  of  p^,  P2>  •••  9  Q\>  9a*  •"•  • 

If  q^,  ^29  -•-  ^^  ^  B^^  ^^  independent  coordinates,  say  n  in  num- 
ber^ then  the  system  (20)  gives  2  n  separate  equations,  namely, 
those  obtained  by  giving  to  i  all  integer  values  from  1  to  n  in* 
elusive  in  the  two  following : 

We  shall  call  these,  as  Mr.  Cayley  has  done,  the  ''  Hamiltonian" 
equations'^.  In  treating  of  their  general  properties  it  is  usually 
unnecessary  to  take  any  account  of  the  nature  of  the  problems 

*  The  Lagrangian  equations  may  be  considered  as  a  particalar  case  of  a 
more  general  form,  upon  which  the  solution  of  a  class  of  problems  in  the 
Calculus  of  Variations  depends ;  and  it  has  been  shewn  by  M.  Ostrogradsky, 
that  this  more  general  form  is  susceptible  of  a  transformation  which  includes 
that  of  sir  W.  R.  Hamilton  as  a  particular  case.  See  "  M^moire  sur  les  Equa- 
tions diff^rentielles  relatives  au  probldme  des  isopErimHres,  1848."  MEm.  de 
TAcad.  Imper.  des  Sciences  de  St.  Petersburg.  Sciences  Math,  et  Phys.  t.  iv, 
1850. 
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which  give  rise  to  such  a  system,     h  is  to  be  considered  merely 
as  a  given  function  o{ Pi^  p^,  •••J'm  Qv  92>  *** «  9nn  &i^d  /. 

308.^  The  complete  solution  of  the  2n  simultaneous  differen- 
tial equations  of  the  first  order,  represented  by  the  formula  (21), 
would  consist  of  2n  equations  involving  the  variables  />i,  ... , 
g^,  ... ,  and  t,  with  2n  arbitrary  constants.  Any  one  such  equa- 
tion may  be  called  an  "  integral  equation ;"  but  it  is  desirable  to 
distinguish  by  a  separate  name  that  particular  form  of  integral 
equation  in  which  a  function  of  variables  only  is  equated  to  an 
arbitrary  constant.  We  shall  call  such  an  equation  an  '^  inte- 
gral.^'   Thus  the  general  form  of  an  integral  will  be 

^  =  f(Pv  •••  Pnt  9v  •••  9n»  t) ; 
where  the  function  on  the  right  contains  no  arbitrary  constant ; 
and  it  is  a  convenient  abbreviation  to  speak  of  such  an  integral 
as  *  "  the  integral  c.*" 

Thus  a  complete  solution  of  the  system  (21)  may  be  supposed 
to  consist  of  2n  integrals.  But  in  order  that  2n  integrals  may 
constitute  a  complete  solution^  it  is  necesssry  that  they  should 
be  independent ;  that  is,  that  no  identical  relations  should  sub- 
sist between  the  functions  equated  to  the  arbitrary  constants. 
If  such  relations  did  subsist^  the  variables  might  be  eliminated, 
and  one  or  more  equations  be  obtained  involving  the  constants 
only^  so  that  the  constants  would  not  be  all  arbitrary. 

Hence  the  problem  of  integrating  the  system  of  equations 
(21)  may  be  stated  as  follows : 

'^  To  find  2  n  independent  functions  oip^^p^,  »"Pny  Qv  Qi^'^Qny 
and  /,  each  of  which  is  constant  by  virtue  of  the  differential 
equations  (21).'" 

On  the  other  hand,  the  same  problem  might  be  regarded  as 
having  for  its  object  ^' to  express  each  of  the  2n  variables^  p^, ..., 
0^1, ...,  as  a  function  of  2n  arbitrary  constants  and  t" 

If  a  complete  solution  were  obtained  in  either  of  these  forms^ 
it  is  evident  that  algebraical  processes  only  would  be  required  to 
deduce  from  it  a  solution  in  the  other  form,  as  well  as  an  infinite 
variety  of  "  integral  equations." 

*  This  expression  however  'Uhe  integral  c"  is,  to  avoid  circumlocution, 
used  not  only  to  si^ify  the  equation  c  »/(Pi, . .  .)>  but  also  to  denote  either 
side  of  that  equation  separately,  viz.,  either  the  constant  e,  or  the  function 
/(/'it  •  •  ')>  which  has  that  constant  value.  The  last  is  the  most  usual 
meaning. 
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The  consideration  of  the  two  forms  just  mentioned  is  of  the 
greatest  theoretical  importance^  though  neither  of  them  is  in 
general  obtained  as  a  direct  result  of  existing  methods  of  inte- 
gration. 

Inasmuch  as  all  complete  solutions  of  the  same  system  of 
differential  equations  must  be  equivalent  to  one  another^  it  fol* 
lows  that  any  arbitrary  constant  belonging  to  one  solution  must 
be  capable  of  being  expressed  as  a  function  of  the  arbitrary  con- 
stants belonging  to  any  other  solution. 

309.]  Any  2n  functions  of  the  variables  ft, ...,  ^j,  ...,  and  /, 
may  be  called  elements,  provided  that  the  equations  by  which 
they  are  defined  are  algebraically  sufficient  to  determine  con- 
versely the  2n  variables  ft, ...,  qi,  ...>  as  functions  of  the  ele- 
ments and  i.  Thus,  if  the  elements  t^,  «„>  •-•  ^n  be  defined 
by  2n  equations^  such  as 

«i  =/(ft....,fi'i,  ...,o. 

then  it  must  not  be  possible  to  eliminate  all  the  2n  variables^ 
Pv  '"9  Qii  '"9  (Tom  these  equations. 

From  the  above  definition,  it  is  evident  that  a  complete  solu- 
tion of  the  differential  equations  would  be  obtained  if  any  set  of 
elements  were  expressed  in  terms  of  arbitrary  constants  and  t. 

It  is  also  evident;  that  the  functions  which  are  equated  to 
arbitrary  constants  in  any  complete  set  of  integrals  are  *'  ele- 
ments."   Thus  elements  may  be  either  variable  or  constant. 

310.]  It  may  be  useful  to  exhibit  at  this  stage,  for  the  sake 
of  clearness^  the  equations  of  a  simple  dynamical  problem  in  the 
Hamiltonian  form.  For  this  purpose  we  may  take  the  case  of 
motion  of  a  single  material  point  about  a  fixed  centre  of  force* 
Let  m  be  the  mass  of  the  moving  point ;  then,  taking  the  origin 
of  the  polar  coordinates  r,  6  at  the  fixed  centre,  and  the  plane 
of  the  motion  for  the  plane  of  the  angle  0,  we  shall  have 

2t  =  m(/a  +  r»d'*); 
and  the  force-function  u  will  be  a  gi  ven  function  of  r,  say  u  =  <f>  (r) . 
Then,  writing  q^  instead  of  r,  and  q^  instead  of  6,  we  have 
2T  =  «»(gr/a  +  y,2y^'2). 


consequently, 

dr 

from  vhich  we  have 

dr              .    , 

'.'=S. 

*        my,* 

PRICK,  VOL.  IV. 
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and  therefore  h,  which  in  this  case  is  t— v  expressed  in  terms 
^^  PvPii  9i*  Q%9  becomes^  see  equation  (20), 

and  the  four  equations  (21),  Art.  307,  become 

311.]  If  u,  V  be  any  functions  whatever,  containing  the  vari- 
ables Pi, ...  J  pn,  7ij  •••  J  qnf  then  it  is  convenient  to  employ  the 
following  symbol :  let 

^     ( du    dv        du    dv\ 

or  in  the  notation  of  Art.  292, 

d(pi,qi) 
the  summation  extending  to  all  values  of  i  from  1  to  n. 

The  reader  will  hardly  require  to  be  reminded  that  the  sym- 
bols {u,  v),  (pi,  qi)  on  the  right  of  the  last  equation,  have  only  an 
accidental  resemblance  to  the  {u,  v)  on  the  left,  without  any  con- 
nexion of  meaning. 

For  example,  if  «,  t;  contain /^^jd,,  jp  q^  only,  then 

(      \  —  -^  ^^        ^"    ^^  4-  ^iHL  -^  —  rftf    dv 
^''^    ~  Ipi'dqi'^WiWi       dpldql^dq^dpl' 
From  the  above  definition  the  following  consequences  are  easily 
deduced  by  means  of  the  elementary  principles  of  differentiation : 

{U,V)   = -(!/,«,)  (tt,  tt)   =   0, 

iPhqi)  =  1,  (qhPi)  =  -1, 

and  ipiy  qj)  =  0,  if  y  be  different  from  t. 
Also,  if  a  be  any  frinction  of  v,  tt',  ... ,  then 
da  ,       .       da  ,       . 

("'")= -ST  ("'*'^  +  rfsr  ("'«'>+•••• 

Again,  if  t;  contain  p-^^  g^,  ...  explicitly,  and  also  a,  /3,  ... 
functions  of  p^,  q^y  ... ,  then 

_       dv  dv 

(tt,  V)  =  (u,  V)  +  _  (tt,  a)  +  -^  (tt,  /3)  + ... , 

where  (t«,  v)  represents  the  expression  formed  by  differentiating 
V  only  so^far  as  it  contains/?!,  g^  ...  explicitly. 
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Lastly^  if  u,  v  contain  explicitly  any  other  quantity,  say  z, 
besides  the  variables /^^^  qv^^-y  then  the  partial  differential  coeffi- 
cient of  (Uy  v)y  taken  explicitly  with  respect  to  z,  is 

£<«•«')  =  (£''')+(«'£)• 

312.]  The  following  theorem  will  be  of  use  afterwards  : 
Let  u,  V,  w  be  any  three  functions  whatever,  containing/?^,  g^i, . . . , 
with  or  without  other  quantities,  then 

{«,  (r,  w)}  +  {v,  (w,  II)}  +  {w,  (tt,  i;)}  =  0.  (22) 

For  if  this  expression  were  developed,  each  term  would,  irrespec- 
tive of  sign^  consist  of  the  product  of  one  second  differential 
coefficient^  and  two  first  differential  coefficients.  Thus  we  should 
have  terms  in  which  u  is  twice  differentiated^  arising  from 
{v,  (co,  u)}  in.  the  three  forms 

dv    dw     d^u  dv_  dw     d^u  dv    dw     d^u 

Ipi  Ipj  dqidq/        dqi   dqj  dpidp/        'dpi  'dqj  dqidp/ 

including  the  case  ofy  =  i;  but  the  same  terms  would  arise 
from  {w,  (tt,  t;)}  with  the  contrary  signs,  as  the  reader  will  easily 
verify.  The  same  thing  may  be  said  of  the  terms  in  which  v 
and  w  are  twice  differentiated.  Hence  the  equation  (22)  is 
satisfied  identically,  as  was  to  be  shewn. 

The  properties  established  in  this  and  the  preceding  Articles 
are  independent  of  any  suppositions  as  to  the  meanings  of  p^y 
g^,  ...  ,  and  of  the  relations  established  by  the  differential  equa- 
tions (21  )j  to  the  consideration  of  which  we  now  return. 

313.]  Suppose  a  complete  solution  of  the  equations(21),  namely, 

,  du  ,       dn 

to  have  been  obtained,  so  that  each  of  the  2n  variables/?^, ... , 
Pm  Qv  '••  >  ?»'  ^^  ^  given  function  of  /,  and  of  2n  arbitrary  con- 
stants C^,  ^2,  ...  ,  C2n  \ 

Also  let  two  independent  sets  of  arbitrary  infinitesimal  varia- 
tions be  attributed  to  the  constants,  and  denoted  by  the  symbols 
5,  A,  so  that  we  should  have 


A;,,  =  -^|AC.+  gAC,+  . 


4  A  2 
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then  the  expression 

or  2  (bpi  A  qi-Api «  gi)  (23) 

is  constant.    That  is,  if  the  above  values  of  bpiy ....  in  terms  of 
the  constants^  their  variations^  and  /,  be  introduced,  /  will  dis- 
appear from  the  result,  and  the  expression  (23)  will  become  a 
function  of  the  constants  c^,  c^^...  and  their  variations  5 c^,  ac^,... 
only. 

This  remarkable  theorem  was  discovered  by  Lagrange^  em- 
ploying his  own  form  of  the  differential  equations.  The  follow- 
ing simple  demonstration  of  it  is  due  to  Professor  Boole. 

H  is  a  given  function  otpi,  .*;Pn9  Qv  •••«  9i»  ^ ;  And  we  have 
dB  ^  dn  ^ 

^""^df^^P'-^di,^^'-^-' 
so  that  by  the  equations  (21) 

dH  =  g/api-K^ffi  +  •••; 

and  consequently 

bu  =  ^{qihpi-pihqi). 
Now  performing  the  operation  A  on  each  side  of  this  equation, 
we  have 

AdH  =  a(Ag/«/?<— A/i|«y<-fg/A^;?<— PiA^g^); 
in  like  manner  we  should  find 

«AH  =  ^(«g/A/?,— dj9,Agi  +  g,«Ap,-/?,dAgO; 
hence,  subtracting  and  observing  that  A  d  =  8  A, 

0  =  a(Ag/dj»,  +  Ag|8;?/-A/l/d5r--A|?<8gr/); 

now  A  qi  =  (A  qi)\  ...  ;  and  thus  this  equation  is  equivalent  to 

0  =  2(6/?fAgr,-A/?<«5r,)'; 
that  is,  the  total  differential  coefficient  with  respect  to  /  of  the 
expression  (23)  vanishes,  and  that  expression  is  therefore  con- 
stant ;  which  was  to  be  proved. 

314.]  Suppose  now  that  the  2n  constants  c^,  c,, ...  are  the 
initial  values  of  the  variables,  which  we  will  denote  by  X^,  A2,...Xn, 
Mi>  M3«"-9  f^i;  where  A^,  Aa>**-  ^^^  ^^^  initial  values  otp^.p^,..., 
and /ii, /tij, ...  of  gi,  ga>  —  • 

Since  the  value  of  2  {bpi  A  qt—Api  b  qi)  is  independent  of  U  it 
is  not  altered  by  supposing  /  =  0 ;  but  when  /  =  0,  the  values 
of  bpiy  bqu  ...  BjrebKi,  biJLi,...  ;  consequently^ 

^(bpiAqi'-Apibqi)  =  2(bkiAiJLi-A\ibfjLi).  (24) 
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By  the  help  of  this  equation  we  can  shew  that  the  initial 
values  Xi,  mi,  ...,  considered  as  constant  elements,  possess  cer- 
tain remarkable  properties. 

Each  of  these  elements  may  be  supposed  to  be  expressed  as  a 
function  of  the  variables,  pi^  ^i, ...  j  and  L ,  Let  this  supposition 
be  called  Hypothesis  I. 

On  the  other  hand  each  of  the  variables^  pi,  qu  ...,  may  be 
supposed  to  be  expressed  in  terms  of  the  elements  Ai,  mi,  ...9  and 
/.    Let  this  supposition  be  called  Hypothesis  II. 

Now  in  equation  (24)  let  bpi,  bgi,  on  the  left-hand  side  be 
expressed  in  terms  of  bKi,  bfii, ...;  thus, 

"^  =  sS'*'  +  ^ ''"  +  ••■' 

and  let  aX{,  a  fit,  on  the  right,  be  expressed  in  terms  a^j,  aqi,  ... ; 
thus,  ^         d\i  dXi 

so  that  on  both  sides  of  the  equation  all  terms  involving  h  will 
be  variations  of  constants,  and  those  involving  A  will  be  varia- 
tions of  variables ;  and  each  of  these  sets  of  variations  may  have 
arbitrary  values  assigned  to  them ;  hence  the  coefficients  of  cor- 
responding terms  on  the  two  sides  of  the  equation  must  be  equal. 
Thus  we  obtain  by  comparing  the  coefficients  of 

h\j  Aqi,  the  equation  —^  =       -j^. 


b  \j  Api,     - 


dpi  dkj 

d^j"  '^  dql' 

dqi  _  dfif 

dkj  dpi ' 


dqi  _       dXj 
diAj  dpi ' 


(25) 


bfljApi,      -      -      . 

in  which  equations  the  differentiation  refers  to  Hypothesis  II  on 
the  left,  and  Hypothesis  I  on  the  right ;  and  in  each  of  them  t 
may  be  equal  to  J. 

Now  suppose  any  one  of  the  constants,  say  \j,  to  be  expressed, 
according  to  Hypothesis  I,  in  terms  of  the  variables,  thus 

^^  =  f(Pl>  •••  Pm  Qif  •••  9ny  0  ; 

if  on  the  right  of  this  equation  each  of  the  variables  were  ex- 
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pressed,  according  to  Hypothesis  11^  in  terms  of  the  constants 
and  ty  the  equation  would  become  identical ;  that  is,  the  right- 
hand  side  would  become  identically  Xj;  hence^  if  we  differentiate 
each  side  with  respect  to  A^^  on  Hypothesis  II,  the  result  on  the 
right  must  =  1 ;  but  if  we  differentiate  with  respect  to  any 
other  of  the  constants,  the  result  must  =  0 ;  thus, 

dpi  d\j  "^  dgi  dkj      dp^  dkj  "^  dg^  dXj  "^  "* 
and  if  c  be  any  one  of  the  constants  except  A^ 

dp^  dc       dqi  dc       dp^  dc       dq^  dc        *" 

Now  in  the  first  of  these  equations  let  the  values  of  -^^  ^ , ... 

oA^    dkj 

given  by  (25)  be  substituted ;  and  it  will  be  seen  that  the  re- 

8ultis  (x^,b)  =  1; 

see  Art.  811.  But  if  in  the  second  of  the  above  equations  we 
take  for  c  either  A^  where  i  is  not  =  jy  or  /ji^,  where  t  may  be 
either  equal  to^  or  not,  the  result  in  the  first  case  is 

(A^,M  =  0; 
and  in  the  second  it  is 

-(A^,A<)  =  0. 
By  supposing  iij  expressed  in  terms  of  p-^,  9a> ...  ^  and  reason- 
ing in  the  same  way^  we  should  obtain  the  equation 

Thus  we  see  that  the  elements  A^,  .•.  A^^  fx^,  •••  fi,^,  possess  the 
properties  expressed  by  the  equations 

(Aofw)  =  l,  (X<,/i^)  =  0,  (A„A^)  =  0,  Oi,,pi;)  =  0.  (26) 
If  we  call  any  pair^  such  as  A|,  iii,  conjugate  elements,  the  above 
properties  may  be  briefly  stated  by  saying,  that  if  ^  ^  be  any 
two  of  the  elements,  then  (f,  g)^  ±  1  if  /,  ^  be  conjugate,  and 
=  0  in  every  other  case. 

815.]  If  Oi,  ^3) ...  Onf  b^i  b^, ...  bn  be  elements,  such  that, 
/  ff  representing  any  pair,  the  value  of  (/,  5^)  is  ±  1  or  0, 
according  as  /,  ^  are  a  conjugate  pair  (that  is,  a  pair  such 
as  Oi,  b{)  or  not,  then  these  elements  are  called  canonical  ele- 
ments. 

It  has  been  shewn  in  the  preceding  Articles  that  when  the 
2n  variables,  p^^  g^, ... ,  are  determined  as  functions  of/  and  of 
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2n  arbitrary  constants,  by  means  of  the  Hamiltonian  equations 
(21),  there  exists  one  set  of  arbitrary  constants,  namely,  the 
initial  values,  Ap  fA^, ...,  of  the  variables,  which  form  a  system  of 
canonical  constant  elements.  We  shall  now  prove  that  the 
number  of  such  systems  is  infinite. 

In  fact  if  o^, ...,  a»,  b^^ ...»  bn  be  determined  as  functions  of 
Xj,  Mi>  •••  by  the  2n  equations 

|i  =  «.,      ^  =  x„  cm 

where  a  is  any  arbitrary  function  of  Oi, ...  »«>  Mi?  •••  Mn>  ^^^^ 
Oj,  ^i, ...  will  be  canonical  elements.     For  we  have 
dA  ^  dA  ^ 

/rfA    ^  rfA    _       \ 

and  consequently,  by  (27), 

bA  =  ^(bibai-i-XibiH); 
and  performing  the  operation  a  on  each  side  of  this  equation, 

AdA  =  ^(Abihai  +  AA|S/jt|)  +  2(6<Adai  +  A<AdfA<): 
similarly  we  should  find 

dAA  =  2(dA|Aai  +  bXi^iii)  +  ^(bibAOi  +  XiAbfjn); 
whence,  subtracting  and  observing  that  dA  =  Ad, 

2  (baiAbi  —  AQibbi)  =  2(b\iAfii  —  A\<8/U4), 

But  it  has  already  been  proved,  see  Art.  314,  that  the  right- 
hand  member  of  this  equation  is  =  'iibpiAqi—Apibqi),  so  that 
we  have 

^(baiAbi  —  AOibbi)  =  ^(bpiAQi^Apibqi); 

from  which  it  follows,  that  all  the  consequences  deduced  in  Art. 
814  from  equation  (24)  will  be  true,  if  we  substitute  o^,  Ap  ... 
for  Ap  i^i,  ••.,  and  in  particular  that  the  conditions 

(a<,  bi)  =  1,        (a,,  aj)  =  (a^  bj)  =  (A,,  *;)  =  0, 
will  subsist. 

81 6.3  The  equations  last  written  are  particular  cases  of  the 
following  general  theorem,  discovered  by  Poisson. 

1{  fy  ff  be  any  two  integrals  whatever  of  the  Hamiltonian 
equations,  then  (/,  ff)  is  constant.  Poisson's  demonstration  was 
obtained  by  means  of  the  Lagrangian  form  of  the  equations. 
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The  following,  founded  on  the  Hamiltonian  form,  is   mach 
simpler : 

If  tt  be  any  function  whateyer  otpi,  9i»  ...9  and  t,  we  have 
,      du      du     ,      du     , 

«  =  57  +  5^^^  +  5^*^  +  -' 

but  a8/?i,  9i,...  are  supposed  to  satisfy  the  differential  equations 
(21),  we  have  p/  =  —  -7—,  q^  =  ^—  ,  ...,  so  that 

,  ^  du         I  dH    du  ^  _rfH    du^  \  , 
""  dt         ^dpi  dqi      dqi  dpi' 

=  ^-  +  (H,  u)\   (see  Art.  811). 

Now  if  we  take  u  =  (/,  g),  we  have,  (Art.  811), 

and  therefore 

if,  9)'  =  (%,  9)  +  (/,  ^)  +  (H.  (/.  9)) ; 

now  since /and  ^  are  integrals, /'=  0,  and  /  =  0 ;  that  is, 

these  equations  are  identically  true ;  so  that  we  may  substitute 
—  (h,/),  —  (h,^),  for  ^7  »  ^  respectively  in  the  above  expres- 
sion for  (/,  ffYy  and  the  result  may  be  written  thus, 

(/.  ffY  =  {ff>  (H,/)}  +  {/  (ff,  h)}  +  {H,  (/,  ff)}  ; 
but  by  the  theorem  proved  in  Art.  812,  the  expression  on  the 
right  of  this  equation  vanishes  identically,  and  therefore  (/,  ^)' = 0 ; 
or  (/,  g),  is  constant,  which  is  the  theorem  to  be  demonstrated. 

Here  it  is  to  be  observed,  that  /  and  g  represent  given 
functions  of  the  variables  p^,  q^,  ... ,  and  /,  which  are  constant 
by  virtue  of  the  differential  equations.  But  the  constancy  of 
the  expression  (/,  g)  may  subsist  in  two  different  ways : 

First,  (/,  g)  may  be  identically  constant,  that  is,  a  deter- 
minate numerical  constant,  or  zero :  this  always  happens  when 
/and  g  belong  to  a  set  of  canonical  elements. 

Secondly,  (/,  g)  may  be  constant,  not  identically,  but  by 
virtue  of  the  differential  equations ;  and  in  this  case 

c^  {f.g) 
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will  be  an  integral  of  the  equations ;  but  here  again  there  are 
two  cases,  for  c  may  be  either  an  independent  arbitrary  con- 
stant or  a  function  of /and  ff ;  in  the  latter  case^  the  integral  c 
is  a  combination  of  the  integrals  /  g,  but  in  the  former  case^  it 
is  a  distinct  independent  integral.  Thus  it  may  happen  that  the 
theorem  will  lead  to  the  discovery  of  a  new  integral  when  two 
are  known.  For  example,  the  problem  of  motion  about  a  fixed 
centre  of  force,  leads^  as  will  be  seen  afterwards,  to  three  inte* 
grals  of  the  forms 

«  =  92Ps-Q9P2y 

/=  QiPi-QiPs'f 
and  it  will  be  found  on  trial  that  {h,  e)  =  0^  (A,/)  =  0 ;  but  that 
(e,f)  =  q^Pi—p^qi,  which  is  neither  identically  constant  nor 
expressible  as  a  function  of  the  other  integrals :  hence  we  may 
affirm  that 

9  =  P291-Q2P1 
is  a  new  integral.    But  if  we  attempt  to  discover  more  integrals 
by  the  same  method,  we  shall  fail ;  for  it  will  be  found  that 

(A,  ff)  =  0,         (c,  ff)  =  /        (/,  ff)  =  -c. 

It  is  to  be  observed  also  that  the  integral  ^  is  as  easily  discover- 
able by  ordinary  methods  as  the  integrals  e  and  /;  so  that  in 
this  case,  and  probably  in  general^  the  theorem  is  of  no  practical 
use  as  a  means  of  obtaining  new  integrals,  though  very  import- 
ant in  other  points  of  view. 

317.3  ^^  ^^^  come  to  a  most  important  discovery,  due  to 
Sir  W.  R.  Hamilton. 

Suppose  the  solution  of  the  system  of  equations  (21),  namely^ 

to  be  given  in  the  form  of  2n  integral  equations  involving  the 
initial  values,  A^,  fx^, ... ,  of  the  variables,  as  arbitrary  constants. 
By  means  of  these  2n  equations  each  of  the  2n  variables  could 
be  expressed  in  terms  of  the  2n  constants  and  / ;  and  therefore 
the  differential  coefficients  of  the  variables  with  respect  to  t 
could  be  expressed  in  the  same  way.  Consider  then  the  ex- 
pression i?i?/  +  ftya'+  -  -^Pnqn-Ji; 
this  being  a  given  function  of  the  variables,  their  first  differen- 
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tial  coefficients,  and  t,  might  be  expressed  as  above  supposed^ 
and  would  become  a  function  of  the  2n  constants^  A^,  jy^,  ..., 
and  /.  Suppose  this  function  to  be  integrated  with  respect  to  i 
from  /  =.  0,  and  let  the  result  be  called  s ;  so  that 

^^t\^{m:)-^]dt.  (28) 

Jo 

The  value  of  s,  obtained  in  this  waj,  would  be  also  a  function 
of  A^^  Mil  •••  ^  ^^^  ^*  Su^  ^y  means  of  the  2n  integral  equations 
we  might  express  the  2n  quantities^  A^  A,, ...  A^,  />i>/'2>  •*•/'*»  in. 
terms  of  the  2n  quantities  /xi,  f^, ...  Mn»  9i9  92>  •••  fi''*'  ^^^  ^>  ^^^ 
if  the  values  of  Ai, ...  A»,  thus  expressed,  were  substituted  in  the 
above  value  of  s^  the  result  would  be  of  the  form 

8  =  F  {qi,  q^  ...  qn,  Mi,  f^, ...  Mn,  0-  (29) 

Now^  taking  the  form  (28),  and  using  the  symbol  d  in  the  same 
sense  as  before,  so  that  bt  =  0,  we  have,  by  the  rules  of  the 
calculus  of  variations, 

ds  =  ri2  {piibqiY}  +2{q{bpi)--bu]dt : 

Jo 

let  H  in  this  equation  be  supposed  to  be  expressed  in  its  original 
form  as  a  function  ofpi, ...  pn,  9b  •••  ffnj  t ;  then 
/  rfH  ^  dn  ^    \ 

but  by  the  differential  equations  (21), 
dn  ,  dn 

hence  dn  =  ^iqibpi-^pibqi^x 

and  if  this  be  substituted  in  the  above  value  of  5  s,  the  result  is 

ds  =  f\%  {p,  (8j0'}  +  s  {PiHii'^dt 
Jo 

=  TiSiPibqd'dt. 

Jo 

Thus  bs  turns  out  to  be  expressible  as  the  integral  of  a  perfect 
differential  with  respect  to  /.  Performing  the  integration  from 
/  =  0,  and  observing  that  when  /  =  0  the  values  of  /?<,  bqt  are 
A^,  bfiiy  we  obtain 

bs  =  2(pibqi)''2{XibiJLi). 

But  if  we  suppose  s  to  be  expressed  as  in  equation  (29),  we  have 
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Now  these  two  values  of  ds  involve  the  same  set  of  2n  varia- 
tions, 5^1,  ...  bqn,  d/uii, ...  bfx„,  which  may  all  be  considered  as 
arbitrary  and  independent,  because  the  2n  variables  and  2n 
constants  are  only  subject  to  2  n  equations ;  so  that  the  values 
of  any  set  of  2n  out  of  the  4n  quantities  could  be  assumed  arbi- 
trarily without  contradicting  the  equations ;  consequently  the 
coefficients  of  like  variations  must  be  equal,  that  is,  the  2n 
equations, 

ds  rfs  ^  ,oA\ 

must  be  true ;  but  these  equations  are  obviously  not  true  iden- 
tically^ and  they  contain  the  2n  arbitrary  constants,  \i,  fii,  ... . 
Hence  they  can  only  be  a  particular  form  of  the  integral  equa- 
tions of  the  problem. 

318.^  It  appears  from  the  equations  (30),  just  established, 
that  if  the  single  function  s,  expressed  in  the  form  (29),  were 
known,  a  complete  set  of  integral  equations  could  be  deduced  ^ 
from  it  by  mere  differentiation.  Thus  the  complete  integration 
of  the  system  of  differential  equations  (21)  is  made  to  depend 
upon  finding  the  form  of  a  single  function.  This  is  the  most 
essential  part  of  Sir  W.  B.  Hamilton's  discovery;  but  it  must 
not  be  supposed  that  the  above  brief  account  of  it  represents  the 
original  form  and  manner  of  the  author^s  investigation,  much 
less  that  it  gives  any  notion  at  all  of  the  general  contents  of  his 
two  elaborate  memoirs  "  On  a  General  Method  in  Dynamics," 
contained  in  the  Philosophical  Transactions  for  1834  and  1835. 

319.]  We  proceed  to  examine  the  function  s  more  closely. 
Recollecting  that  s  is  supposed  to  be  expressed  in  terms  of 
qu  ...  qn,  Mb  •••  Mn>  ^  we  have 

,       ds       d^     , 

^  =  57  +  5^?^-^- 

=  ^  +  2(p,?/),   by  (30); 

on  the  other  hand,  equation  (28)  gives  by  differentiation  with 
respect  to  t,  g'  =  ^  (j,^  q/)  -  h  ; 

comparing  these  two  values  of  s',  we  obtain 

g-HB  =  0.  (31) 

Now  H  is  given  as  a  function  of^i, ...,  qi, ...,  t;  say 

H  =/(Pi»fti  "Pn,  qu  q%y ...  qn,  t); 

4  B  2 
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ds 
also,  by  (30),  pi  =  -t-  ;  hence  (31)  may  be  written  in  the  form 

But  this  equation  contains,  besides  t,  only  the  n  variables 
9i)  •••  9n9  ^^^  the  n  constants  fii,  ...  fi„;  it  cannot  therefore  be 
any  combination  of  the  integral  equations  (30),  because  those 
2n  equations  would  in  general  be  insufficient  to  eliminate  the 
2n  quantities  pi, ...  j9ni  ^ii  •••  ^;  hence  it  must  be  satisfied  iden- 
tically ;  in  other  words,  if  is  a  partial  differential  equation  of 
which  s  is  a  solution. 

320.3  The  above  result  is  due  to  Sir  W.  B.  Hamilton,  and 
so  is  also  the  following:  Differentiating  h  with  respect  to  /, 
we  have  ,       rfn  /  du     a         /dn 


^=  rfT-^ 


^(rf^^')  +  ^(rf|?0 


dqt  ^         dpi 


but^  by  the  differential  equations^ 

du  ,       du 

Pi 

so  that  the  above  equation  becomes  simply 

,       du 

""--dt' 

Now  if  H  does  not  contain  /  explicitly^  which  is  the  case  in 

dvL 
ordinary*  dynamical  problems^  then  —  =  0;  therefore  h'=  0, 

or,  H  =  constant; 

and  this  is  an  integral  of  the  problem,  called  the  "  integral  of 
vis  viva.'^    In  this  case  the  equation  (31)  is  of  the  form 

and  from  this  we  may  deduce  an  equation  like  (32)  as  before ; 

*  Ordinary  dynamical  problems  may  be  defined  as  those  in  which  the  law 
of  "  action  and  reaction  "  is  maintained.  This  law  is  violated  when,  for  in- 
stance, in  the  planetary  theory,  the  disturbing  planet  is  considered  as  being 
itself  undisturbed ;  or  when,  in  investigating  the  effect  of  the  earth's  rotation 
upon  the  motion  of  a  pendulum,  the  pendulum  is  supposed  not  to  affect  the 
motion  of  the  earth ;  or,  speaking  generally,  whenever  any  part  of  a  system  is 
supposed  to  be  subject  to  an  "obligatory  motion."  In  sdl  these  cases  h  will 
contain  t  explicitly. 
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but  since  h  is  now  constant,  its  value  will  not  be  altered  by  sub- 
stituting for  ^1^  9i)  •••  their  initial  values ;  hence  we  may  write 

rfs       -  ^ 

■^  +/(V  ^2»  •••>  ^^  Mi>  M21 ...  >  M»)  =  0; 

or,  by  (30), 

ds       ^  /      ds  ds  rfs  \      /v    ,00. 

di+^y-Ji,'  -dH,'""  -rf;i;.M,.M.....,M»)  =  0;(33) 

which  is  a  second  partial  differential  equation  satisfied  by  s  in 
the  case  supposed. 

321.]  We  must  now  notice  an  important  extension  of  the 
preceding  theory,  discovered  by  Jacobi,  and  contained  in  the 
following  theorem : 

If  H  be/(jt?i,p2>  —  >  Pn,  qv  ?2>  •••  >  ?«'  0»  and  if  s  be  any  com- 
plete solution  of  the  partial  differential  equation, 

rfs       -  /  rfs       rfs  rfs  ^\       ^     ,0.. 

containing  the  n  arbitrary  constants  a^,  ag, ... ,  On,  then  the  2n 
equations  ^g  ^^ 

are  a  complete  set  of  integral  equations  of  the  system 

p/=--^,     ?/=-4^-  <85) 

Here  6^,  Aj*  .•*  >  ^n  ^^  i^ew  arbitrary  constants ;  and  by  a  com- 
plete solution  of  the  equation  (34)  is  meant  a  solution  containing, 
besides  any  constant  merely  added  to  s,  n  arbitrary  constants 
^19  (^2*"*y  ^»>  ^^  ^^^^  a  manner  that  they  cannot  be  all  eliminated 
so  as  to  produce  a  partial  differential  equation  of  the  first  order, 
without  employing  all  the  n  + 1  differential  coefficients 
ds  ds      ds 

dii""'  V   di' 

Before  proving  the  theorem  we  must  investigate  a  criterion 
by  which  it  may  be  known  whether  any  solution  of  such  an 
equation  as  (34)  be  complete  or  not. 

Suppose  then  s  =  ^  (^f  •.•>  ^im  Qv"  t  im  0  to  be  a  solution ; 
and  this  to  give 


^8  ^     ,  -V 

-J-  =   9n  \flv  •••  9  ^w  qv  •••  9  qn>  0  ' 


Digitized  by  VjOOQIC 


558  THEORETICAL  DYNAMICS.  [3^^- 

now  if  it  be  impossible  to  eliminate  the  n  quantities  o^, ... ,  a^ 
between  these  equations,  the  solution  is  evidently  complete^  be- 
cause the  additional  equation  obtained  by  differentiating  with 
respect  to  t  will  then  be  required. 

But  it  is  known ^  that  the  supposed  elimination  is  always  im- 
possible unless  the  determinant  formed  with  the  n'  constituents 
d<f>i     d(l>i  d(l>i 

da^'    da^'"**    da^ 


d(t>n       d4>n  __  d4)n 

da^ '    da^^  '"'         da^ 
vanishes  identically. 
We  may  therefore  express  the  required  criterion  as  follows : 
In  order  that  the  solution  s  may  be  complete,  it  is  only  neces- 
sary that  the  determinant  formed  with  the  v?  constituents 
dH  dH  dH 

da^dq^'    da^dq^'"'    da^dq^ 

dH  dH  dU 

da^dqn     da^dq^' '"  ^    da.dq^ 

shall  not  vanish  identically.   In  the  abridged  notation,  explained 
in  the  note  of  Art.  292,  this  determinant  would  be  written 
-  /  rfs      rfs  ds  \ 

d  (flTi,  a^,  ...  ,  a„) 

322.]  This  being  premised,  let 

8  =  ^r  (Oi,  Oj, ... ,  «„,  yi,  q^  ... ,  qny  t) 
be  a  complete  solution  of  the  equation  (84).    We  have  to  prove 

that  if  PitPi^  -"  9  Pn  be  defined  by  the  n  equations  -3—  =  /?<, 

*  If  the  eliminatioa  be  posnible,  it  will  lead  to  an  identical  relation  between 
^1.  •  •  •  *  ^*  considered  aa  functions  of  a,,. . .  >  On,  say  f  (^j,  ^,. . .,  ^i»)  —  o; 
differentiating  this  equation  with  respect  to  a<  we  obtain 
dj    d<t>^  d¥^  d<^ 

d^    dai   "*"•••  "^  d^    rfa,   "  ®' 
and  if  from  the  it  equations  ^ven  by  this  formula,  on  putting  i^i,  ,..,i^n, 

we  eliminate  the  n  terms  -r-r- ,  . . . ,   -j-r-  ,  the  result  is  A  »  o,  A  being  the 
09i  a<l>n 

determinant  mentioned  in  the  text. 
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and  if  the  2n  variables  Pi^ ...  ,Pn,  9i9  •••  >  Qnf  be  determined  as 

functions  of  /,  and  constants^  by  those  equations  joined  with  the 

^s 
n  further  equations  --=—  =  b^  then  pi,  qi  will  satisfy  the  diflFer- 

ential  equations  (35). 

rfs 
Putting /?<  for  -p-  in  (34),  that  equation  becomes 

jl  +f(Pv i>2>  •••  >  JP»»  9v  9'2»  —  >  ?n,  0  =  0,     (36) 

which  is  identical  on  the  supposition  that  jPi,...,p«  are  expressed 

ds  ds 

in  the  form  -r— i .-.»  -5— •     Differentiating  the  equation  with 
dqi  dqn 

respect  to  a^  on  this  supposition,  and  observing  that 

dai  ""  duidqi ' '"  ' 
we  have 

da<d/       dpi  doidq^       dp^  daidq^     '"      dpn  daidq^ 

ds 
Again,  differentiating  the  equation  -z —  =  4<  totally,  with  respect 

to  t,  we  find 

d^s  d^9  d^s  d^s 

and  subtracting  the  former  equation  from  the  latter, 

rf's    /    ,     d/\       rf^s    /    ,     rf/\  .     dH    (    ,     df\_ 

daidq,\^'  "5^/"*'rfMS^^*  "W  '"  "*"rfM^^^'*  ""W  ~ 
Suppose  the  ?»  equations  obtained  from  this  by  giving  i  all  its 
values  1,  2, ... ,  n,  to  be  written  down ;  then  it  is  evident,  from 
the  theory  of  algebraic  linear  equations,  that  one  of  two  things 
must  be  true ;  either  the  determinant  formed  with  the  n^  co- 

d^B 
efficients  -; — -r-^  must  vanish,  or  else  each  of  the  n  terms 
doi  doj 

Qi—'j^  =  0.  But  it  was  shewn  in  the  last  Article  that  the 
^      dpi 

former  supposition  would  imply  that  s  was  not  a  complete  solu- 
tion of  (34).  Hence  the  latter  alternative  is  alone  admissible ; 
and  since /(^j, ... ,  jpm  5^1, ... ,  ?»•>  0  i*  *^®  same  as  h,  we  have 

dR 
q/  =  ^—  5  which  is  one  part  of  the  conclusion  to  be  proved. 
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To  establish  the  other  part^  differentiate  the  equation  (36)  on 
the  same  supposition  as  before,  with  respect  to  qi,  observing  that 

Pi  =  ■^— ,  and  -^  =  -^  ;  the  result  may  then  be  vnitten, 

*        dqi       dpi  dq^       dp^  dq^     '"     dp^  dq^  ' 

on  the  other  hand,  differentiating  the  equation  j>i  =  -r—  totally 
with  respect  to  /,  we  obtain 

and  combining  these  two  equations, 

but  it  has  just  been  shewn  that  every  term  on  the  right  of  this 

equation  vanishes ;  hence  »/  +  ~-  =  0,  or  »/=  — 5— ,  which 

o?<  dqi' 

completes  the  demonstration. 

ds  ds 

823.]  The  equations  -3—  =  pt,  -j—  =  bi,  give 

ds  =  2(pi^qi)  +  2(bihai); 
and  if  from  this  we  form  the  expression  for  Ads,  and  subtract 
from  it  the  analogous  expression  for  d  A  s,  equating  the  result  to 
zero^  see  the  process  of  Art.  315^  we  obtain  the  equation 

:i{bpiAqi''Apibqi)  =  s(5a<A4|— Afl<d  J<); 
and  this  being  similar  to  equation  (24)^  Art.  314,  it  follows,  as 
in  Art.  315,  that  (a<,  6<)  =  1,  (a<,  aj)  =  («<,  bj)  =  (4<,  bj)  =  0 ; 
so  that  o^, ... ,  an,  &!,...  ,  bn^  are  canonical  elements. 

324.]  The  formulae  established  in  Arts.  321,  322  may  be 
somewhat  modified  in  the  case  in  which  h  does  not  contain  / 
explicitly.  We  have  seen,  Art.  320,  that  in  this  case  A  =  h 
is  one  of  the  integrals  of  the  problem ;  h  being  an  arbitrary 
constant,  called  the  "  constant  of  vis  viva." 

Suppose  then  that 

H  =f(Pv"'  ^Pn>  qv",  qn)i 
and  let  v  be  a  complete  solution  of  the  equation 
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tliat  is^  a  solution  containing,  besides  h,n—l  arbitrary  constants 

^19  ^  •••9  <hi-ij  in  such  a  manner  that  these  n— 1  constants 

cannot  be  all  eliminated  without  employing  all  the  n  differential 

dy  dy 

coefficients  -^ — .....  -= — .    Then,  if  we  take 

8  =  —  *  ^  -f  V, 
it  is  evident  that  s  will  be  a  solution  of  the  equation 

for  we  have  -rr  =  —  A :  and  since  -r—  =  -r— ,  the  second  term 
dt  dqi        dqi 

in  the  equation  just  written  =  A,  by  (87),  so  that  the  two  terms 

destroy  one  another.     Also  s  is  a  complete  solution,  for  it  is 

evident  that  h  cannot  be  eliminated  in  addition  to  ai, ...  On-u 

without  employing  the  differential  coefficient  -vf  • 

If  then  the  function  v  is  known,  the  integral  equations  of  the 

problem  will  be  expressible  as  follows :  since  -j—  =  -r-  $  we 

.         rfv  dqi        dqi 

shall  have  n  equations  -z —  =  /7^    Also,  since  s  contains  fli, ..., 

On-i  only  as  they  are  contained  in  v,  ■^—  =  — — ,  so  that  there 
will  be  n  —  1  equations, 

|1  =  b.  (38) 

ds 
The  remaining  integral  equation  is  ^  =  constant.     But 

ds  rfv 

rfA=  -^"^rfA' 
and  therefore,  putting  r  for  the  constant,  we  may  write  the 
equation  dv 

5*  =  '  +  -  <^^) 

In  this  way  we  should  obtain  a  solution  involving  the  canonical 
elements  a,  a,,  a,, ...  On-u )  ^40) 

T9  bi,  Aj, ...  bn-i.  ) 
It  is  to  be  observed,  that  the  only  one  of  the  integral  equations 
containing  t  is  the  equation  (39).    And  it  is  evident,  that  if  the 
2n  integral  equations  were  solved  algebraically,  so  as  to  express 
each  of  the  2n  elements  (40)  in  terms  of  the  variables,  that  is, 

PBICE,  VOL.  IV.  4  c 
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SO  as  to  obtain  2n  "integrals"  properly  so  called,  only  one  of 
these  integrals  would  contain  /,  and  would  be  of  the  form 

T  =  —i  +  (l>iPu-"Pns  ?i>  •••  ?n)- 
Lastly^  it  is  to  be  noticed,  that  whenever  the  constant  of  vis  viva 
is  one  of  a  set  of  canonical  elements,  the  element  conjugate  to 
it  is  the  constant  r,  which  is  added  to  t 

825.]  Although  the  preceding  theory  assigns  in  a  very  re- 
markable manner  certain  forms  in  which  the  integral  equations 
of  the  system  (21)  are  capable  of  being  expressed,  yet  it  gives  no 
assistance  whatever  towards  the  actual  integration  of  that  sys- 
tem. For  the  discovery  of  the  function  s,  according  to  Sir 
W.  R.  Hamilton's  definition  of  it,  would  require  a  knowledge  of 
a  complete  set  of  integrals^  and  according  to  Jacobin's  defini* 
tion,  would  depend  on  the  solution  of  a  partial  differential  equa- 
tion (34),  which  is  a  problem  as  difficult  as  the  integration  of 
the  system  (21)  itself.  In  fact,  the  most  hopeful  way  of  attempt- 
ing the  integration  of  (34)  would  in  general  be  to  make  it  de- 
pend upon  that  of  the  system  (21).  See  Boole's  Differential 
Equations,  Chapter  XIV,  Art.  14,  and  also  page  475. 

It  will  be  seen  however,  from  a  theorem  now  to  be  demon- 
strated, that  a  knowledge  of  half  the  integrals  of  the  system 
(21)  will,  when  certain  conditions  are  fulfilled,  lead  to  the  dis- 
covery of  the  function  s,  and  therefore  enable  us  to  complete 
the  integration. 

326.^  Theorem^.  Suppose  Ci,  a^  •••>  ^n  to  be  n  integrals  of 
the  system 

/  dn  ,       da  ,.      ,  .     . 

where  h  is  a  given  function  of  pi,  ...,/>„,  ji, ...,  jn,  ^;  then,  if 

the  5 — '  conditions  (a^  ^j)  =  0  subsist,  where  i,  j  is  any 

pair  of  the  n  indices^  the  remaining  integrals  may  be  found  as 

*  When  this  theorem  was  given  by  the  writer  as  new,  in  the  Phil.  Trans, 
for  1854,  p.  85,  he  had  no  means  of  knowing  that  it  had  been  previously  dis- 
covered by  M.  Liouville,  and  communicated  to  the  Bureau  des  Longitudes  in 
1853;  for  no  accessible  notice  of  this  communication  appears  to  have  been 
printed  before  1855  (in  Liouville's  Journal).  As  M.  Liouville  has  referred  to 
the  question  of  priority,  it  seemed  necessary  to  mention  the  subject  here.  See 
note  to  p.  31  of  Mr.  Cayley's  Report,  in  which  for  *'  second  part"  read  "  first 
part." 
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follows  :  By  means  of  the  given  n  integrals,  let  jpi,  p^^  ...^„  be 
expressed  in  terms  of  ji, ...  j„,  fli, ...  «»>  t;  and  let  these  values 
be  introduced  in  h^  so  that  h  will  be  expressed  in  the  same  way. 
Then  the  values  o{pi,p2^  •^^Pn^  —  h,  will  be  the  partial  diflFeren- 
tial  coefficients  with  respect  to  qi,  92*  **•  ?«>  ^9  ^^  ^  certain  func- 
tion of  ai, ...  Un,  91. ...  qnf  t ;  and  calling  this  function  s,  we  may 
find  it  by  integrating  the  expression 

d^  =z  pidqi+P2dq2+  ...  —  ndt ;  (41) 

of  which  the  right-hand  member  is  a  perfect  difierential.  And 
the  remaining  integral  equations  will  be 

where  bi,...,bn^en  new  arbitrary  constants. 

827.]  The  proof  of  this  theorem  consists  of  two  parts.  First, 
we  have  to  shew  that  the  above  expression  for  c/s  is  a  perfect 
differential.  Putting  6, /for  any  two  of  the  integrals  ai, ,..,  On, 
suppose 

e  =  <l>ipuP2* '-  Pn,  ?i,  q2>  •••  ?»»  0- 
If  in  this  equation  the  values  o{  pu  ">  Pn  were  expressed,  as 
above  supposed,  in  terms  of  gi, ...,  ai ...,  it  would  become  iden- 
tical.   Differentiating  it  therefore  on  this  hypothesis  with  re- 
spect to  qi,  we  have 

0=— 4.  —  ^-f         +-^—-P!^; 
dqi       dpi  dqi       '"       dpn  dqi' 

and  in  like  manner 

dqi       dpi  dqi       '"       dpn  dqi 

and  if  we  multiply  the  first  of  these  equations  by  -^  ,  and  the 

ds  . 

second  by  ^ — ,  and  subtract^  there  results  an  equation  which 

may  be  written  thus : 

de    df       ^^    ^f  ^^S  ^Pj  I  ^^    ^f       ^^    ^^)\\ 
dpi  dqi       dqi  dpi         ^Xdqi  ^dpj  dpi       dpi  dpj^  }^ 

OTj  writing  a«,  a^  instead  of  e,f,  and  employing  the  notation  of 
Art.292,  rf(a„fl,)  ^  ^  <  d^  d(a^^^l 

d(pi,qi)         ^idqi  d(pj,pi)) 
If  now  the  terms  on  each  side  be  summed  with  respect  to  i,  the 

402 
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result  on  the  left  is  (a.,  a^) ;  and  observing  that  on  the  right  the 
term  multiplied  by  -^^  will  only  differ  in  sign  from  that  mul- 
tiplied by  -^ ,  we  obtain 

i\dqi       dq/ dipj.pi)) 

the  summation  referring  both  to  i  and  j\  and  esctending  to  every 
binary  combination: 

From  this  equation  it  appears  that  in  order  that  the  condi- 
tion -^  =  -^  may  subsist  for  every  pair  of  indices  «,  j,  it  is 

necessary  that  the  condition  (a«,  a^)  =  0  shall  be  satisfied  for 
every  pair  of  the  n  integrals  ai,  ...^  On*  We  ought  in  strictness 
to  prove  that  no  other  conditions  are  necessary.  As  however 
the  rigorous*  proof  of  this  involves  certain  preliminary  theo- 
rems^ which  have  not  been  given  in  this  Chapter,  it  is  here 
omitted ;  but  it  will  be  found  in  the  Philosophical  Transactions 
for  1854,  pp.  84, 85. 

Assuming  then  that  -^  =  -— ,  in  order  to  prove  that  the 
dqi       dqj 

expression  for  ds,  (41),  is  a  perfect  differential,  it  is  necessary 

also  to  shew  that  -^  =  —  -^ — .      Here  h  is  supposed  to  be 
dt  dqi  '^'^ 

expressed,  likepu  in  terms  of  ai,  ...,  On,  ^u  •••>  qn%  t.    Putting 

for  a  moment  (h)  to  denote  h  in  its  original  form,  namely,  a 

function  ofjpi,  ...,^«,  qu  •••>  ?n>  t^  we  have 

rfH  _  rf(H)       rf(H)  dpi  d{B)  dpn, 

dqi         dqi         dpi    dqi       '"        dpn   dqi' 

now       ^W_        ^'      ^W        ^/  ^P^        <^P* 

hence  this  equation  becomes 

du  ,        ,dpi  ,dpi 

dp.       dp^ 
*  It  might  seem  sufficient  to  say  that  the  number  of  equations  -^  »  ^ — 

is  the  same  as  that  of  the  equations  (a^  Uj)  ^  o,  vis.  ^fi(fi— i),  and  that 
therefore  the  former  set  cannot  imply  any  conditions  not  involved  in  the 
latter;  but  this  reasoning  is  not  absolutely  conclusive. 


Digitized  by  VjOOQIC 


328.]  THEOBETICAL  DYKAIUCS.  565 

but  Pi  being  expressed  as  above  supposed,  ire  have 

dn 
whence  the  above  value  of  -^ —  becomes  simply 

dqi 

dR dpi  , 

dqi  "■       dt  ' 

which  is  the  condition  that  was  to  be  established,  and  completes 

the  proof  that  pi  dqi  + . . .  —  hc2/  is  a  perfect  differential. 

ds 
Secondly,  we  have  to  shew  that  -^  is  constant  by  virtue  of 

ds  > 
doi^ 


the  differential  equations,  or  that  (-3 — ]  =  0. 


Now* 

/  ds  V        d^s  d*s       /  rf*s 


ydoif"  dtdOi  ^  dqidoi^'^'"^  dqndai^""  ' 

,  ds  ,  d*s  dn       .      ds  , 

and  -77  =  —H,  whence   ,^  ,     =  —  -i— ;  also  -j —  =  pi,  whence 
dt  '  dtdoi  dOi  dqi       ^ 

•^ — 5—  =  -^ :  and  0^1'  =  -^^, ... ;  so  that  we  obtain 
dqidui        dOi  ^         dpi 

/dsy_       dH    ^  d(H)  dpi  d  (H)  dpn, 

^dcti'  dOi        dpi    dui      *"      dpn    da/ 

but  fipom  the  relation  between  h  and  (h),  we  have 

de  _  d(H)  dpi  d  (h)  dp„ 

dOi        dp^    dui      '"       djo„    da< ' 
for  H  only  contains  a^  because  it  is  introduced  in  the  values  of 

PvPv  -'-tPn'     Hence  the  above  equation  becomes  (-r— )=rO, 

or  -7—  =  constant;  which  was  to  be  proved. 

328.]  The  formulae  (41),  (42),  Art.  326,  admit  of  modification 
in  the  case  in  which  the  so-called  "  principle  of  vis  viva^  holds 
good ;  namely,  that  in  which  h,  in  its  original  form,  does  not 
contain  t  explicitly,  so  that  h  =  A  is  an  integral. 

In  this  case,  suppose  h,  ai^a^,...,  a„-i  to  be  n  integrals,  satis- 

*  The  reader  will  not  understand  this  reasoning  unless  he  be  careM  to 
recollect  the  way  in  which  h,  (h),  s,  j9j,  .  .  .  . ,  j9^,  are  supposed  to  be  ex- 
pressed. 
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fying  the  conditions  (A,  Ot)  =  0,  (o^,  aj)  =  0  for  every  pair.  It  is 
evident  that  when  the  n  equations^  expressing  the  values  of  A, 
ai,...,  in  terms  of  the  variables^  are  solved  tor  pi,...,pn9  and  the 
values  of  these  latter  quantities  substituted  in  h^  the  result  will 
be  identically  the  constant  h,  so  that  the  value  of  ds  (41)  will 
become  ds  =  -  hdt-j^p^  d^j-f ...  -¥pndqn, 

where  Pi,...,  pn  cannot  contain  t^  otherwise  this  expression  would 
not  be  a  perfect  differential.    Hence  we  shall  have 

s  =  —  A/  +  V; 

where  v  is  a  function  of  g^...^  jni  A,  a^,...^  On^u  ^ot  containing 
i,  and  given  by  the  equation 

rfv  =  p^  dq^  -f  ...  +  pndqni  (43) 

of  which  the  right-hand  member  is  a  perfect  differential. 
We  shall  now  have 

ds  ^  dv  rfs  __  rfv 

dh  dh  da^       da-^ 

so  that  if  we  put  r  for  the  constant  conjugate  to  h,  the  equations 
corresponding  to  (42)  may  be  written 

329.]  It  is  useful  to  observe,  that  if  c  be  any  integral  what- 
ever, not  containing  /  explicitly^  and  A  the  integral  of  vis  viva, 
the  condition  (A,  c)  =  0  necessarily  subsists.  For  we  have^  see 
the  general  expression  for  u\  Art.  316, 

^         .      dc 

0  =  (?'=  ^  +  (H,  c); 

dc 
but  —  =  0  by  hypothesis,  and  (h,  c)  is  the  same  as  (A,  c) ;  con- 
sequently (A,  c)  =  0. 

From  this  proposition,  combined  with  the  results  of  the  last 
Article,  it  is  evident,  that  when  the  independent  coordinates  in 
any  dynamical  problem  in  which  the  principle  of  vis  viva  sub- 
sists are  only  two  in  number,  if,  besides  the  integral  of  vis  viva, 
one  other  integral,  not  containing  t  explicitly,  be  given,  the  dis- 
covery of  the  two  remaining  integrals  is  reducible  to  quadratures. 
~  given  by  the  equation  dv  =  Pidqi+pzdq^,  of  which 

,t-hand  member  is  necessarily  a  perfect  differential.    The 
pill  find  it  a  good  exercise  to  treat  the  problem  of  the 


Digitized  by  VjOOQ IC 


330.]  THEOEBTICAL  DYNAMICS.  567 

simple  conical  pendulum  in  this  manner^  omitting  the  effect  of 
the  earth's  rotation. 

330.]  In  the  practical  use  of  the  theorem  explained  in  Arts. 
326 — 328^  the  following  circumstances  should  be  attended  to. 
Instead  of  first  finding  the  function  s  by  integrating  the  exipres- 
siou pidqi-\-p2dq2  +  ...  —  ^dt,  and  then  forming  the  integral 

equations  ^—  =  4p  ... ,  it  is  generally  more  convenient  to  per- 
form the  differentiations  with  respect  to  ai^... ,  first,  and  the 
integrations  afterwards.     Thus  we  should  have 

but  the  solution  thus  obtained  will  not  be  canonical,  unless  care 
be  taken  so  to  assume  the  inferior  limits  of  the  integrals  that  the 
functions  equated  to  bi,  iji'-^  ^^^  ^^»  ^^  ^^^7  ought  to  be^  the 
differential  coefficients  of  one  and  the  same  function  of  Oiy,..,  Ony 

?i>  ?2 

To  shew  that  this  condition  will  not  necessarily  subsist,  we 

may  take  the  esse  which  most  frequently  occurs^  namely,  that  in 

which  the  value  of  jo^  contains  none  of  the  variables  except  j^,  so 

that  each  term  in  the  value  of  c2s  will  be^  omitting  indices,  of 

the  form  <f>  {q,  ai,  a^  ... ,  On)  dq,  and  so  far  as  one  such  term  is 

concerned,  we  should  have 


=  /    ^  (?>  «ij  oa*  .••  >  On) dq, 


where  a  is  an  arbitrary  function  of  ai, ... ,  a„.     Differentiating 
this  with  respect  to  Oi,  we  obtain 


that  is. 


ds        [^d4>   ,       ^.  dA 


/*>  d<b  ,  d    r«       ,  dA 

from  which  it  is  evident  that  differentiating  first  and  integrating 
afterwards  will  not  in  general  give  the  same  result  as  the  con* 
verse  process. 

We  see  however  that  the  values  of 

will  be  the  differential  coefficients  with  respect  to  ai,  021  •••  of 
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r< 


fp.dq,  provided  that  a,  which  mast  be  the  same  in  each  of 
these  integrals,  be  so  assnmed,  that 

for  every  value  of  t.  This  condition  may  be  secured  in  either  of 
two  ways :  first,  by  taking  a  =  0^  or  a  =  any  determinate  con- 
stant; that  is^  not  involving  aj^  ... ;  or  secondly,  by  taking  for 
A  any  root  of  the  equation 

or^  which  is  the  same  thing,  a  value  of  q  which  would  make  p 
vanish. 

331.]  A.8  an  illustration  of  the  principal  formulae  hitherto 
established,  we  will  take  the  important  problem  of  the  motion 
of  a  single  particle  about  a  fixed  centre  of  force,  in  treating 
which  our  object  will  be  to  obtain  a  set  of  canonical  elements. 
The  advantage  of  this  form  of  solutioa  will  appear  afterwards. 

Let  m  be  the  mass  of  the  particle^  x,  y,  z  its  rectangular  coor- 
dinates at  the  time  /,  referred  to  fixed  axes  having  their  origin 
at  the  centre  of  force. 

Then  if  Vy  0,  X  be  polar  coordinates,  such  that 

^  =  rcosAcos^,        ^  =  rcosXsin^,        jir  =  rsin\, 

r  is  the  radius  vector ;  and  we  may  call  6  the  longitude,  reckoned 
from  the  axis  of  x,  in  the  plane  of  {x,  y) ;  and  X  the  latitude,  or 
the  angle  between  r  and  the  plane  of  (a?,  y). 

In  rectangular  coordinates  2  t  =  m  {af^  +  y^  +  /*) ;  but  if 
x\  /,/  be  expressed  in  terms  of  r,  /,...,  it  will  be  found  that 

2t  =  m{r'*+r«(cosX)»tf^-fr»A'«}. 
We  shall  take  r,  Oy  k  as  the  coordinates  of  the  problem^  cor- 
responding to  qiy  q^t  ^3,  in  the  general  formulae.     Let  the  vari- 
ables conjugate  to  them,  corresponding  to  pi,  p^fP^,  be  denoted, 
for  greater  clearness,  by  r,,  0^,K^\  so  that  we  shall  have 

r,  =  ^  =  w/,    ^,  =  -j|  =  wra(cos\)»tf',     A,  =  jj  =  mr^X' ; 

and  if  the  values  of  /,  ff,  X'  in  terms  of  r^,  ^^,  A^,  given  by  these 
equations,  be  substituted  in  t,  the  result  is 
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Since  the  force  is  central^  the  force-function  u  is  a  function  of  r, 
say  V  =  <f>(r);  so  that  we  shall  have 

H  =  T  -  <(>  (r) ; 
in  which  t  stands  for  the  expression  (45)  just  given.   See  Art.  307. 
The  six  differential  equations  of  the  problem  in  the  Hamiltonian 
form  would  then  be 

,  ^      dn  ,^      dn  ,_       dn 

'''"'^'d^'        ^'"""7W'        ^'^"'dK' 
,         dvL  ^  dn  du  . 

"^^     W/         ^=     W/         ^=      d\/ 
but  they  are  not  required  for  our  present  purpose. 

332.^  Since  h  does  not  contain  t  explicitly^  the  integral  of 
vis  viva  subsists ;  namely, 

h  =:  T  —  4>  (r). 

We  have  now  to  find  two  other  integrals,  say  c  and  k,  such 
that  (A,  c)  =  0,  (A,  *)  =  0,  (c,  k)  =  0.  We  know  that  the  first 
two  of  these  conditions  will  be  satisfied  if  c,  k  be  any  integrals 
not  containing  t  explicitly.  Let  us  take  then  for  c  one  of  the 
three  integrals  expressing  the  conservation  of  areas ;  namely, 
c  =  fn{xy'^x' y)'y  and  for  *,  the  equation  obtained  from  the 
three  by  squaring  and  adding,  namely, 

these  however  must  be  expressed  in  terms  of  the  new  variables ; 

thus,  c  =  m  H  (cos  \)«  er  =  e^, 

h  =  m{r»(^>+y'«+^'«)-r2/»}*  =  {d/(sec\)«+V}*- 
Thus  we  have  the  three  integrals 

c  =  e^,  (u) 

*=  {(secX)«e?,a+V}*;  (iii) 

and  if  it  be  recollected  that  the  meaning  of  (u,  v)  is  now 
d  (ti,  V)      d  {u,  V)      djuyv) 
d(r,,r)"*'d(d,,^)"^d(\^\)' 
it  will  be  found  on  trial,  not  only  that  (A,  c)  =  0,  (A,  *)  =  0,  as 
we  know  a  priori,  but  also  that  (c,  k)  =  0. 

Hence  we  may  apply  the  method  of  Art.  328  to  the  equations 
(i),  (ii),  (iii) ;  that  is,  we  may  find  v  from  the  equation 
rfv  =  r^dr  -\-  e^dd  -^  X.rfX, 
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Id  which  r^,  $^,  X^  are  .to  be  expressed  in  terms  of  r,  0,  A,  A,  c,  k,  by 
means  of  (i)^  (ii),  (iii). 

It  will  be  found  without  difficulty  that 


r^=  [2ii»{A  +  <^(r)}-.^]*, 


0,=  c, 

A^=  {A«-c*(8ec\)»}*; 
and  it  is  obvious  that  r^dr  '\-0^dO-\- \^d\  is^  as  it  ought  to  be^ 
a  perfect  differential. 

Supposing  y  to  be  found  by  integration^  the  three  remaining 
integral  equations  would  be,  Art.  328, 

rfv  rfv  ^v 

where  r^  a,  )3  are  three  new  constants. 

The  conclusions  of  Art.  830,  however^  shew,  that  we  may  per- 
form the  differentiations  before  the  integrations,  if  the  inferior 
limits  of  the  latter  be  properly  chosen ;  and  in  accordance  with 
the  rule  there  laid  down  we  may  take  0  as  the  limit  for  $  and  k, 

and  a  root  of  the  equation  2m{h'\-<l>(r)}  —  —  =  0,  say  p,  as 

the  limit  for  r.    This  being  understood,  we  should  have 

V  =  r  J2w(A  +  <^(r))-^i    rfr  +  c^-f  A**-c«(8ecA)«}*rfA; 

and  the  three  new  integral  equations  will  be  obtained  by  differ- 
entiating under  the  signs  of  integration,  and  integrating  after- 
wards. The  integrations  with  respect  to  r  cannot  be  performed 
till  if)  (r)  is  assigned,  and  in  fact  will  not  be  actually  needed ; 
those  with  respect  to  A  are  left  to  the  reader.    The  results  are 

m/    r{2mr*(A4-<^(r))-**}"*rfr  =  /  +  r,  (iv) 

-      .     ,     ctanA  ,  ^ 

d— sm-^ =  a,  (v) 

-*|'"l{2mr«(A  +  <(>(r))-*«}-*dr  +  sin-i^A^^  =  ^.    (yi) 

The  equations  (i),  (ii),  (iii),  (iv),  (v),  (vi)  comprise  a  canonical 
solution  of  the  problem. 

333.]  It  is  easy  to  interpret  the  constants  r,  a,  ^9. 

The  equation  (iv)  shews  that  /  +  t  =  0  when  r  =  p,  so  that 

Digitized  by  VjOOQIC 


334-]  THEORETICAL  DYNAMICS.  571 

— T  is  the  time  at  which  r  ^  p.    Now  if  we  differentiate  the 
equation  with  respect  to  /,  we  obtain 


mr  =.   |2m(A  +  <^(r))-^|*; 


and  we  took  for  p  a  value  of  r,  which  makes  this  expression 
vanish ;  hence,  when  r  =  p,  r'=  0,  and  it  is  evident  therefore 
that  we  may  suppose  p  to  be  the  minimum  value  of  r.  Thus 
— r  will  be  the  time  at  which  m  is  at  the  least  distance  from  the 
centre  of  force. 

Again,  if  we  put  i  for  the  inclination  of  the  plane  of  the  mo- 
tion to  the  plane  of  {x,  y,)  we  have^  by  well-known  principles, 
c  =  A  cos  t ;  hence 

c  ^  k  \ 

— ■ =   cot  i.  =  — ; ) 

equation  (v)  is  therefore  equivalent  to 

sin(^  — a)  =  tan  A  coti.  (46) 

Next  let  ^  be  the  **  argument  of  latitude  ;*^  that  is,  the  angle 
between  r  and  the  ascending  node,  or  line  joining  m  with  the 
centre  at  the  instant  when  m  passes  through  the  plane  of  (a?,  y) 
from  the  negative  to  the  positive  side;  considering  then  the 
right-angled  spherical  triangle,  formed  by  the  intersections  with 
a  sphere  of  the  plane  of  {x,  y),  and  the  planes  of  the  angles  ^  and 
A,  in  which  d  is  the  hypothenuse  and  i  the  angle  opposite  to  A, 
we  see,  from  (46),  that  ^— a  is  the  side  which  is  in  the  plane  of 
{X,  y)y  and  therefore  a  is  evidently  the  longitude  of  the  ascend- 
ing node. 

Lastly,  equation  (vi)  shews  that  when  r  =  p,  sinA  =  sini.sin)3; 
but  from  the  triangle  above  mentioned  we  have  also  sin  A  = 
sin  t.sin^;  hence  we  see  that  when  r  =  p,  -&  =  j3,  from  which  it 
is  evident  that  p  is  the  angle  between  the  least  distance  and  the 
node. 

334.]  We  shall  briefly  indicate  the  application  of  these  results 
to  the  case  of  the  undisturbed  motion  of  a  planet  about  the  sun. 
Let  fi  =  mass  of  sun  +  mass  of  planet ;  then,  m  being  the  mass 

of  the  planet,  we  shall  have  for  the  force-function  <^  (r)  =  — -  ; 

also,  from  the  ordinary  theory  of  elliptic  motion,  we  have 

A  = -,      k  =  w{^a(l— e^)}*,      c  =  m{jLia(l— ^)}*cosi. 

(Xr 
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Hence  we  have  the  following  set  of  canonical  elements^  ar- 
ranged  in  conjugate  pairs.  The  signs  of  the  first  pair  have  been 
changed,  which  is  obviously  allowable^  and  p  is  put  for  a(l  — ^), 
that  is^  for  the  semi-latus-rectum  ; 


a 


time  of  perihelion  passage ; 


m  (iJLp)^  cos  i,  longitude  of  node ; 
m  (jip)^,         distance  of  perihelion  from  node. 
These  elements  were  first  given  by  Jacobi. 

835.]  Variation  of  elements.  Returning  to  the  general  form 
of  the  differential  equations^ 

du.  ,       du 

let  us  suppose  that  a  complete  set  of  integrals  Ci,  c^,...,  c%n  has 
been  obtained^  where  Ci,  (72, ...  represent  certain  functions  of  the 
variables  />i,  91,  ...i  and  /,  which,  by  virtue  of  the  differential 
equations,  have  constant  values ;  and  conversely,  pi,  p^^  ...  are 
given  functions  of  Ci,  C2>  •  •  •  >  <^d  ^-  Now  let  ci , . . . ,  c%n  continue 
to  represent  the  same  functions  of  the  variables  and  t^  but  let 
the  variables  be  determined  as  functions  of  /  by  a  different  set 
of  differential  equations,  say, 

where  q  is,  like  h,  a  given  function  of  />i, ... ,  jo,„  gi, ... ,  y,,,  /, 
but  not  the  same  function  as  h.  Then  the  functions  Ci, ... ,  Cj^ 
will  no  longer  have  constant  values.  In  other  words,  the  ele- 
ments Cu  Ctt"*f  which  were  constant  in  the  former  problem, 
are  variable  in  the  latter  problem. 

The  theory  of  the  variation  of  elements  has  for  its  principal 
object  to  transform  the  equations  (47)  by  taking  as  new  variables 
the  functions  (?i,...,  C2m  instead  of  the  original  variables  j>i,...,  p^^ 

The  integration  of  the  equations  after  this  transformation 
would  give  Ci, ... ,  Csn  as  functions  of  t  and  2n  constants;  and 
the  variables  j9i,/>8, ...  would  then  be  known  as  functions  of  /, 
because  they  are  the  same  functions  of  the  elements  Ci,  Cs, ... 
and  t,  as  they  were  in  the  original  problem. 

In  practice,  it  is  usually  convenient  to  put  q  =  h  +  n,  where  h 
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is  the  same  as  before,  and  a  is  a  given  function  of  j9i,...,p„, 
qu''^qmt,  and  is  called  technically  the  '*  disturbing  function/' 
Thus  the  equations  (47)  become 

,  __  _  rfH        rfn  ,  __  rfH        rfn 

and  these  are  transformed  as  follows :  we  have 

that  is,  introducing  the  above  values  ofp/,  q/, 

c\-  -^  +  (H,  Ci)  +  (n,  Ci): 

now  ci  is  by  hypothesis  a  function  oi pi, ...  and  t,  which  in  the 
"  undisturbed''  problem,  that  is,  when  a  =  0,  is  constant ;  and 
this  constancy  would  be  expressed  by  the  equation 

which  is  identically  true,  all  its  terms  being  functions  of  pi, ... , 
9i, ... ,  /.  But  since  Ci  and  h  are  the  same  functions  of  joi, ... , 
q\y  ...  yty  in  the  disturbed,  as  they  were  in  the  undisturbed 
problem,  the  above  equation  is  still  identically  true,  and  the 
expression  for  C\  therefore  becomes  simply 

ci  =  (n,  Ci) : 

here  n  is  expressed  in  its  original  form  as  a  function  of  pu  ...  ^ 

qi, ...  ,t;  but  if  we  suppose  pu  •..  >  ?i>  •••  to  be  expressed  in 

terms  of  Ci, ... ,  c^n,  t,  a  will  become  a 'function  of  the  latter 

quantities,  and  denoting,  for  a  moment,  the  new  form  of  a  by 

a,  we  shall  have,  by  the  elementary  properties  of  the  symbol 

(tt,  r),  Art,  811, 

f      r       K       dri  .        ^       dci  ,        ^  rfn   ,  . 

Ci  =  (n,  Ci)  =  -^  {cu  Ci)  +  -^  (Ca,  Ci)  +  ...  +  -^j^  (c^n,  Ci) ; 

in  which  the  first  term  vanishes,  since  (ci,  Ci)  =  0. 

The  general  form  is  evidently,  omitting  the  line  over  Xi, 

c/=  |^(c„c)  +  ^(c„c,)  +  ...+  -j^i^n,<U),       (48) 

involving  2n— 1  terms  on  the  right-hand  side.  And  by  giving 
to  i  the  values  1,  2, ...  ,  2 n,  we  obtain  a  set  of  2n  differential 
equations,  which  will  involve  only  the  new  variables  Ci,  Ca, ... 
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instead  o(pi,p%, ... ,  when  the  terms  {ci,  Ci)...,  which  are  i^ven 
functions  of  the  old  variables,  are  expressed  in  terms  of  the  new. 
It  follows^  from  what  was  proved  in  Art.  816,  that  when  so  ex- 
pressed they  will  not  contain  t. 

336.]  But  the  formula  (48)  undergoes  a  remarkable  simplifi- 
cation when  Ci, ...  c^m  Are  a  set  of  canonical  elements ;  for  in 
that  case  all  the  terms  {ci,  c^),  (c,,  Ci),  ...  vanish  except  one, 
namely,  that  in  which  Ci  is  combined  with  its  conjugate  element, 
and  then  the  term  is  either  -f  1  or  ~  1. 

Suppose  then  that  Oi, ...  an,  bi,  ...  bn  are  canonical  elements, 
so  that  {Giy  bi)  =  1,  {bi,  Ci)  =  —1,  and  all  other  combinations 
give  zero.     The  formula  (48)  will  be  seen  at  once  to  give 

«''=-^'    "-i^-      '■«" 

which  are  the  transformed  equations  in  this  case,  and  are  of  the 
same  general  form  as  the  original  equations. 

These  formulae  were  discovered  in  a  particular  case  by  La- 
grange; namely,  that  in  which  a^  bj,  ...  are  the  initial  values 
of />!!  ?i,  •••  *  The  extension  to  canonical  elements  in  general  is 
due  partly  to  Sir  W.  R.  Hamilton  and  partly  to  Jacobi. 

There  are  many  points  of  interest  and  importance  connected 
with  the  further  development  and  application  of  the  theory  of 
the  variation  of  elements,  but  we  cannot  afford  space  for  them 
here. 

337.]  We  shall  conclude  this  Chapter  by  a  brief  notice  of  an 
addition  to  the  general  theory  of  the  Hamiltonian  equations 
made  by  M.  Bour,  and  improved  in  accordance  with  a  sugges- 
tion of  M.  Liouville  *. 

Let  fli,  021  ••-  ^ny  bi,  b^^ ...  bn,  he,  as  before,  a  set  of  canonical 
integrals  of  the  equations 

*  See  Liouville's  Journal,  t.  xx.  pp.  185-200,  201,  202.  The  writer  is  not 
aware  whether  M.  Hour's  investigations  have  yet  been  published  complete  in 
the  Memoirs  of  the  Academy.  He  believes  that  the  process  and  results  in  the 
text  must  be  substantially  what  those  of  M.  Bour  become  when  h  contains  t, 
which  is  the  generalization  proposed  by  M.  Liouville;  but  he  can  only  speak 
from  conjecture  on  this  point. 

[The  Memoir  of  M.  Bour,  to  which  the  note  refers,  is  published  in  Tome 
XIV  of  the  M^moires  des  Savants  Etrangers,  p.  792 ;  having  been  presented 
to  the  Academy  of  Sciences  at  Paris  on  March  5th,  1855.] 
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If  we  represent  any  integral  whatever  by  C  the  equation  C^  ^ 

gives  ^  -f  (h,  0  =  0 ;   which,  written  in  full,  would  be 

rff       rfn    dC^  _  dn^  dC^  d£    d^C  __  rf£  ^  _  q    /riv 

rf/  "^  rf]o5^  rffi       dql  dpi       '"       dpn  dqn      dqn  dpn  ~ 

In  this  equation  -z — ,  -z — ,  ...  are  given  functions  of  pi,  ... 

Pn>  ?ii  •••  ?n>  t ;  so  that  with  reference  to  C  it  is  a  linear  partial 
differential  equation .  of  the  first  order,  of  which  any  solution 
whatever  is  an  integral  of  the  equations  (50),  and  of  which  the 
general  solution  might  be  put  in  the  form 

f  =  /(«!>  •••>  ^n,  bv  •••1  *«)» 

where /is  an  arbitrary  function. 

Thus  the  complete  integration  of  the  equations  (50)  would  be 
effected  if  we  could  find  the  general  solution  of  (51).  But  this 
transformation  of  the  problem  is  practically  useless,  since  the 
only  known  general  method  of  treating  the  equation  (51)  re- 
quires the  integration  of  the  system  (50),  as  the  reader  will  see 
at  once  on  applying  Lagrange's  method  to  the  former. 

The  proposition  we  are  about  to  demonstrate  is  the  following : 
Suppose  m  of  the  n  integrals  a^i,..an9  to  be  known;  say  a^, 
(^,"'i  (^mf  where  m  is  of  course  less  than  n;  and  the  condition 
(a,,  aj)  =  0  to  subsist  for  every  pair ;  then  by  means  of  these  m 
integrals,  m  of  the  variables,  say  Pi,  p^f'tPrnt  might  be  ex- 
pressed in  terms  of 

«ii  «a.  ...,  «m,Pm+i,  ...  Pn,  q^  -..,  ?«,  t;  (52) 

and  by  the  substitution  of  these  values  o{  p^,  -"  Pmy  h  and  f 
might  be  expressed  in  the  same  way :  we  shall  prove  that  after 
this  substitution  the  equation  (51)  would  still  subsist,  the  dif- 
ferentiations being  all  performed  only  so  far  as  the  variables 
wonld  appear  explicitly.  But  since  h  and  C  would  no  longer 
contain />i,  ...,  jOm  explicitly,  all  the  terms  in  (51)  which  involve 
differentiation  with  respect  to  these  m  variables  would  disappear ; 
and  the  equation  would  become 

dt       dpfn+i  dq„^+i      rfgm+i  rfpm+i       '"       dpn  dqn       dqn  dpn 
in  which  the  number  of  terms  is  diminished  by  2  m. 

In  this  equation  h  is  a  given  function  of  the  quantities  (52) ; 

but  as  it  does  not  involve  -~, ....  -7^ ,  the  variables  g.^  ... , 

dqi'         dqj  ^*  
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would  be  treated  as  constants  in  integration.  Any  solu- 
tion of  it  will  be  a  function  of  the  same  quantities  (52), 
and  will  be  an  integral  of  (50) ;  but  the  number  of  distinct 
solutions  will  be  less  by  2m  than  those  of  (51).  In  fact  (53) 
will  be  satisfied  by  a^+u  •••  ^n*  f^m+u  •••  ^n«  but  not  by  ai, ... 
<^mf  &19  •••  b^9  ai^d  it  follows  that  any  solution  c  of  (53)  will 
satisfy  the  conditions  (c,  ai)  =  0,  (c,  a^)  =  0,  but  any  two  solu- 
tions^ c,  e,  will  not  necessarily  satisfy  the  condition  (c,  e)  =  0. 

338.]  We  proceed  to  demonstrate  what  has  been  stated  in 

the  last  Article.    Let  h,  when  transformed  by  substituting  for 

Pu  -'-  Pm  the  values  obtained  from  the  given  integrals  ai, ...  0^ 

in  terms  of  the  quantities  (52),  be  denoted  by  i.    The  equation 

(51)  is  d( 

11  + (H,  0  =  0; 

but  by  the  elementary  property  of  the  symbol  (t«,  r),  before 
referred  to^  we  have 

(H,  0  =  (H,  0  +  ^^(fli,  0+  ..•  +  5^(««>  Oi 

in  which  the  expression  (h,  0  is  to  be  formed  by  differentiating 
H  with  respect  to  the  variables  only  so  far  as  they  appear  expli- 
citly.   Thus  the  equation  (51)  becomes 

dC     ,-   3^      du  ,      ^  du  ,        -.^       ^ 

and  this  would  still  be  satisfied  by  putting  C  =  any  integral  of 
(50).  But  if  C  be  any  one  of  the  integrals  a^, ...  o^,  6«+i> ...  bn, 
we  shall  have  (ai,  f)  =  0>  (««»  0  =  0>  •••  («»>  0  =  0^  whereas 
one  of  these  terms  would  be  unity  if  (  were  one  of  the  integrals 
61, ...  &m*     Consequently  the  equation 

^-Ki,0  =0  (54) 

will  be  satisfied  by  ai, ...,  On^  ftm+i^  •••  &n9  but  not  by  61, ...  6m* 

In  this  equation  however  f  is  still  supposed  to  be  expressed  in 
terms  of  all  the  variables  j9i,  ...^  ?ij  ...^  and  t.  But  if  we  sup- 
pose C  to  be  transformed  in  the  same  way  as  h,  and  then  to  be 
denoted  by  C>  ^^  shall  have 

dC^dC       dC^doi  dC  da^ 

dt"  dt^  dai  dt  ^  '"  "^  rfa^  dt  ' 

(H,  0   =    (h.  f)  +  ^~  (H,  «i)  +  •••   +  5^  (S»  «m)  ; 
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80  that  the  equation  (54)  becomes 

#  -»•  Sh-^I^  ^ch.  ..)}  + ...  +  ^  fj= +r.,  0}  =  0, 

in  which  all  the  terms  after  the  first  two  vanish ;  for,  since  ai  is 
an  integral^  we  have  ai'  =  0,  that  is,  —^  -{-  (h,  ai)  =0;  but 

(H,  fli)  =  (H,  fli)  -f  -j^  (ai,  ai)  +  —  (aa,  fli)  -f  . . .  +  ^  (fl«,  aO, 

and  (oi,  ai)  =  0,  (a,,  aO  =  0,  ...  (a«,,  fli)  =  0,  so  that  (h,  ai) 

=  (h,  ai);  and  therefore  -3^  +  (1,  Ci)  =  0;  and  the  same  rea- 

dt 

soning  applies  to  the  other  terms ;  finally,  therefore,  the  equa- 
tion becomes 

#+(H,f)=0; 

and  this  will  be  satisfied  by  the  same  integrals  as  (54)  with  the 
following  exceptions.    Suppose  the  integral  a^  to  be 

^-^(3h>  ...,i>n,  ?i,  ...i  ?n,  0;  (56) 

then  (54)  is  satisfied  by  putting  for  ^the  function  ^  on  the  right 
of  this  equation.  And  if  this  function  be  transformed  by  putting 
for  />i,  ...  jp^  their  values  in  terms  of  the  quantities  (52),  a<  will 
in  general  be  expressed  as  a  function  of  the  same  quantities,  and 
(55)  will  be  satisfied  by  taking  this  function  for  ^ ;  but  if  %  be 
one  of  the  indices  1,  2, ...,  m,  it  is  evident  that  the  transforma- 
tion in  question  will  reduce  the  right-hand  member  of  (56)  iden- 
tically to  Qiy  so  that  ^  will  cease  to  contain  any  of  the  variables ; 
and  (55)  will  then  only  be  satisfied  by  C  =  ^ii  '^^  the  sense  that 
all  the  differential  coefficients  of  C  vanish  separately;  that  is,  in 
the  sense  that  the  equation  is  satisfied  by  putting  ^  =  any 
constant. 

It  follows  therefore  that,  in  the  ordinary  sense,  (55)  is  satis- 
fied by  Om+i, ...  a^^  &m+ij  •••  &n9  expressed  in  terms  of  the  quan- 
tities (52),  but  not  by  the  remaining  integrals  of  the  canonical 
set. 

If  the  distinctive  notation  of  (55)  be  omitted,  and  the  equa- 
tion be  written  at  length,  the  result  is  the  equation  (58)  of  the 
last  Article. 

These  formulse  require  some  alteration  in  the  case  in  which 
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the  principle  of  vis  viya  BnbBiats ;  bat  we  have  not  space  to  enter 
further  into  the  subject. 

839.]  In  taking  leave  of  the  subject,  it  is  proper  to  mention 
the  investigations  of  Jacobi,  contained  in  his  Memoirs,  entitled, 
''Theoria  nova  multiplicatoris  systemati  sequationum  differen- 
tialium  vulgarium  applicandi,"  Crelle^s  Journal,  Vds.  XXVII 
and  XXIX.  These  investigations  are  only  so  feur  connected 
with  the  subject  of  this  Chapter,  that  they  are  applicable  to  the 
Hamiltonian  equations  as  a  particular  case.  But  although  the 
results  are  interesting  and  important,  they  are  omitted  here, 
because  the  demonstration  depends  on  the  properties  of  func- 
tional determinants,  and  could  not  be  given  without  a  long  di- 
gression. 


THE    END. 
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579 
CORRECTIONS. 


Page<22;  line  20,  after  "planes"  insert  "parallel  to  the  cyclic  planes" 

38,  —   10,  for  "PQRs"  read  "PSQR  " 
78,  —  22,  for  "vertical"  read  "virtual" 
loi,  —     3,  for  "these"  read  "  their" 

179,  —     3,  for  "line"  read  "conic" 

180,  —     9,  for  "vector"  read  "ellipsoid" 

181,  —   20,  for  "myo-nzo"  resid  "nyo-mzo' 

182,  —     I,  for  "lines"  read  "locus" 
203,  —  38,  for  "n"  read  "02" 
205,  —  38,  for  "a"  read  "a2" 
223,   —     7,  for  "m"  read  "  m  " 
232,   —   17,  for"2"read"A:2" 

251,  —  24,  for  "64"  and  "a^"  read  "a6-^"  and  "a^b"  respectively 

265,  —  21,  for  "ab"  read  "AC" 

332,  —  29,  for  "o'p  "read  "o'c'" 

352,  —  13,  for  "  a2  l2  +  63  m2"  read  "  62  l2  +  a^  m2  " 

401,  —  35,  for  "  dr  read  "  dS  " 

^28,  __  37,  for  "A:2"  read"  0)2*2" 

^^2,  —     7,  omit  "  always  " 

442,  —  8,  after  "westwards"  insert  "so  long  as  0  is  less  than 
i8o°— tan~i  (3tanX) ;  and  this  deviation  vanishes  if 
^  =  i8o°  — tan-i  (3tanX);  and  the  deviation  is  east- 
wards if  0  is  greater  than  180°-  tan-i  (3  tan  X)  " 

445,   -  34,  for  "f"  read"  f- A" 

451,   —   22,  after  "one"  insert  " and  the  greater"  ;   omit  " and  .... 
greater  " 

472,  — <   28,  for  "w"  read  "«sinv" 

557,  equation  (35),  for  "  "  -^"  '^ad  "  -^  " 
558,line8,for".^"read"4J" 


57i,la8tline,  for  "-/-"read  "-'^^ 


-'"-^-"read"'"^" 
a  2a 

57^.  lines,  for  "^  "read  .'^" 
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